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APPLIED  MECHANICS. 


CHAPTER  I. 


DEFINITIONS  AND   GENERAL    PRINCIPLES. 

(\).-Drfinitions.-T\ni  science  relating  to  the  strength  of  materials  is 
partly  theoretical,  partly  practical.  Its  primary  object  is  to  invosti«''ate 
the  lorces  develoited  within  a  body,  and  to  detoruiine  the  most  economi- 
cal dimensions  and  form,  consistent  with  stability,  of  that  body.  Certaia 
hypotheses  have  to  be  made,  but  they  arc  of  such  a  nature  as  always  to 
be  in  accord  with  the  results  of  direct  observation. 

The  materials  in  ordinary  use  for  structural  purposes  may  be  termed 
generally,  solid  bodies,  i.e.,  bodies  which  offer  au  appreciable  resistance 
to  a  change  of  form. 

A  body  acted  upon  by  external  forces  is  said  to  be  strained  or 
deformed,  and  the  straining  or  deformation  induces  stress  amongst  the 
particles  of  the  body. 

The  iitate  of  strain  is  simple  when  the  stress  acts  in  one  direction 
only,  and  the  strain  itself  is  measured  by  the  ratio  of  the  deformation  to 
the  original  length. 

The  state  of  strain  is  compound  when  tico  (or  more)  stresses  acL 
simultaneously  in  different  directions. 

A  strained  body  tends  to  assume  its  natural  state  when  the  straining 
forces  are  removed  :  this  tendency  is  called  its  elasticity.  A  thorouiih 
knowledge  of  the  laws  of  elasticity,  i.  e.,  of  the  laws  wliich  connect  the 
external  forces  with  the  internal  stresses,  is  absolutely  necessary  for  the 
proper  compiehcnsion  of  the  strength  of  materials.  This  property  of 
elasticity  is  not  possessed  to  the  same  degree  by  all  bodies.  It  may  be 
almost  absolute,  or  almost  zero,  but  in  the  majority  of  cases  it  has  a 
mean  value.  Hence  it  natr.rally  follows  that  solid  bodies  may  be  classi- 
fied between  two  extreme,  though  ideal,  states,  viz.  :-a  perfectly  elastic 
state  and  a  perfectly  soft  state.  Perfectly  elastic  bodies  which  have 
been  strained,  resume  their  original  forms  exactly  when  the  straining 
forces  are  removed.  Perfectly  soft  bodies  are  wholly  devoid  of  elasti- 
city, and  offer  no  resistance  to  a  change  of  form. 


2  STUESSES   AND   FIIACTUUE  ;  SPECIFIC   WEIGHT. 

(2). -Stresses  and  Frdcturc. -Every  body  may  be  *ubjocted  to  5 
distinct  stresses  :- 

{n).-\  longitudinal  pull,  or  tension. 

(6).-A  longitudinal  thrust,  or  compri'ssion. 

(c).-xV  shear,  or  tangential  stress,  which  may  be  defined  as  a  stress 
tending  to  make  one  surface  slide  over  another  with  which  it  is  ia 

contact. 

((ij.-A  transverse  stress. 

(^).-A  twist  or  torsion. 

If  any  one  of  these  stresses  exceed  a  certain  limit,  fracture  ensues. 

ri).-licsist(uice  of  bars  to  tension  and  ami j>ression. -Let  a  straight 
bar  of  length  L  be  stretched  or  compressed  longitudinally  by  a  force 
r  uniformly  distributed  over  the  constant  crose-section  .4  of  the  bar ; 
and  let  /  .^ '  the  consequent  extension  or  compression,  i.  e.,  the  deforma- 
tion. 

Then,  if  the  transverse  dimensions  are  small  compared  with  the  length, 
exp^'riment  shews  that,  within  certain  liviitu,  the  force  P  is  directly  . 
proportional  to  the  deformation  I,  and  to  the  area  A,  and    inversely 
proportional  to  the  length  L,  these  quantities  being  connected  by  the 
relation, 

P=E,A~ 

1j 

where  E  is  some  constant  dependent  upon  the  material  of  the  bar. 

This  constant  is  called  the  co-efficient  of  elasticity. 

If  A  is  unity,  and  if  the  bar  is  stretched  until  I  =  L.  then  £"  becomes 
equal  to  P ;  thus  E  is  the  force  that  will  double  the  length  of  a  bar  of 
which  the  sectional  area  is  uniform  and  equal  to  unity. 

The  equation  is  the  analytical  expression  of  Hooke's  Law  for  a  body 
in  a  state  of  simple  strain,  viz.,  that  the  strain  is  proportional  to  the 

PI 

stress,  for  it  may  be  written,  —  =i7.— ,  shewing  that  the  unit  stress  is  E 

A  h 

times  the  unit  strain. 

{\).— Specific  Weight;  Co-efficient  of  Elasticity  ;  Limit  of  Elasticity  ; 
Breaking  Weight. — Before  the  strength  of  a  body  can  be  fully  known, 
it  is  necessary  to  obtain  the  values  of  four  constants.  These  constants 
depend  upon  the  nature  of  the  material,  and  atq -.-the  specific  toeighf, 
the  co-efiicient  of  elasticity,  the  "  limit  of  elasticity,^*  and  the  breaking 
weight  (or  stress). 

{a).-Specific  Weight.-Thc  specific  weight  is  the  weight  of  a  unit 
of  volume.     The  specific  weights  of  most  of  the  materials  of  construction 
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liavc  boon  carefully  determined  and  tabulated.  If  the  specific  weight  of 
any  new  material  is  required,  a  convenient  approximate  method  is  to 
p.eparc  from  it  a  number  of  regular  solidd  of  determinate  volume,  and 
weigh  them  in  an  ordinary  pair  of  scales.  The  ratio  of  the  total  weight 
of  these  solids  to  their  total  volume  is  the  specific  weight.  It  must  be 
remembered  that  the  weight  may  vary  considerably  with  time,  etc. ; 
thus,  a  sample  of  greenheart  weighed  G9.751bs.  per  cubic  foot  when 
first  cut  out  of  the  log,  and  only  57-lbs.  per  cubic  foot  at  the  end  of  six 
months. 

The  total  load  upon  a  structure  includes  <tU  the  external  forces  applied 
to  it,  and  in  practice  is  designated  (lead  ypenudnrnt)  or  '  e  (^rolling), 
according  as  the  forces  luo  gradually  applied  and  steady,  or  suddenly 
applied  and  accompanied  with  vibrations.  For  example,  the  weight  of 
u  bridge  is  a  dead  load,  while  a  train  passing  over  it  is  a  live  load  ;  the 
weight  of  a  roof  together  with  the  weight  of  any  snow  which  may  have 
accumulated  upon  it,  is  a  dead  load  ;  vhul  causes  at  times  excessive 
vibrations  in  the  members  of  a  structure,  and  although  often  treated  as 
a  dead  load,  should  in  reality  be  considered  a  live  load. 

The  dead  loads  of  many  structures  (as  masonry  walls,  etc.)  are  so 
great  that  extra  or  accidental  loads  may  be  safely  disregarded.  In  cold 
climates,  great  masses  of  snow,  and  the  penetrating  eftect  of  the  frost, 
necessitate  very  deep  foundations,  which  proportionately  increase  the 
dead  weight. 

(J)) -Co-efficient  of  Elasticlf j/.-Genera.\\y  speaking,  a  knowledge  of 
the  external  forces  acting  upon  a  structure  diselo.ses  the  manner  of  their 
distribution  amongst  its  various  members,  but  the  deformation  of  these 
members  can  only  be  estimated  by  means  of  the  co-efficient  of  elasticity, 
which  expresses  the  relation  between  a  stress  and  the  corresponding 
strain. 

In  a  homogeneous  solid  there  may  be  21  distinct  co-efficients  of 
elasticity,  which  are  usually  classified  under  the  following  heads  :- 

(1). -Direct,  expressing  the  relation  between  longitudinal  strains  and 
normal  stresses  in  the  same  direction. 

(2). -Transverse,  expressing  the  relation  between  tangential  stresses 
and  strains  in  the  same  direction. 

(S) .-Lateral,  expressing  the  relation  between  longitudinal  strains 
and  normal  stresses  at  right  angles  to  the  strains,  t.  e.,  a  lateral  resist- 
ance to  deformation. 

Q^). ^Oblique,  expressing  other  relations  of  stress  and  strain. 
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If 


If  a  body  is  isotropic,  i.  e.,  equally  clastic  in  all  directions,  the  21 
co-efficients  reduce  to  2,  viz.,  the  co-efficient  of  direct  elasticity  and  tlie 
co-efficient  of  lateral  elasticity.  Such  bodies,  however,  are  almost  wliolly 
ide.il. 

Co-efficients  of  elasticity  must  be  determined  by  experiment. 

The  co-efficients  of  direct  elasticity  for  the  different  metals  and  timbers 
are  sometimes  obtained  by  subjecting  bars  of  the  material  to  forces  of 
extension  or  compression,  but  generally  by  observing  the  deflections  of 
beams  loaded  transversally.  The  co-efficients  for  blocks  of  stone  and 
masonry  might  also  be  found  by  transverse  loading  ;  they  are  of  little, 
if  any,  practical  use,  for  on  account  of  the  inherent  stiifness  of  masonry 
structures,  tiieir  deformations,  or  settUngs,  arc  due  rather  to  defective 
workmanship  than  to  the  natural  play  of  clastic  forces. 

The  torsional  co-efficient  of  elasticity,  i.  c,  the  co-efficient  of  elastic 
resistance  to  torsi.m,  has  been  shewn  by  experiment  to  vary  from  2-5ths 
to  H-8ths  of  the  co-efficient  of  direct  elasticity. 

(c). -Limit  of  El(isticity.-\V\w.n  the  forces  which  strain  a  body 
fall  below  a  certain  limit,  the  body,  on  the  removal  of  the  forces,  will 
resume  its  original  form  and  dimensions  without  sensible  change,  and 
may  be  treated  as  perfectly  elastic.  But  if  the  forces  exceed  this  limit, 
the  body  will  receive  a  permanent  deformation,  or,  as  it  is  termed,  a  set. 

Such  a  limit  is  called  a  limit  of  ehtsticity,  and  is  the  greatest  stress 
that  can  be  applied  to  a  body  without  producing  in  it  an  appreciable 
and  permanent  deformation. 

For  example  :- 

A  bar  of  average  iron,  one  sq.  in.  in  section,  will  stretch 

part  of  its  original  length,  uader  a  weight  of  2000-lbs. 
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and  so  on. 

This  stretching  increases  uniformly  until  the  weight  is  about  24,000 
lbs.,  and  is  of  such  a  character  that  the  bar,  when  relieved  from  the 
several  weights,  returns  to  its  original  length.  If  the  bar  is  then 
strained  by  a  greater  weight  than  24,000-lbs.  it  receives  a  set,  so  that 
24,000-lbs.  per  sq.  in.  is  the  elastic  limit  of  the  iron  of  which  the  bar  is 
composed.  Similar  reasoning  holds  true  for  forces  of  compression. 
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LIMIT   OF   ELASTICITY.  5 

Some  authorities  hold  that  the  application  to  a  body  of  any  stress,  how- 
ever small,  introduces  a  permanent  set.  Even  if  this  be  so,  che  deforma- 
tions under  loads  which  are  less  than  the  elastic  limit  are  so  slight  as 
to  be  of  no  practical  account,  and  may  be  safely  disregarded.  Probably 
they  are  only  temporary,  or  false,  and  may  be  made  to  disappear  by 
freeing  the  body  from  strain  and  allowing  it  to  rest ;  the  set  will  become 
pormatient  if  the  body  remains  loaded  for  some  considerable  time. 

The  main  object,  then,  of  the  theory  of  the  strength  of  materials  is 
to  determine  whether  the  stresses  developed  within  any  particular  mem- 
ber of  a  structure  exceed  the  limit  of  elasticity.  As  soon  as  they  do  so, 
that  member  is  permanently  deformed,  its  strength  is  impaired,  it 
becomes  predisposed  to  rupture,  and  the  safety  of  the  whole  structure  is 
threatened.  Still,  it  must  bo  borne  in  mind,  that  it  is  not  absolutely  true 
that  a  material  is  always  weakened  by  being  subjected  to  forces  superior 
to  this  limit.  In  the  manufacture  of  iron  bars,  for  instance,  each  of  the 
processes  through  which  the  metal  passes,  changes  its  elasticity,  and 
increases  its  strength.  Such  a  material  is  to  be  treated  as  being  in  a 
new  state  and  as  possessing  new  properties. 

The  essential  requirement  of  practice  is  a  tough  material  with  a  high 
elastic  limit.  This  is  especially  necessary  for  bridges  and  all  structures 
liable  to  constantly  repeated  loads,  for  it  is  found  that  these  repetitions 
lower  the  elastic  limit  and  diminish  the  strength. 

In  the  majority  of  cases  experience  has  fixed  a  practical  limit  for  the 
stresses,  much  below  the  limit  of  elasticity.  This  ensures  greater  safety 
and  provides  against  unforeseen  and  accidental  loads,  which  may  exceed 
the  pt-ddical  limit,  but  which  do  no  harm  unless  they  pass  the  elastia 
limit. 

Certain  operations  have  the  effect  of  raising  the  limit  of  elasticity  : 
a  wrought  iron  bar,  steadily  strained  almost  to  the  point  of  its  ulti- 
mate strength  and  then  released  from  strain  and  allowed  to  rest,  ex- 
periences an  elevation  both  of  tenacity  and  of  the  elastic  limit.  A 
similar  result  follows,  in  the  various  processes  employed  in  the  manu- 
facture of  iron  and  steel  bars  and  wire.  Again,  iron  and  steel  bars 
subjected  to  lovg-contimied  compressitm  or  extension  have  their  resistance 
increased,  mainly  because  time  is  allowed  for  the  molecules  of  that 
metal  to  assume  such  positions  as  will  enable  them  to  offer  the  maximum 
resistance  ;  the  increase  is  not  attended  by  any  appreciable  change  of 
density. 

(d).-Breal'lng  PFet^/i^-If  the  external  forces  which  act  upon  a  body, 
increase  indefinitely,  the  limit  of  elasticity  is  soon  passed,  the  deformation 
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increases,  and  at  last  a  stress  is  developed  which  produces  fracture.  This 
final  titress,  which  may  be  a  pull,  a  pressure,  a  shear,  a  bending  stress, 
or  the  result  of  a  twist,  is  called  the  breaking  weight,  and  defines  the 
ultimate  strength  of  the  body  with  respect  to  the  kind  of  stress  in  ques- 
tion.    The  fracture  of  a  material  is  important  from  two  points  of  view  :— 

(l).-It  discloses  the  treatment  to  which  the  material  should  be  sub- 
jected. 

(2).-It  indicates  the  properties  of  the  materials. 

Numerous  experiments  have  been  made  to  determine  the  breaking 
weights  of  the  ordinary  materials  of  construction,  but  their  properties  are 
so  variable  as  to  necessitate  fresh  experiments  in  almost  rvery  new 
structure. 

Cast  iron  is,  perhaps,  the  most  doubtful  of  all  materials,  and  the 
greatest  care  should  be  observed  in  its  employment.  It  possesses  little 
tenacity  or  elasticity,  is  very  hard  and  brittle,  and  may  fail  suddenly 
under  a  shock,  or  an  extreme  variation  of  temperature.  Unequal  cool- 
ing may  predispose  the  metal  to  rupture,  and  its  strength  may  be 
still  further  diminished  by  the  presence  of  air-holes. 

Wrought  iron  and  steel  are  far  more  uniform  in  their  behaviour,  and 
obey  with  tolerable  regularity  certain  theoretical  laws.  They  are  tena- 
cious, ductile,  have  great  compressive  strength,  and  are  most  reliable  for 
structural  purposes.  Their  strength  and  elasticity  may  be  considerably 
reduced  by  high  temperatures  or  severe  cold. 

From  recent  researches  as  to  the  tenacity  cf  wrought  iron  and  steel 
bars  it  has  been  inferred  that  the  test  pieces  should  be  :- 

(1). -Cylindrical  in  form. 

(2). -At  least  \  inch  in  diameter. 

(3). -At  least  4  diameters  in  length,  and  5  or  6  diameters  if  the  metal 
is  very  soft  and  ''uctile. 

Timber  is  usually  tested  by  tension,  compression,  and  transverse  load- 
ing. 

The  chief  object  of  experiments  upon  masonry  and  brickwork  is 
to  discover  their  resistance  to  compression,  i.e.,  their  crushing  strength. 
In  fact,  their  stiffness  is  so  great  that  they  may  be  compressed  up  to  the 
point  of  fracture  without  sensible  change  of  form,  and  it  is  therefore  very 
difiicult,   f  not  impossible,  to  observe  the  limit  of  elasticity. 

The  '  ment  or  mortar  uniting  the  stones  and  bricks  is  most  irregular 
in  quality.  In  every  important  work  it  should  be  an  invariable  rule  to 
prepare  specimens  for  testing.  The  crushing  strength  of  cement  and 
mortar  is  much  greater  than  the  tensile  strength,  the  latter  being  often 
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PROOF  LOAD  ;   FRACTURED  AREA  ;   TENSILE  LIMIT.  7 

exceedingly  small.  Hence  it  is  advisable  to  avoid  tensile  stresses  within 
a  mass  of  masonry,  as  they  tend  to  open  the  joints  and  separate  the 
stones  from  one  another.  Attempts  are  frequently  made  to  strengthen 
masonry  and  brickwork  walls  by  inserting  in  the  joints  tarred  and 
sanded  fstrips  of  hoop-iron.  Their  utility  is  doubtful,  for,  unless  well 
protected  from  the  atmosphere,  they  oxidize,  to  the  detriment  of  the  sur- 
rounding material,  and,  besides  this,  they  prevent  an  equable  distribu- 
cion  of  pressure.     They  are,  however,  far  preferable  to  bond  timbers. 

(b).-Work!ng  Load  ;  Factor  of  Safety. -The  working  load  is  the 
heaviest  dead  load  that  can  be  applied  in  practice,  and  is  only  a  small 
proportion  of  the  breaking  weight  (or  load).  The  ratio  of  the  breaking 
weight  to  the  working  load  is  called  a  factor  of  safety,  and  its  value 
depends  both  upon  the  nature  of  the  load  and  upon  the  nature  of  the 
material.  The  effect  of  a  live  load  is  almost  twice  as  great  as  that  of  a 
dead  load  of  equal  weight,  and  the  former  therefore  requires  a  propor- 
tionately larger  factor  of  safety.  If  the  load  is  mixed,  i.e.,  partly  dead 
and  partly  live,  the  live  portion,  if  multiplied  by  2,  is  converted  into  a 
dead  load,  and  the  same  factor  of  safety  may  then  apply  to  the  whole, 
or  else  a  compound  factor  of  safety  may  be  deduced  as  follows  :- 
Let  ?/',,  Wf  be  respectively  the  dead  and  live  loads 
"  fuA        *'     corresponding  factors  of  safety. 

.",  the  compound  factor  of  safety  =*-i^ — ? — ~ — -. 

Wi  +  W^ 

Again,  a  larger  factor  of  safety  is  required  for  a  suddenly  than  for  a 
gr.idually  applied  load,  for  an  unreliable  than  for  a  reliable  material,  for 
a  member  of  a  structure  exposed  to  different  stresses  than  for  one  uni- 
formly stra'ned. 

(6).-Proof  Load.-Whcn  a  materinl  is  to  be  employed  in  construc- 
tion it  is  usual  to  prove  it,  by  subjecting  pieces  of  the  material  to  a 
proof  load,  which  will  produce  a  proof  stress  and  a  proof  strain 
sufficient  to  reveal  any  defects.  If  the  pieces  themselves  are  to  be  after- 
wards used  the  proof  stress  should  not  exceed  the  limit  of  elasticity,  and 
is  generally  about  double  the  working  stress. 

(7). -Fractured  area;  Tensile  limit, -Ahsolnte  sirength  ought  not  to 
be  the  sole  qualification  of  a  material.  An  iron  or  a  steel  may  be  very 
strong,  but  if  it  is  not  ductile,  't  will  be  hard  and  brittle,  and  unsuited 
to  withstand  a  shock,  while,  on  the  other  hand,  it  may  be  too  ductile  to 
be  of  service.  The  ductility  diminishes  the  ultimate  strength  but 
increases  the  working  strength,  so  that  a  soft  metal,  being  less  liable  to 
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snap  or  break  suddenly,  is  well  adapted  to  positions  subjected  to  vibra- 
tion and  concussion.  Hence  will  be  seen  the  importance  of  expressing 
the  tensile  strength  of  the  test-piece  by  so  many  pounds  per  sq.  in.  of 
the  fractured  area,  instead  of  taking  the  original  sectional  area  as  the 
standard  of  reference.  Probably  it  would  be  still  more  scientific  and 
correct  to  observe  the  change  of  form  at  the  instant  the  metal  ceases  to 
resist  an  increase  of  stress.  At  this  point,  which  has  been  designated  the 
tensile  limit,  experiments  shew  that  the  reduction  of  the  sectional  area 
is  about  one-half,  and  the  elongation  is  about  three-fourths  of  what  these 
would  respectively  be  at  the  point  of  fracture.  If,  however,  the  fi-acture 
is  caused  by  a  sudden  stress,  the  fractured  dimensions  seem  almost 
identical  with  those  at  the  tensile  limit,  had  the  metal  been  steadily 
strained  up  to  this  latter  point. 

(S). -Resilience,  oi  Spring.-Ltit  it  be  required  to  determine  the  loork 
done  in  stretching  or  compressing  a  bar  of  length  L  and  sectional  area 
A,  by  an  amount  I. 

Suppose  that  the  force  applied  to  the  bar  gradually  increases  from  0 

F 

until  it  attains  the  value  P ;  its  mean  value  is  -  ;  and  the  %oork  done  is 

F  ^ 

therefore  —.  I. 


2 


I 


But  P=E  A.  Yi  {E  being  the  co-efiicient  of  elasticity.) 

•'•  '^^ ^''^^^ ^°°^  =  ~r^L=E- \a)  ~1' 

This  formula  is  only  true  for  small  values  of  the  ratio  —  ;   in  the  case 

of  a  compressive  force  it  is  assumed  that  the  bar  does  not  bend. 

F 

A  suddenly  applied  force,-^,  will  do  as  much  work  as  a  steady  force 

which  increases  uniformly  from  0  to  F,  and  hence  it  follows  that  a  bar 
requires  twice  the  strength  to  resist  with  safety  the  sudden  application 
of  a  given  load  than  is  necessary  when  the  same  load  is  gradually  ap- 
plied. 

If/ is  the  ^jroo/ stress  per  unit  of  sectioual  area,  "^^is  the  correspond- 
ing ^roo/ s«mw,  and  the  work  done  in  producing  the  latter  is  called  the 

f^    A  Li 

resilience  of  the  bar.      According  to  the  above,  its  value  is  — .  —^ — ; 

E '    2 
called  the  Modulus  of  Resilience. 
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Ex.  1.  A  wrought-iron  tie-rod,  30-ft.  in  length  and  4  sq.-ins.  in  sec- 
tional area,  is  subjected  to  a  longitudinal  pull  of  40,000-lbs.  Determine 
the  unit  stress,  the  strain,  and  the  elongation,  the  co-efficieut  of  elasticity- 
being  30,000,000-lbs. 

The  unit  stress  is  — '— —  =  10,000-lbs.  per  sq.  in. 

Also,  from  the  elastic  law,  10,000=30,000,000  X  strain. 

1 


the  strain: 


3000 


and  the  elongation^  Jl  =^-ft. 

Ex.  2.  A  steel  rod  is  15-ft.  long,   and  2^  sq.ins.  in  sectional  area. 

The  proof  strain  of  the  steel  is.—-r7r,  and  its  co-efficient  of  elasticity  is 

1000  -' 

36,000,000  lbs.     Find  the  greatest  weight  that  can  be  safely  allowed  to 

fall  upon  the  end  of  the  rod  from  a  height  of  27-ft. 

The  proof  stress=^  X  proof  strain =36, 000-lbs.  per  sq.  in. 

15        3 

The  compression  of  the  rod  under  the  proof  stress  is  -- — -=-— --ft. 
^  ^  1000     200 

..,          .,.           .  ,,         .      r  ^-^        (36,000)^    2^x15x12. 
The  resilience  of  the  rod  =  -.  —  =  ^^^^^^-^^. -.^ 

=8100  tuc7i-lbs.  =  675  ft. -lbs. 

Again,  let  W  be  the  required  weight  in  lbs. 

The  total  distance   through  which   it  falls  =  27-ft.  +  compression 

=  f  27  +  ^7-^  J  ft.,  and  the  corresponding  work  is  W.  i  27  +  — —  I  ft.-lbs. 

This  must  of  course  be  exactly  equivalent  to  the  "esilience  of  the  rod, 

and  .-.17.(27+ A.)  =675 

.-.  Tr=24.9  1bs. 
JVo^e.-The  resilience  of  the  rod  may  also  be  at  once  found  from  the  fact 
that  it  is  the  product  of  one-half  of  the  total  stress  by  the  compression, 

i.e.,h.  2h.  36,000  x  -|7;=675  ft.-lbs. 

'  -^     2       >  200 

(9).-Wdhlcr's  Laic.-lt  is  now  generally  admitted  that  variable 
forces,  constantly  repeated  loads,  and  continued  vibrations,  diminish  the 
strength  of  a  material,  whether  they  produce  stresses  approxmiating  to 
the  elastic  limit,  or  exceedingly  small  stresses  occurring  with  great 
rapidity.     Indeed  many  engineers  design  structures  in  such  a  manner 
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that  the  several  members  are  strained  in  one  way  only,  so  convinced 
are  they  of  the  evil  ciFect  of  alternating  tensile  and  compressive  stresses. 
Although  the  fact  of  a  variable  ultimate  strength  had  thus  been  tacitly 
acknowledged  and  often  allowed  for,  Wohler  was  the  first  to  give  formal 
expression  to  it  and,  as  a  result  of  observation  and  experiment,  deduced 
the  following  law  :- 

"  That  if  a  stress  t,  due  to  ;.  static  load,  cause  the  fracture  of  a  bar, 
"  the  bar  may  also  be  fractured  by  a  series  of  often  repeated  stresses, 
•'  each  of  which  is  less  than  t ;  and  that,  as  the  diflFerences  of  stress 
"  increase,  the  cohesion  of  the  material  is  aflFectod  in  such  a  manner 
"  that  the  minimum  stress  required  to  produce  fracture  is  diminished." 

This  law  is  manifestly  incomplete.  In  Wohler's  experiments  the  appli- 
cations of  the  load  followed  each  other  with  great  rapidity,  yet  a  certain 
time  was  required  for  the  resulting  stresses  to  attain  their  full  intensity  ; 
the  influence  due  to  the  rapidity  of  application,  to  the  rate  of  increase 
of  the  stress,  and  to  the  duration  of  individual  strains,  still  remains  a 
subject  for  investigation. 

From  the  law,  however,  as  it  stands,  formulre  may  be  deduced  which, 
it  is  claimed,  are  more  in  accordance  with  the  results  of  experiment,  give 
smaller  errors,  and  ensure  greater  safety,  than  the  false  assumption  of  a 
constant  ultimate  strength , 

The  formulae  necessarily  depend  upon  certain  experimental  results, 
but  in  applying  them  to  any  particular  ease  it  must  be  remembered,  that 
only  such  results  should  be  employed  as  have  been  obtained  for  material 
of  the  same  kind,  and  under  the  same  conditions  as  the  material  under 
consideration.  The  eifects  due  to  faulty  material,  rust,  etc.,  are 
altogether  indeterminate,  so  that  no  formula  can  be  perfectly  universal 
in  its  application.  Hence  the  necessity  for  factors  of  safety  with  values 
depending  upon  the  class  of  structure  still  exists. 

A  brief  description  of  the  principal  of  these  formulae  will  now  bo  given 
and  in  the  discussion, 

t,  the  statical  breaJcing  strength,  is  the  resistance  to  fracture  under  a 
static,  or  under  a  very  gradually  applied  load. 

u,  the  primitive  strength,  is  the  resistance  to  fracture  under  a  given 
number  of  repeated  stresses,  the  stress  in  each  repetition  remaining 
unchanged  in  kind,  i.  c,  being  due  either  to  a  tension,  a  compression,  or 
a  shear. 

s,  the  vibration  strength,  is  the  resistance  to  fracture  under  alternating 
stresses  of  equal  intensities,  but  diflferent  in  kind,  due  to  a  vibratory 
motion  about  the  unstrained  state  of  equilibrium. 
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b  is  the  admissible  stress  per  unit  of  sectional  aroa. 

jPis  the  effective  sectional  area,  and  is 

numerically  absolute  maximum  load 
==  - 

(10). -Launhanh' 8  formula.- A  bar  of  unit  sectional  area  is  subjected 

to  stresses  (B)  which  are  either  wholly  tensile,  wholly  compressive,  or 

wholly  shearing,   and  which  vary  from  a  maximum  a,  (=max.^)  to  a 

minimum  «a  (=min.5). 

Let  a,  -  a2=d=the  maximum  difference  of  stress. 

T      a.,       miu.  B 

Let —  =  jT=  «/) 

a,       mitx.H 

If  a2=0,   .'.  ai  =  d=u 

If  d=0,  .'.  ai=a.^=t 
By  Wohler's  law, 

a^  cc  d  =  /.  d  (I) 

/  being  an  unknown  co-efficient  of  which  the  value  remains  to  be  deter- 

miacd. 

Ift?=0,  ,'.a,  =  <  and/=  cjc 

Ifd  =  u,  .•.ai=rfa»id/=  1 

t  —  u 
Launhardt's  assumption,  viz., /=: ,  satisfies  these  extreme  condi- 

tions,  and  al30  gives  intermediate  values  to  a,  which  closely  agree  with 
the  results  of  the  most  reliable  experiments. 

Hence,  (1)  becomes,  a,  = .  d— .  (a,  -  a^) 


and 


(.     t-u  a., \           ( ^      t-u      \ 
1  + .—  )=«.  I  1+ .6   I 


(2) 


This  is  Launhardt's  formula,  and  is  the  expression  of  Wohler's  Law. 
Wohler  in  his  bending  experiments  upon  Phoenix  axle-iron  found  that 

t  -  u_  5 
~6 


*  M=2195^  per  cent.''  and  <  =  4020^  per  cent.'-^ ; 


u 


The  same  iron  under  tension  gave  m=2I95*  per  cent.^  and  <=3290* 

t-u       1 
per  cent.%  .'. =  — • 

Choosing  the  most  unfavourable  case,  and,  in  order  to  ensure  greater 
safety,  taking  m=2100*  per  cent.^  equation  (2)  becomes 

(3) 


a,  =  2100, 


(-0 


*  k  per  cent.2  is  an  abbrevati.on  for  kilogrammes  per  square  centimetre. 
1  kilogramme  per  sq.  centimette  is  equivalent  to  14.2232~lbs.  per  sq.  in. 
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If  3  is  the  factor  of  safety, 


(4) 


In  liis  bending  experiments  upon  Krupp  cast  steel  (untcmpered)  it 

t  -~  u      7 

was  found  that  ?(=351 0*pcr  cent.^  and  ^=7340*'  per  cent.^  .', =  -. 

w  b 

But  steel  varies  considerably  in  strength,  and  great  care  must  bo 

exercised  in  its  use,  especially  in  bridge  construction.     For  this  reason 


take  ?/=:3300^'  per  cent.''  and  ?=G000^'  per  cent.', 
becomes, 

a,=3300.('l  +  ^.  0j 
If  3  is  the  factor  of  safety, 

.•.6  =  1100.(1+^^.^) 


,— =-and(2) 


(5) 


(«) 


Exinnj>Ie. -The  stresses  upon  a  bar  of  Phoenix  axle  iron,  normal  to  its 
cross-section,  vary  from  a  maximum  tension  of  50,000*  to  a  minimum 
tension  of  20, 000*^;  determine  the  admissible  stress  per  cent.'^  and  the 
necessary  sectional  area. 

By  (4),  i=700.  / 1  -f  -..  '^^^  ]  •=  840*  per  cent.'' 


and  ;.  F= 


50,000      50,000 


^—-  =  59.52.  sq.  cent."*. 
c4U 

Let  p  be  the  dead  load,  and  q  the  total  load,  per  lineal  unit  of  length, 
upon  the  flanges  of  roof  and  bridge  trusses. 


p 
'.  (i  =  -,  and  equations  (4)  and  (6)  respectively  become, 

6=700.  (  1  + 
6=1100 


1^\ 
2'~ql 

H4) 


(7) 
(8) 


Exam2ile. -Betermme  the  limiting  stress  per  cent.''  for  the  flanges  of 
a  wrought  iron  lattice  girder  when  the  ratio  of  the  dead  load  to  the 

greatest  total  load  is  ^. 


By  (7),  6  =  700^1  +  ^.1)  =800*. 


weyrauch's  formula. 


13 


I 


(12). -Weyrauch's  Formula. -Lai  a  bar  of  a  unit  sectional  area  be 
subjected  to  stresses  which  are  alternately  different  in  kind,  and  which 
vary  from  an  absolute  numerical  maximum  a'  (=  max.  B)  of  the  one 
kind  to  a  maximum  a"  (  =  max.  B')  of  the  other  kind. 

Let  a'  +  a"=d=  the  maximum  numerical  difference  of  stress. 


Let  -T 


a"       max.  B' 


—  9 


a'        max.  B 
If  a"=0,  .-.  a'^d=u 
d 
'2 


If  a"=s,   .-.  a'=.s: 


By  Wcihler's  Law,  a'  .^1  =  f.d  (9) 

/being an  unknown  co-efficient  of  which  the  value  remains  to  be  deter- 
mined. 

Ifa'=«,   .'./=! 

Ifa'=.,  :.fJ- 

It  "~  S 

Weyrauch's  assumption,  viz., /= -J- ;,  satisfies   these  extreme 

conditions,  the  most  reliable  results  of  the  few  experiments  yet  recorded 
and  also  Wohler's  deduction  that  a'  diminishes  as  d  increases  and  vice 
versa. 

Hence  (9)  becomes, 


a'  = 


u  —  s 


d=  .     "      '     ,.{a'  +  a") 


2  w  —  s  —  a''         2  u  —  s  —  a 


and 


/ ,      n  —  s  a"  \  /  _      u  —  s       \  ,^  „v 

■••"-"■('-— V  )="(!-— •*')        ('"^ 

This  is  Weyrauch's  fornmla,  and  may  bo  always  applied  in  those 
cases  in  which  a  member  is  -subjected  to  stresses  alternating  between 
tension  and  compression,  or  between  shearing  actions  in  opposite  direc- 
tions. 

In  the  Phoenix  iron  experiments  already  referred  to,  it  was  found  that 

u  —  s       7 
s  =  1170*  per  cent.^  .•. ^= 


15 
Taking  m=:210(i*  as  before,  and  making— —-=  -,  (10)  becomes, 


it 


a' 


=  2100 


(-^) 


If  3  is  the  factor  of  safety, 


(11) 
(12) 
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In  the  steel  experiments,  Wohlei  found  that  »=2050*  per  cent.* 

u  —  s       5 


u 


12 


n  -  It 


Taking  u=3300*,  and  s=1800*,    .-.- —  =  — ,  and  (10)  becomes 

a'=3300. /l-^.^')  (13) 


If  (3)  is  the  factor  of  safety, 

.-.  6=1100. 


(-A-^') 


(14) 


If  a  very  soft  steel  be  employed  in  the  construction  of  a  bridge,  it  r/iay 
be  advisable  to  diminish  still  further  the  admissible  stress  per  u'jit  of 
sectional  area.  For  example,  it  may  be  assumed  that  <=5200^,  u  =  3000*-', 
and  s=  1500^,  so  that  (2)  and  (10)  respectively  become, 

(15) 
(16) 


a,=3000.('l  +  -.  ^) 

.(i-l.') 


and  a' =  3000 


Eocample. — The  stresses  upon  a  wrought  iron  bar  normal  to  its  cross- 
section  vary  between  a  tension  of  40,000^  and  a  compression  of  30,000*; 
find  the  sectional  area  (disregarding  buckling). 

By  (12),  6  =  700.(l  -^.||j^^)=437.5*  per  cent.^ 

41  (  000 
;.  i^=!L;^=.  91.42  sq.  cenf"  . 

Shearing  Stresses, — For  shearing  stresses  in  opposite  directions,  Woh- 
ler  found,  in  the  case  of  Krupp  cast  steel  (untempered),  that  m  =  2780* 

4 
per  cent.*  and  s  =  1610*  per  cent.*,  i.e.,  about  ^  of  the  corresponding  va- 

lues  for  stresses  which  are  alternately  tensile  and  compressive,  and  it 

.   4 

may  be  generally  assumed  that  the  value  of  b  for  shearing  stresses  is 

0 

of  its  value  for  stresses  which  are  alternately  tensile  and  compressive  and 
which  have  the  same  ratio  9'. 

(1 3). -Remarks  upon  the  values  oft,u,  sand  i.-Asyet  the  value  of 
u  in  compression  has  not  been  satisfactorily  determined,  and  for  the  pre- 
sent its  value  may  be  assumed  to  be  the  same  both  in  tension  and  com- 
pression. 

If,  as  Wohler  states,  "  repeated  stresses  "  are  detrimental  to  the  strength 
of  a  material,  then  the  values  of  u  and  s  diminish  as  the  repetitions  in- 


!^^^^^^^ 
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crease  in  number,  and  are  minima  in  structures  designed  for  a  practically 
unlimited  life. 

Only  a  very  few  of  Wohler's  experiments  give  the  values  of  t,  u,  «,  and 
a,  so  that  LaunhardtV  and  Woyraueh's  assumptions  for  the  value  of  / 
must  be  regarded  as  tentative  only,  and  require  to  be  verified  by  further 
experiments.  The  close  agreement  of  Wohler's  results  from  tests  upon 
untempered  cast-steel  (Krupp)  with  those  given  by  Launhardt's  formula 
may  be  seen  from  the  following : — 

For  <  =  1100  centners*  per  sq.  zoU,  Wohler  found  that  m=500  cent- 
ners per  sq  zoll.     Thus  (2)  becomes, 

„,= 500.(1. «.?-;) 

and  .-.  a\  -  500.r»,  -  60U.«j  =  0 
Hence,  for  «»  -0,     250,  400,  600,  1100 

Launhardt's  formula  gives  «,  =  50(>,  710,  800,  900,  1100 
Wohler's  experiments  gave  «,  =  500,  700,  800,  900,  1 100 
Again,  with  Phoenix  iron  for  t=bO0  centners  per  sq.  zoll,  n  was  found 
to  be  300  centners  per  sq.  zoll. 

a,,d.-.a,=3(i0(n-?.^|) 

or  »»-300a,-250.  aj=0 

If  aa  =  240,  ;.  a,=43t>.8,  which  almost  exactly  agrees  with  the  result 
given  by  the  tension  experiments. 

Ill  general,  the  admissible  .-"tress  per  sq.  unit  of  sectional  area  may  be 
expressed  in  the  form, 

h=v.(l±m.9)  (17) 

V  and  m  being  certain  co-efficients  which  depend  upon  the  nature  of  the 
material  and  also  upon  the  manner  of  the  loading.  Consider  three  cases, 
the  material  in  each  case  being  wrought-iron. 

(a). -Let  the  stresses  vary  between  a  maximum  compression  and  an 
equal  maximum  compression  ;  .".  <l>=.l 


and 


,=700.(l-l) 


50*  per  cent; 


{h).-Let  the  material  be  subjected  to  stresses  which  are  either  tensile 
or  compressive,  and  let  it  always  return  to  the  original  unstrained  con- 
dition. 

.'.  min.  B  =  0,  or  max.  B'=0  and  .'.  9=0. 
.-.  6=700  (1±0;=700*  per  cent.* 


•  A  centner  =  110.23  pounds.    A  square  zoll  =  1.0603  sq.  ins. 
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(c). — Lot  the  inatcrial  bo  continually  subjictc-d  tn  the  same  d<'a<J  loud, 
/.  min./i=uiax./^, 

and  .'.  i=700.(l  +  i)  =  1050*  per  cont.* 

Tims,  in  those  three  cases,  tlie  adniissible  stn'ss<-<«  arc  in  the  ratio  of 
1:2:3,  a  ratio  which  has  been  already  adopted  iu  uiachine  cun>truction 
as  the  result  of  experience. 

Wolder,  from  his  experiments  upon  untempered  ca.*t-stefl  (  Krupp), 
concluded  that  for  alternations  between  an  unloaded  condition  and  either 
a  tension  or  a  compression  f>=  1 100,  and  for  alternations  between  eijual 
compressive  and  tensile  stresses  /^  =  5H0. 

In  America,  it  has  often  been  the  practice  tf»  take 

max.  Ji  +  mux.  B'  _  tt'  +  <i" 

~  tTK)  ~  ^7o«r 

for  stresses  alternately  tensile  and  eonipressivi'.  it  being  as^nmed  that  if 
the  stresses  arc  tensile  only  their  admissible  values  may  vary  from  U^  to 
70(/  per  cent.* 


Since  '/= 


a 


I  > 


a  = 


700.  F 


l+o' 
700 


ant 


^~/'~l+v' 


Comparing  this  with  (12), 

for0'  =  O         \         i  f  1. 

(18)  gives  6=^700,  5G0,  407,  400,  350, 

and  (12)  gives  i  =  700,  612,  525,  437,  350. 


Note. — For  further  information  on  the  subject  treated  of  in  articles  12  to  15,  the 
reader  is  referred  to  Weyranch's  Fertigkeit  und  Dimensionen-berecbnung  (tran- 
slated bj  Prof.  A.  Jay  DuBois),  from  which  they  have  been  substantially  taken. 
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22  TABLE  II. 

Table  of  Factors  of  Safety  of  Cast  Iron,  Wrought  Iron,  Steel,  and  Timber. 


Materials. 


Cast  Iron 


Wrought 
Iron 


Steel 
Timber 


USE. 


fin  (Jirderp ■ 

I    "  WaterTanka 

^    "  Pillars 

I    "  Pillars  and  Machinery 

[^  ''     "     liable  to  transverse  shock 

f  In  Girders 

I    "  Compression  13ar« 

I    "  Girders 

^    "  Compression  Bars 

"  Bridge  Tension  Bars 

"  Bridf^e  Compression  Bars  . , 
«  Roofs   

In  Bridges 

In  various  structures 


Naturn  of 

Value 

of  Factor 

Load. 

of  Safety. 

Dead. 

.■? 

fo  6 

Do 

4 

Do 

(; 

Live. 

8 

to  10 

Do 

10 

Do.id. 

•A 

Do 

4 

Live. 

G 

Do 

G 

to  R 

Mixed. 

4 

or  5 

Do 

f) 

to  8 

Do 

4 

to  7 

Mixed. 

.3 

to  5 

Dead.  Live  or 

4 

to  14 

Mixed. 

av.  10 

Note.— The  safe  wnrlcinq  tensile  load  of  the  white  and  yel](.w  pines,  of  pprure.  oak 
and  Buch  woods  as  are  employed  in  the  construction  of '  bridfres.  roofs,  &o..  may  be 
assumed  to  vary,  according  to  the  character  of  the  structure,  from  1,000  to  2,000-lbB.  per 
sq.  in. 

The  safe  worlc'mq  compreanive  load  diminishes  as  the  length  of  the  timber  member 
incroases,  and  m.ay  be  assumed  to  vary  from  1,000  to  l,50-ltis.  per  sq.  in. 

Tlie  safe  M'or^•mr/ s/icrtrtM,7  load,  .along  the  grain,  is  about  100-lbs.  per  sq.  in.  for  oak, 
•  lbs.  persq.  in.  for  beech,  aud5.j-lbs.  persq.  in.  for  pine. 


TABLE  III. 
Table  of  the  Linear  Expansion'of  Solids  per  unit  of  lengta  by  Heat. 


Materials, 


Glass 

Baywood  (along  the  grain) 
Deal  (along  the  grain).... 

Cast  Iron 

Wrought  Iron 

Steel 

Tin 

Zinc 

B  rass , 

Copper 

Bronze 

Gun-Metal 

Platinum 

Silver 

Gold 


From  32°  F. 
to  212°  F. 


.00077  to  .00101 
.00046  to  .00057 
.00043  to  .00044 

.00111 

.00125 
.00108  to  .00125 

.0022 
.0025  to  .00294 

.002 

.00178 

.00181 
.00181 to.00191 

.00087 

.00195 
.00152  to  .00155 


From  32°  F. 
to  572°  F. 


.00145 

.00188 
.00092 


EXAMPLES. 


.!. 


(l).-An  iron  bar  of  uaiform  section  and  10-ft.  in  length,  stretches 
.012-in.  under  a  unit  stress  of  25,000-lbs. ;  find  E. 

•  (2).-A  ship  at  the  end  of  a  600-ft.  cable  and  one  at  the  end  of  a 
500-ft.  cable  stretch  the  cables  3-ins.  and  2|-ins.  respectively ;  what  arc 
the  corresponding  strains  ? 

(3).-A  rectangular  timber  tie  is  12-ins,  deep  and  40-ft.  long.  If 
E  :=:  l,2()0,000-lbs.,  find  the  proper  thickness  of  the  tie  so  that  its 
elongation  under  a  pull  of  270,000-lb3.  may  not  exceed  1.2-ins. 

(4)  -A  roof    tie-rod  142-ft.  in    length    and  4-sq.  ins.    in   sectional 
area  is  subjected  to  a  stress  of  80,000-lb3.     1^  E  =  3(),000,0U0-lb3., 
find  the  elongation  of  the  rod  and  the  corresponding  work. 
»(5).--An  iron  wire  1-8-in.    in   diameter  and    250-ft,  in    length   is 

subjected  to  a  tension  of  600-lbs.,  the  consequent  strain  being  —  ;  find 

E^  and  shew  by  a  diagram  the  amount  of  work  done  in  stretching  the 
wire  within  the  limits  of  elasticity. 
-1  (6). -A  steel  rod  100-ft.  in  length  has  to  bear  a  weight  of  4000-lbs. 
li  E=  35,000,000-lbs.,  and  if  the  safe  strain  is  .0005,  determine  the 
sectional  area  of  the  rod,  and  the  work  of  extension,  (l).-When  the 
weight  of  the  rod  is  neglected,  (2). -When  the  weight  of  the  rod  is 
taken  into  account. 

(7). -Find  the  work  done  in  raising  a  Venetian  blind. 
•(8).-The  length  of  a  cast-iron  pillar  is  diminished  from   20-ft.  to 
19  U7-ft.  under  a  given  load;  find  the  strain  and  the  compressive  unit 
stress,  i;  being  17,000,0G0-lbs. 

(9)  .-A  rectangular  timber  strut  24-sq.  ins.  in  sectional  area  and 
6-fl.  in  length  is  subjected  to  a  compression  of  14,400-lbs. ;  determine 
the  diminution  of  the  length,  E  being  l,200,000-lb3. 

(lO).-A  brick  wall,  2-ft.  thick,  12  ft.  high,  and  weighing  112-lb3. 
per  cubic  ft.,  is  supported  upon  solid  pitch  pine  columns  9-in3,  in 
diameter,  lO-ft.  in  length,  and  spaced  12-ft.  centre  to  centre ;  find  the 
compressive  unit  stress  in  the  columns,  (I). -At  the  head  (2). -At  the 
base ;  the  timber  weighs  50-lbs.  per  cubic  foot. 

If  the  crushing  stress  of  pitch  pine  is  5300-lbs.  per  sq.  in.,  and  the 
factor  of  safety  10,  find  the  height  to  which  the  wall  may  be  built. 

(1 1). -Determine  the  diameter  of  the  wrought  iron  columns  that  might 
be  substituted  for  the  timber  columns  in  question  (10),-7500-lbs.  per 
sq.  in.  being  the  safe  compressive  stress  of  wrought  iron. 
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^     (12). -A  timber  pillar  30-flb.  in  length  has  to  support  a  beam  at  a  point 

30-ft.  from  the  ground ;  if  the  greatest  safe  strain  of  the  timber  is  -oTTTTr 

what  thickness  of  wedge  should  be  driven  between  the  head  of  the  pillar 
and  the  beam  ? 

t  (13) .-An  hydraulic  hoist  rod  50-ft.  in  length  and  1-in.  in  diameter 
is  attached  to  a  plunger  4-ins.  in  diameter  upon  which  the  pressure  is 
80l»  lbs.  per  sq.  in. ;  determine  the  altered  length  of  the  rod,  E  being 
30,000,000-lbs.  ;     : 

(14).-How  many  J-in.  rivets  must  be  used  to  join  two  wrought  iron 
plates,  each  36-ins.  wide  and  ^-in.  thick,  so  that  the  rivets  may  be  aft 
strong  as  the  riveted  plates,  the  tensile  and  shearing  strength  of  wrought 
iron  being  in  the  ratio  of  10  to  9  ? 

»  (15). -A  wrought  iron  bar  25-ft.  in  length  and  1-sq.  in.  in  sectional 
area  stretches  .0001745-ft.  for  each  increase  of  V  F.  in  the  tempera- 
ture, determine  the  work  done  by  an  increase  of  20°  F. 

How  may  this  property  of  extension  under  heat  be  utilised  in  straighten- 
ing walls  that  have  fallen  out  of  plumb  ? 

»  ( 1 6). -A  wrought  iron  bar  2-8q.  ins.  in  sectional  area  has  its  ends  fixed 
between  two  immovable  blocks  when  the  temperature  is  at  32°  F. ;  what 
pressure  will  be  exerted  upon  the  blocks  when  the  temperature  is  100* 
F.? 

(17).-A  line  of  rails  is  10  miles  in  length,  when  the  temperature  is  at 
32°  F.,  determine  the  length  when  the  temperature  is  at  100°  F. 

(18) —The  dead  load  of  a  bridge  is  5-ton8  and  the  live  load  10-ton» 
per  panel,  the  corresponding  factors  of  safety  being  3  and  6  ;  find  the 
compound  factor  of  safety. 

I  (19). -The  dead  load  upon  a  short  hollow  cast-iron  pillar  with  a  sec- 
tional area  of  20-sq.  ins.  is  50-ton3.  If  the  strain  in  the  metal  is  not 
to  exceed  .0015,  find  the  greatest  live  load  to  which  the  pillar  might  be 
Bubjected. 

(20) .-A  steel  suspension  rod  30-ft  in  length  and  ^-sq.  in.  in  sec- 
tional area  carries  3500-lbs.  of  ilie  roadway  and  3000-lbs.  of  the  live 
load ;  determine  the  gross  load  and  also  the  extension  of  the  rod ;  E  being 
35,000,000-lbs. 

C  (21). -What  form  does  the  useful  work  done  by  a  hammer  take 
I  when  a  nail  is  driven  in  ?  What  becomes  of  the  rest  of  the  energy  of 
the  mass  of  the  hammer  after  striking  the  blow  ?  A  hammer  weighing 
10-lbs.  strikes  a  blow  of  10-ft.  lbs.  and  drives  a  nail  ^-inch  into  a  piece 
of  timber ;  find  the  speed  with  which  the  hammer  moves,  and  the  mean 
resistance  to  entry. 

Find  the  amount  of  a  steady  pressure  that  will  produce  the  same  effect 
as  the  hammer.   ^^ 

^  (22). -A  steel  rod  10-ft.  in  length  and  ^-sq.  in.  in  sectional  area  ig 
strained  to  the  proof  by  a  tension  of  25.000-11)3. ;  find  the  resilience  of 
the  rod,  i;  being  35,000,000-lbs.    /79J  ^--CC^ 
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s*(23).-A  wrought  iron  rod  25-ft.  in  length  and  l-eq.  in.  in  sectional 
area  is  subjected  to  a  steady  stress  of  SOOO-lbs. ;  what  amount  of  live 
load  will  instantaneously  elongate  the  rod  by  ^-in.,  E  being  30.000,- 
000-lbs?      6:l6'o 

(24) .-Determine  the  shortest  length  of  a  metal  bar  a-sq.  ins.  in  sec- 
tional area  that  will  safely  resist  the  shock  of  a  weight  of  tV'-lbs.,  falling 
a  distance  of  A-ft.  Apply  the  result  to  the  case  of  a  steel  bar  I-sq.  in. 
in  sectional  area,  the  weight  being  50-lb8  ,  the  distance  16-ft.,  the  proof 

strain,  ^Jj,  and  ^=35,000,000-lb8. 

(25).-A  signal  wire  2000-ft.  in  length  and  ^-in.  in  diameter  is  sub- 
jected to  a  steady  stress  of  SOO-lbs.  The  lever  is  suddenly  pulled  back, 
and  the  corresponding  end  of  the  wire  moves  through  a  distance  of  4-ins. ; 
determine  the  instantaneous  increase  of  stress. 

If  the  total  back  weight  is  350-lbs.,  what  is  the  range  of  the  signal 
end  of  the  wire  ? 

(26) .-A  steel  rod  has  its  upper  end  fixed  and  hangs  vertically.  The 
rod  is  tested  by  means  of  a  ring  weighing  60-lbs.  which  slides  along  the 
rod  and  is  checked  by  a  collar  screwed  to  the  lower  end.  A  scale  is 
marked  upon  the  rod  with  the  zero  at  the  fixed  end.     If  the  strain  in 

the  steel  is  not  to  exceed  ^-t-z,  what  is  the  reading  from  which  the  weight 

is  to  be  dropped  ?  What  should  be  the  reading  of  the  collar  ? 

(27).-Steam  at  a  pressure  of  50-lbs.  per  sq.  in.  is  suddenly  admit- 
ted upon  a  piston  32-ins.  in  diameter.  The  steel  piston  rod  is  48-in3.  in 
length  and  2-in8.  in  diameter,  E  being  35,000,000-lbs. ;  find  the  work 
done  upon  the  rod. 

What  should  be  the  pressure  of  admission  to  strain  the  rod  to  a  proof 
of  .001? 

yf  (28).-A  pitch  pine  pile  14-ins.  square  is  20-ft,  above  ground,  and  is 
being  driven  by  a  falling  weight  of  1 1 2-lbs. ;  find  the  fall  so  that  the 
inch  stress  at  the  head  of  the  pile  may  be  less  than  SOO-lbs. 

Supposing  that  the  pile  sinks  2-ins.  int^  th^  ground,  by  how  much 
would  it  be  safe  to  increase  the  fall  ?      M  w  "* 

v(29).-A  Fhock  of  iV-ft.  lbs.  is  safely  borne  by  a  bar  ^ft.  in  length 
and  o-sq.  ins.  in  sectional  area ;  determine  the  increased  shock  which 
the  bar  will  bear  when  the  sectional  area  of  the  last  mth  of  its  length  is 
increased  to  r.a. 

(30).-A  boulder  grappler  is  raised  and  lowered  by  a  wire  rope  1-in. 
in  diameter  hanging  in  double  sheaves.  On  one  occasion  a  length  of 
150-ft.  of  rope  was  in  operation,  the  distance  from  the  winch  to  the 
upper  block  being  30-ft.  The  grappler  laid  hold  of  a  boulder  weighing 
lO-tons,  what  was  the  extension  of  the  rope,  ^  being  15,000,000-lbs.  ? 

The  boulder  suddenly  slipped  and  fell  a  distance  of  6-ins.  before  it  was 
again  held,  find  the  maximum  stresi^^  upon  the  rope. 

What  weight  of  boulder  may  be  ii:*led,  if  the  proof  stress  in  the  rope 
ii  not  to  exceed  25,000-lbs  per  sq.  in.  of  gross  sectional  area  ? 
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(31). -A  chain  /-ft.  in  length  and  rf-sq.  ins.  in  sectional  area  has  one 
end  securely  anchored,  and  suddenly  checks  a  weight  of  W-lbs.  attached 
to  the  other  end,  and  moving  with  a  velocity  of  F-ft.  per  second  away 
from  the  anchorage  ;  find  the  greatest  pull  upon  the  chain. 

Apply  the  result  to  the  case  of  a  wagon  weighing  4-ton8,  and  worked 
from  a  stationary  engine  by  a  rope  3-sq.  ins.  in  sectional  area.  The 
wagon  is  running  down  an  incline  at  the  rate  of  4  miles  an  hour,  and, 
after  GOO-ft.  of  rope  have  been  paid  out,  is  suddenly  checked  by  the 
stoppage  or  reversal  of  the  engines,  (E  =  15,000,000  lbs.). 

(32).-A  chain  7-ft.  in  length  and  a-sq.  ins.  in  sectional  area  has  one 
end  attached  to  a  weight  of  W-\hs.  at  rest,  and  at  the  other  end  is  a 
weight  of  ?(.Tr-lbs.  moving  with  a  velocity  of  F-ft.  per  second  and  away 
from  the  first ;  find  the  greatest  pull  on  the  chain. 

(33). -A  dead  weight  of  10-tons  is  to  act  as  a  drag  upon  a  ship  to 
which  it  is  attached  by  a  wire  rope  150-ft.  in  length,  and  having  an 
eflfective  sectional  area  of  8-sq.  ins.  If  tlie  velocity  of  the  floating  ship 
is  20-ft.  per  second,  and  if  its  inertia  is  equivalent  to  a  mass  of  390- 
tons,  find  the  greatest  pull  on  the  chain.  (£^=15,000,0l)0-lb3.) 

(34). -The  steady  thrust  or  pull  upon  a  prismatic  bar  is  suddenly 
reversed,  shew  that  its  effect  is  trebled. 

(35). -In  a  circular  pipe  of  internal  radius  r  and  thickness  t,  a 
column  of  water  of  length  /,  flowing  with  a  velocity  due  to  the  head  h 
is  sudden! J/  checked  ;  shew  that, 


h= 


E.  f.  a'   \ 


1  t 
"^2'r 


1  + 


'     '  l^  '  2'r'\^  '  El 
E  being  the  coeff".  of  elasticity  of  the  pipe  material,  E,  the  coefficient 
of  compressibility  of  the  water,  and  A  the  extension  of  the  pipe  circum- 
ference due  to  E. 
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CHAPTER  A. 

(\).-0n  the  extension  of  n  prismutic  hm-.-Thc  clomontary  law  of 
extension  is  soniotinii's  enunciated  as  follows  :- 

A  prismatic  bar  of  length  L.  aiiJ  sectional  area  A  is  stretched,  and 
its  length  is  L  +  x  when  the  force  of  extension  is  J*;  if  d  P  is  the  in- 
crement of  force  cori'csponding  to  an  increment  <Jx  of  length, 

L  +  x 
Hence,  the  force  producing  an  extension  /  is  equal  to 

I  E.  A.J — —=sE.A.  log^.  I  1  4-  y  ]  ^  /*.  suppose. 

But  H.  {^+i)  =  Trl{i)  +  3-  (z;)  '-  -  =Z'  Woximately. 

:.P,  =  E.A.y 

/^     7,         T.  ,1     ,  .       dP,       E.A        ,E.A  . 

.    toroUarij. -hrom   the  last  equation, -y-r^  =  —  —,  and— ^—   is   conse- 

quently  a  measure  of  the  longitudinal  stiffness  of  a  bar,  so  that  for  the 
same  material,  the  stiffness  varies  directly  as  the  sectional  area  and 
inversely  as  the  length,  while  for  cZi/Tcrfn^  materials,  it  also  varies  directly 
as  the  co-efficient  of  elasticity. 

i2).-Work  of  Extension. -The  force  producing  the  increment  dx  has 


for  its  least  value  P 


(=-•£). 


for  its  greatest  value  P+dP,  and 


for  its  mean  valueP  + 


dP 


— ,  so  that  the  xoorlc  done  is   I  /*  +  —^  )  .dx=: 

'P.  dx,  approximately. 

Hence,  the  work  done  in  stretching  the  bar  until  its  length  iaL  +  l 
is  equal  to 


j"p.d.=f\ 


„   ,  a;    .      E.A  I' 
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VERTICAL  OSCILLATIONS. 


(3)  .-On  the  oscillatory  motion  of  a  weight  at  the 
end  of  a  vertical  elastic  rod.-An  elastic  rod  ofna- 
ural  length  L  (OA)  and  Bcctional  area  A,  is  sus- 
pended from  0,  and  carries  a  weight  F  at  its  lower 
end,  which  elongates  the  rod  until  its  length  \b  0  B 

=  L  +  l. 

Assume  that  the  mass  of  the  rod,  as  compared  with 
P,  is  sufficiently  email  to  be  disregarded, 

:.P=E.A.L 
Jj 

If  the  weight  is  made  to  descend  to  a  point  C,  and 
is  then  left  free  to  return  to  its  state  of  equilibrium, 
it  must  necessarily  describe  a  series  of  vertical  oscil- 
lations about  B  as  centre. 

Take  B  as  the  origin,  and  at  any  time  t  let  the  weight  be  at  M  distant 
X  from  B;  also  let  BC—c. 

Two  cases  may  be  considered. 

First,  suppose  the  end  of  the  rod  to  be  gradually  forced  down  to  0 
and  then  suddenly  released. 

According  to  th^  principle  oivis  viva, 

—•^-  (  -T  )  =the  work  done  between  C and  M  =  — ^  .  I tt  -    „  I 
g   2  \dtJ  L     \2        2/ 

F  1    /cfex 2   PI 
^'•'72-U)=T2'('^-") 

and  .'.  V,  the  velocity  of  the  weight  at  P=  y  ■y.(c^  -  x^)^ 

Now  V  is  zero  when  a:;=  ±  c,  so  that  the  weight  will  rise  above  J5  to  » 
point  (7,  where  BCi  =  c  =  BC. 

■y=  p-j jrr-,  and  integrating 

between  the  limits  0  and  »,  .'.  <=  V  ■?=»*»"'•—.  ao<l  the  oscillations 

I  c 

therefore  isochronous. 

When  X  =  c,  <=-s-.  V  -)  and  the  time  of  a  complete  oscillation  is  «-.  V  "- 

Next,  suppose  the  oscillatory  motion  to  be  caused  by  a  weight  P  falling 
without  friction  from  a  point  D,  and  being  suddenly  checked  and  held 
by  a  catch  at  the  lower  end  of  the  rod. 


are 
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VERTICAL   OSCILLATIONS. 
Take  the  same  origin  and  data  as  before,  and  let  AD=:h. 
The  elastic  resistance  of  the  rod  at  the  time  t  is  E.A. 


29 


and  the 


equation  of  motion  of  the  weight  is, 
I 

9 


-f;=^-^-^'F=^-7('-)=-^-F 


<Px  a 

or -i-r,  =  -  f.X 


Integrating,  ;.  (^\  =  -  |.  a'  +  c„  c,  being  a  constant  of  integration. 

But  -r  is  zero,  when  x— c,  and  .'.c,=  f.  c* 
at  I 

Eence,  (^)'=  ?Yc»-x").=.i;« 

This  is  precisely  the  same  equatioi  as  was  obtained  in  the  first  case 

and  between  the  limits  0  and  X,  i.'V  7-=«w~'-,  so  that  the  motion   is 

I  c 

isochronous,  and  the  time  of  a  complete  oscillation  is  ^.y — 

dx  ^ 

Cor.  l.-When  x  =   -l,(^£.y  =  2.g.h,  and  .-.  1  (c»  -  P)  =  2.  g.  h., 

orc'=P  +  2.l.h. 

Cor.  2.-If  A  =  0,  i.e.,  if  the  weight  is  merely  placed  upon  the  rod  at 
the  end  A,  :.  c=  ±  I,  and  the  amplitude  of  the  oscillation  is  twice  the 
statical  elongation  due  to  P. 

Cor.  3.-The  rod  may  be  safely  stretched  until  its  length  iaL  +  /,  while 
a  further  elongation  c  might  prove  most  injurious  to  its  elasticity,  which 
shews  the  detrimental  eflfect  of  vibratory  motion.  If  the  weight  is  ap- 
plied at  irregular  intervals,  the  amplitude  of  the  oscillations  will  be  in- 
creased, until  at  last  rupture  would  take  place.  The  failure  of  the 
Broughton  Suspension  Bridge  is  said  to  have  been  due  to  this  cause. 

Cor.  4.-The  co-efficient  of  elasticity  of  the  rod  may  be  approxi- 
mately found  by  means  of  the  formula  T=n.\  -  ^  being  the  time  of  a 
complete  oscillation.     For,  suppose  that  the  rod  emits  a  musical  note  of 

n  vibrations  per  second,  /.  tt.  y  -  =  T=  -jr-,  is  the  time  of  travel  from 

g  Z.n 

^  to  C„ 


1= 


477^ 


.n 


and  hence,  Ez=. 


P.L4.K\ti' 
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VKRTICAL   OSCILLATIONS. 


Cor.  S.-Supposc  that  the  woight  is  porfVctl^  free  to  »lide  alon^ 
the  rod.  Wlun  it  roturns  to  A,  it  will  K'uve  x\w  end  of  the  rod  and 
rise  with  a  cirtain  initial  vvlocity.  This  velocity  is  evidently  ^'Ig.h, 
and  the  weight  accordingly  ascends  to  D,  then  falls  again,  repeats  the 
former  operation,  and  so  on.  The  equations  of  motion  are  in  this*  case 
only  true  for  values  of  t  between  x  ==  +  c,  and  x  =  -  /. 

A.-On  tlic  (wAlhitoi  J  motion  o/aveujht  at  the  end  n/ a  rertiail  elagtic 
rod  of  apprainhle  wuJS«.-Supposc  the  mass  of  the  rod  to  be  taken  into 

account,  and  assume  :- 

(fli) -That  all  the  particles  of  the  rod  move  in  direetioni*  parallel  to 

the  ax;    of  the  rod. 

(/*) -That  all  the  particles  which  at  any  instant  arc  in  a  plane  per- 
pendicular to  the  axis,  remain  in  that  plane  at  all  times. 

As  before,  the  rod  OA  of  natural  length  L  and 
sectional  .1  is  fixed  at  0  and  carries  a  weight  /'at  A 

Take  0  as  the  origin,  and  let  OX  be  the  axis  o. 

the  rod. 

Let  i,  f  +  d^,  and  x,  x  f  dx,  be  respectively  i\v 
actual  and  natural  distances  from  0  of  the  two  con 
ficcutive  sections  MM,  M'M  , 

Let  Po  ^e  the  natural  density  of  the  rod,  and  P  the 
density  of  the  section  MM,  distant  f  from  0. 
The  forces  which  act  upon  the  rod  are  :- 

(a)  .-The  upward  and  constant  force  1\  at  0. 
(6)  .-The  weight  l\  at  A. 
(c).-The  weight  of  the  rod. 
(d).-A  force  A'  per  unit  of  mass  through  tlu 
slice   bounded  by  the  planes    MM,  M'M',  distant 
and  <  -r  d^  respectively  from  0. 

Suppose  the  rod,  after  equilibrium  has  been  established,  to  be  cut  at 
the  plane  M'M'.  In  order  to  maintain  the  equilibrium  of  the  portion 
OM'M\  it  will  be  necessary  to  apply  to  the  surface  of  thii?  plane  a  certain 
force  F,  and  the  equation  of  equilibrium  becomes, 

-K  +  J   p.A.d^.X  +F  +  ro.g.Ax=0 

But  if  the  thickness  tZs  of  the  slice  MM'  ie  indefiuiU'lj  diminished,  P 
is  evidently  the  elastic  reaction,  and  its  value  is 


E.A.''!^  =  E.A 
dx 


■S-)- 
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Hence,  -  ^o  +  J  V^-^^-  f^>  +  ^A.  (  X  "  0  +  Po-g.A.x=0. 
Differentiating  with  respect  to  x, 


But  p.  oU=Po.  dx 


or^+~.-JL  +  fl=o 
Also  Po.A.X.dx  is  the  rcsistanco  to  acccioration  arising  from  the  in- 

ertia  of  the  slice,  and  is   therefore  equal  to  -  ^^  A  dx—~ 

de  ' 

SO  that  X  = 

d('^ 


„  d^^       E   d'^ 


(1> 


To  solve  this  equation.  In  the  state  of  equilibrium,  EA  |— -   1  | 

\dx  ) 

is  the  tension  in  the  section  of  which  the  distance  from  Ois  cc,  and  coun- 
ter-balances the  weight  l\  and  the  weight  P^.A.  {l-x).g  of  the  portion 
AMN  oiihQ  rod. 


or 


dx 


■■'^A^'w-^'"^^ 


Integrating,    .-.  f =x  +  ;^-  ^  +  ^-  (ix - 1') 


(2) 

There  is  no  constant  of  integration  as  x  and  f  vanish  together. 

This  value  of  f  is  a  particular  solution  of  (1),  and  is  independent  of  t. 

z  being  a  new  function  of  x  and  t. 


,d^_       P„        d^z        ■,    d?^  _  d^z 


E  d' 


d?z 


Hence,  from  equation  (Ij,  ^=  — .  -t-^=v\.  -5— ,,  where  v\  — 


E 


I 


i'i 
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ON  THE   FLOW  OP    SOLIDS. 


or 


The  integral  of  this  equation  is  of  the  form, 

2=/'.  (x  +  v,.  0  +/(a5-v,.0. 

v,  Y  —  being  the  velocity  of  propagation  of  the  vibrations. 


P.. 


The  full  solution  of  (1)  is  therefore  of  the  form, 


f  =x  + 


E.A 


^■''~^0'^~2")  +^-(^+^i-0+/(aj-vi.  0- 


(5). -On  the  Jlow  of  solids.-The  theory  of  the  longitudinal  vibra- 
tions of  elastic  bars  shews  that  the  amplitudes  of  the  vibrations  are 
twice  the  permanent  set.  This,  however,  is  on  the  assumption  that  the 
mass  of  the  bar  is  sufficiently  small  to  be  disregarded.  Practically,  the 
result  is  very  diflFerent,  for  the  amplitudes  of  longitudinal,  and  especially 
of  transverse,  vibrations  rapidly  diminish. 

If  a  bar  be  strained  even  almost  to  rupture,  and  then  relieved  from 
stress  and  allowed  to  rest,  it  will  recover  a  portion  of  its  set,  and,  in  its 
new  state,  will  be  capable  of  receiving  a  secondary  though  much  smaller 
set. 

If  the  bar  is  steadily  strained,  it  may  offer  great  resistance  to  elon- 
gation at  first,  but  subsequently,  the  same  deformation  may  be  produced 
by  a  stress  of  less  intensity. 

Continual  vibration  probably  increases  the  resistance  to  elongation. 
Thus,  time  is  an  important  element  in  determining  the  final  adjustment 
of  a  material  to  its  permanent  condition.  Hence  it  is,  that  a  consider- 
able period  generally  elapses  before  suspension  cables  have  acquired  their 
constant  set. 

A  consideration  of  these  phenomena  has  led  to  the  conclusion  that 
they  are  due  to  some  cause  operating  within  the  material  and  wholly 
independent  of  its  elasticity.  The  cause  has  been  termed  the  viscosity 
of  the  body,  and  is  the  resistance  of  its  particles  to  relative  motion. 
But  this  viscosity  is  very  different  from  the  true  viscosity  of  a  solid,  the 
character  of  which  has  been  most  carefully  investigated  by  M.  Tresca. 
It  has  been  shewn  that,  if  the  pressure  upon  a  solid  body  is  continually 
increased,  the  limit  of  elasticity  is  soon  passed,  the  body  becomes 
imperfectly  elastic,  and  at  last,  under  a  pressure  called  the  Jliiid 
pressure,  the  elasticity  entirely  disappears.  The  body  is  then  said  to  be  in 
&  fluid  state,  and  behaves  precisely  as  a  fluid,  ^join^  through  orifices 
shewing  a  contracted  vein,  etc.,  and  in  consequence  of  the  flow,  retaining 
its  specific  weight  unchanged. 

The  general  jtrinciple  of  the  flow  of  solids  may  be  enunciated  as 
follows : — A  pressure  upon  a  solid  body  creates  a  tendency  to  the 
relative  motion  of  the  particles  in  the  direction  of  least  resistance. 
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This  gives  an  explanation  of  the  various  effects  produced  in  materials 
by  the  operations  of  wire-drawing,  punching,  shearing,  etc.,  and  pro- 
bably of  the  anomalous  behaviour  of  solids  under  certain  extreme 
conditions. 

For  example,  in  punching  a  piece  of  wrought  iron  or  steel,  the  metal 
is  at  first  compressed  and  Jiows  inwanh,  while  the  shearing  only 
commences  when  the  opposite  surface  begins  to  open.  A  case  brought 
under  the  notice  of  the  author  may  be  mentioned  in  illustration  of  this. 
The  thickness  of  a  cold  punched  nut  was  1.75-inch,  the  nut-hole  was 
.3125-in.  in  diameter,  and  the  length  of  the  piece  punched  out  was  only 
.75-in.  Thus,  the  flow  must  have  taken  place  through  a  depth  of  1-in., 
and  the  shearing  through  a  depth  of  .75-in.  Hence,  the  surface  really 
shorn  was  7rx-3125x-75=-73G-sq.  in».  in  area,  and  a  measure  of  the  shear- 
ino-  action  is  the  product  of  this  surface  area  and  t'heJiuUl})ressure. 

A"-ain,  rails,  which  have  been  in  use  for  some  time,  are  found  to  have 
acquired  an  elongated  lip  at  the  edge.  This  is  doubtless  due  to  the 
Jlow  of  the  metal  under  the  great  pressures  to  which  the  rails  are  con- 
tinually subjected. 

^otc. — The  Jluul pressure  for  load  is  2S'44  lbs.  per  sq.  in. 
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EXAMPLES. 

(l).-A  chain  ?-ft.  in  length  and  a-sq.  in.  in  sectional  area,  has  one 
end  attached  to  a  weight  of  IF,-lbs.  at  rest,  and  at  the  other  end  is  a 
weight  of  T^V-lbs.  moving  with  a  velocity  of  F-ft.  per  second  away 
from  the  first;  find  the  greatest  pull  upon  the  chain. 

(2).-A  vertical  prismatic  bar  of  weight  TF,  has  its  upper  end  fixed, 
and  carries  a  weight  W2  at  the  lower  end ;  find  the  amount  and  work  of 
the  elongation. 

(Ji)  -A  right  cone  of  weight  W  rests  upon  its  base :  find  the 
amount  and  work  of  the  compression. 

(4).-A  tower  in  the  form  of  a  solid  of  revolution  about  a  vertical  axis 
carries  a  given  surcharge,  determine  the  curve  of  the  generating  line  so 
that  the  stress  at  every  point  of  the  tower  may  be  the  same. 

If  the  surcharge  be  zero,  shew  that  the  height  of  the  tower  becomes 
infinite  but  that  its  volume  remains  finite. 

(5). -Determine  the  generating  curve  when  the  tower  in  question  (4) 
is  hollow,  the  hollow  part  being  in  the  form  of  a  right  cylinder  upon  a 
circular  base  of  given  radius. 

(6). -A  heavy  vertical  bar  is  fixed  at  its  upper  end  and  carries  a 
given  weight  at  the  lower  end  ;  determine  the  form  of  the  bar  so  that  the 
horizontal  sections  may  be  proportionate  to  the  stresses  to  which  they  are 
subjected.     (Note.  Such  a  bar  is  a  bar  0^  uniform  strength.) 

(7). -Find  the  upper  and  lower  sectional  areas  of  a  steel  shaft  of  uni- 
form strength  200-ft.  in  length,  which  will  safely  sustain  its  own  weight 
and  lOO-tons. 

(8).-A  vertical  clastic  rod  of  natural  length  L  and  of  which  the  mass 
may  be  neglected,  is  fixed  at  its  upper  end  and  carries  a  weight  IF,  at 
the  lower  end.  A  weight  W.^  falls  from  a  height  h  upon  IF,,  find  the 
velocity  and  extension  of  the  rod  at  any  time  t  in  terms  of  t. 

(9).-Determine  the  functions  F  and  /in  §  (4).  when  P^  is  zero, 
and  also  when  the  rod   is  perfectly  free,  i.e.,  wlieti  1*,,=^,  and  7^*1=0. 

(lO).-An  elastic  lamina  ABCD,  of  natural 
length  l^  has  its  upper  edge  AB  {2.a^  fixed  and 
hangs  vertically;  if  a  weight  IF  is  suspended  from 
the  lower  edge  CD  (21)),  shew  that,  neglecting 
the  weight  of  the  lamina,  the  consequent  elongation 

=  1-  .7-^. f.loq.-.     If  an  additional  weight  is 

placed  upon  W  and  then  suddenly  removed,  shew 
that  the  oscillation  set  up  is  isochronous  and  that 
the  time  of  a  complete  oscillation 
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Examine  the  case  when  a=h,,  and  also  when  I: 
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(ll),-A  wire  of  diar.  D  moves  with  a  velocity  F  under  the  action 
of  a  force  Q  in  the  direction  of  motion,  through  a  die,  and  on  leaving 
the  die  the  diar.  and  velocity  are  d  and  v,  respectively;  determine  tlie 
mean  velocity  of  the  wire  and  the  total  pressure  upon  the  die,  / 
being  the  coeff.  of  friction. 

(12).-A  metallic  mass  rests  upon  tlie 
end  CD  of  a  strong  cylinder  of  radius 
R  and  tills  up  a  space  of  depth  J).  A 
hole  of  radius  r  is  made  at  the  centre  of 
the  ftice  CD,  through  which  the  mass  will 
flow  when  a  sufficiently  intense  pressure 
is  exerted  by  the  piston.  Suppose  that 
the  mass  within  the  cylinder  is  compress- 
ed to  a  thickness  Z)0=ir,  the  correspond- 
ing length  of  the  jet,  KE,  being  y,  and 
assume,  (l),-that  the  specific  weight  of 
the  mass  remains  the  same,  (2),-that  the 
cylindrical  portion  EFGH  is  gradually 
transformed  into  NMPLKQN,  of  which 
the  part  FMNQ  is  cylindrical,  while  the 
diameter  of  the  part  PLKQ  gnidunlhj 
increases  from  the  lace  of  the  cylinder  to 
KL  (=EF),  at  the  end  of  the  jet,  (3),- 

that  the  diminution  of  the  diameter  of    ^^_^_^^^^^^^__ 
the  cylindrical  portion  FMXQ  is  directly  proportional   to   the  said 
diameter. 

Shew  that  ^'  =  J'.(^)=r.^l-^,.|_Vvvhcre.isthe  radius  of  the 

cylinder  PMNQ,  and  n-^-^ 
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CHAPTER  II. 

THE   EQUlLIBRIUxM    AND   STRENGTH    OF    BEAMS. 

Note. -In  this  chapter  it  is  assumed  that  nil  forces  act  in  one  and 
the  same  plane,  and  that  the  dv/orraations  are  so  small  as  to  viake  no. 
sensible  alteration  either  in  the  forces  or  in  their  relative  positions. 

CI).- Equilibrium  of  Be'ims.- A  be  iin  [^  a  bar  of  somewhat  con- 
siderable scantling,  supported  at  two  points,  and  acted  upon  by  forces 
perpendicular  or  oblique  to  the  direction  of  its  length. 

Case  I.-AB  is  a  beam  resting  upon 
two  supports  in  the  same  horizonta 
plane.  The  reactions  Ry  and  R.2  at 
the  points  of  support  are  vertical,  and 
the  resultant  F  of  the  remaining  ex- 
ternal forces  must  also  act  vertically  in 
an  opposite  direction  at  some  point  C,     According  to  the  principle  of 

the  lever,  li,  =  P,  ,  „  i?.=/'.  V»,  and  7?,  +  R,  =  P. 


AJ 
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Case  Il.-AB  is  a  beam  support- 
ed or  fixed  at  one  end.  Such  a 
support  tends  to  prevent  any  devia- 
tion from  the  straight  in  that  ])or- 
tion  of  the  beam,  and  the  less  the 
deviation  the  more  perfect  is  the 
fixture. 

The  ends  mny  be  fixed  by  means 
of  two  props,  Fig.  1,  or  by  allowing 
it  to  rest  upon  one  prop  and  pre- 
venting upward  motion  by  a  ledge. 
Fig.  2,  or  by  building  it  into  a  wall. 
Fig.  3. 


In  any  case  it  may  be  assumed  that  the  effect  of  the  fixture,  whether 
perfect  or  impcrfcjct,  is  to  develop  two  unequal  forcjs,  Q  and  R,  acting 
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in  opposite  directions  at  points  Jfand  iV".  Those  two  forces  are  equi- 
valent to  a  left-handed  couple  (^,-(?)  the  moment  of  which  is  Q.MN, 
and  to  a  single  force  R-Q  at  N'.     Honce  R-Q  must  =  P. 

Case,  in.-AB  is  an  inclined  beam 
supported  at  A.  and  resting  upon  a 
Bmooth  vertical  surface  nt  B. 

The  vertical  weight  P,  acting  at  the 
point  C,  is  the  resultant  load  upon  AB. 
Let  the  direction  of  P  meet  the  hori- 
zontal line  of  reaction  at  B  in  the 
point  D. 

The  beam  is  kept  in  equilibrium  by  the  weight  P,  the  rttiction  R^ 
at  A,  and  the  reaction  /4  at  B.  Now  the  two  foicos  R2  and  7*  meet 
at  D,  so  that  the  forcj  R^  must  also  pass  through  D. 

Hence  R^  —  P. ,--   - ,  and  R.^=P.taiiADC. 

Note. — The  saiu.i  principles  hold  if  the  b.^aui  in  Cases  T  and  II  is 
inclined,  and  also  whatever  may  be  the  directions  of  the  forces  P  and 
Ri,  in  Case  III. 


Case  IV.-In  general,  let    the  beam  AB  be  in  equilibrium  under  the 

action  of  any  number  of  forces  P^^P-i^P^, QuQuQm  of  which  the 

magnitudes  and  points  of  application  are  given,  and  which  act  at  right 
angles  to  the  length  of  the  beam.  Suppose  the  beam  to  be  divided 
into  two  segments  by  an  imaginary  plane  MN^.  Since  the  whole  beam 
is  in  equilibrium,  each  of  the  segments  must  also  be  in  equilibrium- 
Consider  the  segment  AMN. 

It  is  kept  in  equilibrium  by  the  forces    P\,Pi,P^ and   by   the 

reaction  of  the  segment  BMN  upon  the  segment  AMN,   at  the  plane 

MN ;   call  this  reaction  E^.     The  forces  /*i,^*2,/3 are   ecjuivalent 

to  a  single  resultant  /^,.  acting  at  a  point  distant  r,  from  MN.  Also, 
without  affecting  the  equilibrium,  two  forces,  each  equal  and  parallel  to 
i?i,  but  opposite  to  one  another  in  direction,  may  be  applied  to  the 
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seiinient  AMy,  at  the  plane  MN^,  and  the  three  equal  forces  are  then 
equivalent  to  a  single  force  7?,  at  J/iV,  and  a  couple  (/?,,-/?,,)  of 
which  the  moment  is  li^.r^ 


Thus,  <he  external  forces  upon  AMN  avc  reducible  to  a  single  force 
/*,  t  MX.  and  a  couple  (7?i, -/?,).  These  must  bo  balanced  by  Z^,, 
and  thorct'oi-e  /7,  is  equivalent  to  a  single  force -/?,  at  JAV  and  a 
a   couple  (  -  /i,,A'i). 

In  the  same  manner,  the  external  forces  upon  the  segment  BMN^  are 
reducible  to  a  single  force  7^^,  at  MX,  and  a  couple  (A*2.-74))  of  which 
tlie  moment  is  R,.r.,.  Tliese  again  must  be  balanced  by  E^,  the  reac- 
tion of  the  segment  j4j»/iVupon  the  segment  BMX. 

Now  E^  and  E^,  evidently  neutralise  each  other,  so  that  the  force 
A*,,  and  the  couple  {Ry,-R{),  must  neutralise  the  force  R.,,  and  tlie 
couple  {R.,-R.,).  Hence  the  force  7?,,  and  the  couple  (R^,-R^),  are 
respectively  equal  but  opposite  in  effect  to  the  force  R.^,  and  the  couple 
(7i,,, -74),  i.e.,  R^  =  R.i,  and  R^.  r,  =  Ri.r.^,  .-.  r,  =  r^. 

The  force  7^,  tends  to  make  the  segn-.ent  AMN  sUde  over  the 
segment  BMX,  at  the  plane  MX,  and  is  called  the  Shearing  Force  with 
respect  to  that  plane.  It  is  equal  to  the  algebraic  sum  of  the  forces  to 
the  h/t  of  MX,  =:P,  +  R,  +   R.,  +  =  2  (P). 

So  R,=  Qi-Q-Qa  + ^^  "  (^))  is  the  algebraic  sum  of  the  forces 

o?i  the  right  of  MX,  and  is  the  force  which  tends  to  make  the  segment 
BMX  slide  over  the  segment  A  MX,  at  the  plane  MX.  '  ^2  is  therefore 
the  Shearing  Force  with  respect  to  MX,  and  is  equal  to  R^,  in  magni- 
tude, but  acts  in  an  opposite  direction. 

Again,  let  ^^,,7)^,^3, q^,  q.j,,  q^ be  respectively  the  distances  of 

the  points  of  application  of  7'',,  R^,  R3 Q\,Qi,  Q3 from  i/W". 

Then  7^,.>-,  =  the  algebraic  sum  of  the  moments  about  MX  of  all 

the  forces  on  the  left  of  MX=  P^.pi  -V  Ri.p-i,  +  R3.P3+ =  I.(F.p), 

is  the  moment  of  the  couple  (^,,—7?,). 

This  couple  tends  to  bend  the  beam  at  the  plane  MX,  and  its  moment 
is  called  the  Bending  Moment  with  respect  to  MX^,  of  all  the  forces  on 
the  left  of  MX. 


r 


'*t- 


r 


SHEARIKG   FORCE   AND   LENDING   MOMENT. 


39 


So  R.^.  7-2  =  the  algebr<aic  sum  of  the  moments  about  MN"  of  all  the 

forces  on  the   right  of  J/iV,  =  (^,.5-,  -  Q.,.  q.^~  =  2  (Q.q),  is  the 

J3e)i(Ji)i<j  Moviint  with  respect  to  My,  of  all  the  forces  on  the  riyht  of 
i\JN,  and  is  equal  but  opposite  in  effect  to  7^,.  /•,. 

It  is  seen  that  the  Shearing  Force  and  Bending  Moment  vhnuje  sign 
on  passing  from  one  side  of  i\JN to  the  other,  so  that  t<»  dcfiiie  tluui 
absdhitdi/  it  is  necessary  to  specify  the  segment  under  consideration. 

Ittmark. — The  reaction  E^  has  been  shewn  to  be  equivalent  to  the 
force  7^,.  and  the  couple  (-  /i?,,  R^).  The  Moment  of  this  couple  may  be 
called  the  Elastic  Moment,  the  Moment  of  Resistance,  or  the  Moment  of 
InJiexihUitij,  and  is  iqual  in  magnitude,  but  opposite  in  iftlct,  to  the 
corresponding  Bending  Moment  of  the  external  forces. 

{2.).-Ex<nupl<s  if  Slicarin'f 
Forces  and  Bendiinj  Moments — 
In  each  of  the  following  ex- 
amples the  beam  is  horizontal 
and  of  length  I. 

Ex.  l.-The  beam  OA,  Fig. 
8,  is  fixed  at  A  and  carries  a 
weight  /'  at  0. 

The  Shearing  Force  (*S')  at  every  point  of  tiie  beam  is  evidently  con- 
stant, and  equal  to  P. 

Upon  the  verticals  through  A  and  0  take  vl/?  and  OC,  each  equal  or 
proportional  to  F;  join  BC.  The  vertical  distance  between  any  point  of 
the  beam  and  the  line  BC  represents  the  shearing  force   at  that  point. 

Again,  the  Bending  Moment  (M),  at  any  point  of  the  beam  distant 
X  from  0,  is  F.x;  it  is  nil  at  0,  and  Fd.  at  A. 

Upon  tho  v^ical  through  A  take  AD,  equal  or  proport'ontil  to  Pd ; 
join  BO.  Tlie  vertical  distance  between  any  point  of  the  beam  and  the 
line  1)0  represents  the  bending  moment  at  that  point. 

Ex.  2.-The  beam  OA,  Fig.  9,  is 
fixed  at  A,  and  carries  a  uniformly 
distributed  load,  of  intensity  w  per 
unit  of  length. 

The  resultant  force  on  the  right  of 
a  vertical  piano  JAV  distant  x  from 
0  is  ic.x.,  and  acts  half  way  between 
0  and  MK 
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The  Shearing  Force  (S)  at  MN"\8  therefore  w.x  ;  it  is  nil  at  0  and 
w.l  at  A.  Upon  the  vertical  through  A,  take  AB,  aqualor  proportional 
to  w.l ;  join  BO.  The  vertical  distance  between  any  point  of  the  beam 
and  the  line  BO  represents  the  shearing  force  at  that  point. 

Again,  the  Bending  Moment  (31)  at  MN  is  70.x.-=  ~  ;  it  is  nil  atO 

72 
and  ^   at  A.     Upon  the  vertical  through  A,  take  AC,  equal  or  pro- 


portional to 


2  • 


The  bending  moment  at  any  point  of  the  beam  is  represented  by  the 
vertical  distance  between  that  point  and  a  parabola  CO  having  its  vertex 
at  0  and  its  axis  vertical. 

Ex.  3.-Thebeam  OA,  Fig.  10, 
is  fixed  at  A  and  carries  a  single 
weight  P  at  0,  together  with  a 
uniformly  distributed  load  of 
intensity  ?r  per  unit  of  length. 


The  Shearing  Force  (S)  at  a 
plane  MJSf,  distant  x  from  0,  is 
evidently  F  +  w.x ;  it  is  -P  at  0 
and  F  +  U1.I  at  A. 

'^pon  the  verticals  through  0\ 
and  A,  take  OC  equal  or  pro- 
portional to  F,  and  AB  equal  or  proportional  to  w.l  +  F  ;  join  BG.  The 
vertical  distance  between  any  point  of  the  beam  and  the  line  BC  repre- 
sents the  shearing  force  at  that  point. 

Again,  the  Bending  Moment  (M)  at  MNia  evidently  w.oc.-  +  F.x 

w.P  " 


w.x 


■=-k-  +  F.X  ;  it  is  nil  at  0  and  ~  +  F.la,i,A. 


W.P 


Upon  tne  vertical  through  A,  take  AD  equal  or  proportional  to-^  +  P.l, 

The  bending  moment  at  any  point  of  the  beam  is  represented  by  the 
vertical  distance  between  that  point  and  a  parabola  DOE,  having  its  axis 

p 
EF  vertical  and  its  vertex  at  a  point  i^,  where  0F=—  and  EF  is  equal 
p2  w  ^ 

or  proportional  tO;; — 
^  z.w 


I 
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2^(jte_ — The  ordinate's  of  the  lino  BC  are  equal  to  tlie  algebraic  sum 
of  the  corresponding  ordinatcs  of  the  straight  lines  i^6'and  BO  in  Exs.  1 
and  2.  Also,  the  ordinates  of  the  curve  DO  are  equal  to  the  algebraic 
sum  of  the  corresponding  ordinates  of  the  line  DO  in  Ex.  1,  and  the  curve 
CO  in  Ex.  2.  Hence,  the  same  conclusions,  as  in  Ex,  3,  are  arrived  at 
by  treating  the  weight  P  and  the  load  w.l  independently,  and  then  super- 
posing the  respective  results. 

Ex.  4.-The  beam  OA,  Fig.  11, 
rests  upon  two  supports  at  0  and 
A,  and  carries  a  weight  P  at  a 
point  B,  dividing  the  beam  into  the 
two  segments  OB,BA,  of  which  the 
lengths  are  n  and  b  respectively. 

The  reactions  7i?,,  R-i  at  0  and 
A  are  vertical,  and  according  to 
the  principle  of  the  lever, 

The  Shearing  Force  (^S)  at  every  point  between  0  and  B  is  constant 
and  equal  to  Rx  =  P.j-  On  passing  B,  the  shearing  force  (*S0  changes 
sign,  and  its  value  at  every  point  between  B  and  A  is  constant  and  equal  to 


R,  -  P-. 


a 


P.j  —--R-i-  Upon  the  verticals  through  0,  B  and  ^1  take  OC, 

P.!) 
BE,    each  equni  nr  proportional  to  -r— ,  and  BF,  AD,  each  equal  or 

l\a      .  .  ' 

proportional  to  — ^  ;  join  CE  and  DF.      The  shearing  force  at  any 

point  of  the  beam  is  r<  ■^"esented  by  the  vertical  distance  between  that 
point  and  the  broken  line  t'Et  D. 

Again,  the  BewUng  Moment  (J7)  at  any  point  between  0  and  B, 
distant  x  from  0,  is  Ri.x=  P.      x ;  it  is  nil  at  0  and  P.  -—  at  B. 

The  Bending  Moment  (.1/)  at  any  point  between  B  and  A,  distant  x  ]  ^'^  A  fPct 
from  0  is  /?,  x  -  P.{x  -  a)  =  P.-  .(I  -  x);  it  is  P.'^  at  B  and  nil  at  A.  , .', ,(  bj^**-!  ^ Pa 

Upon  the  vertical  through  B  take  BG  equal  or  proportional  to  ^.-y-  J  -  i   'jj^  -f-Zft 

join  OG  and  AG.    The  bending  moment  at  any  point  of  the  beam  is  re-      t^u  :  £  ^  AJ 
presented  by  the  vertical  distance  between  that  point  and  the  line  OGA.      ^  ' 


.    ^ 
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Cor.-U  I   bo  at  the  centre  of  the  beam,  :.S=,y,  and  M  at  the  centre 

_r.i 

Lx.  5.-The  beam  0.1,  Fig.  1?, 
rests  upon  two  supports  at  O  and 
A,  and  carries  a  uniformly 
distiibutcd  load  of  intensity  w 
per  unit  of  length. 

The  reactions  at  0  and  A  are 

,       w.l 
each  equal  to  — _ 

The  resultant  force  between  0 
and  a  plane  J/ A^  distant  .c  from  0, 
is  iv.x,  and  acts  half-way  between 

0  and  MX.  The  Shearing  Force  (^S)  at  MX  is  therefore  —  --  w.x  ;  it  is 

ad 

—  at  0,  nil  at  the  middle  point  B,  and  -    --  at  .1.  Upon  the  verticals 

w  I 
through  0  and  .1,  take  0(7  and  yIA  each  equal  or  proportional  to  ~; 

join  CD.    The  shearing  force  at  any  point  of  the  beam  is  represented  by 
the  vertical  distance  between  that  point  and  the  line  CJJ. 

it}  J  X 

Again,  the  Bending  Moment  (M)  at  J/iVis  -^-x  —  w.x.  ^ 
=  -rf  .X — ~  ;  it  is  nil  at  0  and  at  A  ;  it  is  a  maximum  and  equal   to 

— ,  -  at  the  middle  point  B.     Upon    the  vertical  through  B  take  BE, 

w  P 
equal  or  proportional  to  -^.    The  bending  moment  at  any  point  of  the 

beam  is  represented  by  the  vertical  distance    between  that  point  and 
a  parabola  OEA  having  its  vertex  at  E  and  its  axis  vertical. 

Car.  l.-The  shearing  force  is  a  minimum  and  zero  at  the  centre,  a 

maximum  and  ~  at  the  ends,  and  increases  uniformly  with  the  distance 

from  the  centre. 

Cor.  2. -The  bending  moment  is  a  minimum   and  zero  at  the  ends,  a 

maximum  and  -—  at  the  centre,  and  diuriuishes  as  the  distance  from  the 

centre  increases. 


.. 


SIIEAKING  FORCE  AND  BENUING  MOMENT. 


43 


I 


Ex..  O.-Thc  biarn  0.1,  Fi<?. 
i;j,  rests  upon  two  supports  at 
Oanil  ,1  ami  carries  a  weight  I* 
at  a  i)()int  li,  toirother  with  a 
uiiitoruily  distributed  load  oi' 
intensity  in  per  unit  of  lenjith. 

Let  tile  knirths  of  the  seg- 
ments Oil,  BA,  be  ((  and  />, 
.respectively. 

The  reactions  A',  at  0.  and 
i?2  at  ^l,  are  vertical,  and  ac- 
cording to  the  principle  of  the 

lever,  A,  =  /'.      +  —  ,  and 

The  Shrjd-iiig  Force  (S)  at 
any    vertical    jilane,    between 

0  and  B,  distant  xfroui  0,  is  Ri  —  ii\x=  P.-f  +  -., —  w.x 

.      .      P.h       ir.I       ^        J\h       v.l 

It   IS    -,-4-  --,  at  C,  and -,  -  -f  -  -  -  w;.a  at /J. 

The  SUenr'ing  Force  (»S)  at  any  plane  between  B  and  .4,   distant  x 


v.l 


to.l 


w.l 


(I 


from  0,  is  Ri  -  P  -  u\x  =  P.  y^    rr~P  —  w.x=  .}  -  P-j-  ^'^•^  !  it 


I 


I 


.     V1.I 
IS— — 


P.a 


P. a      v}.l 


-J io.as.tB,  and y 7"  ^^   "'!•     Upon   the   verticals 

through  0,  B  and  A,  take  OC  equal  or  proportional  to  -^  +  ~^,  BD 
equal  or  proportional  to  -'—  +  ^ —  w.a,  BE  equal  or  proportional  to 

V\l        p.a  1     i  rr  1  .         ,         W.l        P.a       .    .      ^^ 

— tv.a,  and  Ar  equal  or  proportional  to  — —     i     i  P^^  ^^ 

ui  2  I 

p    and  EF.     The  shearing  force  at  any  point  of  the  beam  is  represented  by 
the  vertical  distance  between  that  point  and  the  broken  line  CDEF. 

Note,-li  -^  >  ~j—  -I-  lo.a,  BE  is  positive,  and  therefore  E  is  vertically 

above  B, 
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A^'ain,  the   Bending  Monivnt  (.1/)  at  any  fKtiiit  between  0  and  li  is 


("•7^") 


1I\X' 


,x 


it  is  nil  at  O  and 


(,.  h         trj\  ir.li 

I         '1  f  '1 


at  H. 


The  bendinj;  moment  (.1/)  at  any  point  bitwetn  li  and  .1,    di>tant  x 


from  0,  is 


W.X' 


-  P.i^x  -  a) 


a.;  it  iM 


at  «. 


and  nil  at  .1. 


Upon    the   vertical  through  B  take  B  G,  e(jual  or  [»ropf»rtional  to 


:'^ 


P-j^-^)-"- 


w.a 


The  bending  uionii'iit  at  any  point  of  the  biam 


( 

betwten  C  and  2i  is  represented   by   the  vortical    diManee  bttWL-tn  tliat 
point  and  a  parabola  0(111,  having  its  axis  UT  v«rtical  and   its  vi  rttx 

at  a  point  //  where  0T=:     1 1*.    +  — ^-  ) ,  ami  IIT  is  equal  or  pn>iM»rtion- 

al  to-— .(  /*.- + -— )       The   bendin";   mouunt   at  anv  iK>:nt  b<  t\v»i  n  ^ 

and  ,1  is  ri'iircsented  by  the  vertieal  distance  bctwem   that   |<»in'      id  a 
paralnila  AGK  luiving  its  axis  K  V  vertieal  and  iis  vciu-x  at  a  A', 

where  Or=    .(    -  P. .   \-    -  \    and    A' I    is  t(jiial  or   prm^irtional    to 

p 
Cor.—li    the    weight    1*    is   at  the  centre  .'..S'^-.  and  J/,   at  the 

P.l     n\F 

centre,  =-:^+  — • 

Notf.-The  ordinates  of  the  lines  CD  and  EF  are  ecjual  to  the  alge. 
braic  sum  of  the  corresponding  ordinates  of  the  lines  CE,  F/J  in  Ex.  4 
and  the  line  CD  in  Ex.  5.  Also,  the  ordinates  of  the  curves  OG,  AG, 
are  equal  to  the  algebraic  sum  of  the  corresjionding  ordinates  of  the 
lines  OG,  AG  in  Ex.  4  and  the  curve  OEA  in  Ex.  5.  Hence,  the  same 
conclusions,  as  in  Ex.  G,  are  arrived  at  by  treating  the  weight  P  and 
the  load  u\l  independently,  and  then  superjiosing  the  re>|n.-etive  results. 

Ex.  7.-In  tine,  a  beam,  however  loaded,  maybe  similarly  trtattd,  re- 
membering that  if  the  load  changes  abruptly  at  different  points,  the 
portions  of  the  beam  between  these  points  of  discontinuity  are  to  be 
dealt  with  separately.  For  exaniple:-the  beam  OA,  Fig.  14,  rests  upon  two 
supports  at  0  and  A,  and  carries  three  weights  /*„  P^.  /*„  at  p«)ints 
Cf  D,  E,  of  which  the  distances  from  0  are  p„pj,p„  respectively.     A 


SIIK.VUING  FORCE  AND  BENDING   MOMENT. 


45 


point  II  divides  OA 
into  sc^nii'iitM  0  II 
=  a,  and  li  A  —  ft, 
wliicli  aro  uiiitornily 
loadi'd  with  weights 
of  intoiiHitii's  u\  and 
v\^  I  or  unit  ot'luiij^th, 
rt'sju'ctivcly.  Tluire- 
aetion.H  /j*,  and  Jij,  at 
O  nnd  .1,  arc  vi'rti 
cal  and  according  to 

the  principUi   of  the    lever 


v\b' 


and  1U=I\.  p,  -I-  /',./),  +  P.,.p,  -f  '-^2'-  +  w./^.  (^^  +  <i^ 

To  ropnisont  the  Shcdr'uig  Force  at  different  points  of  the  beam, 
grapliically  : — 

Upon  tlie  verticals  throujih  0,  C,  B,  D.  E,    1,  take, 
OF,  €(/,  CII,  BK,  DL,  DM,  EX,  EV,  and  AT,  respectively  equal  or 
proportional  to, 

/e,,  7?,  -  w,.^„  7?,  -  ?r,./),  -  /»„  7?,  -  ir,.a  -  I\, 
R^  -  w^.a  —  Pi  -  w..(pi  -  It),  Ii^  -  "'i.'*!  -  Pi  -  "'-iC^'j  —  ")  -  T'j. 
^1  -  ?r,.a  -  /-•,  --  w..(/)3  -  a)  -  P.,,  Pi  -  ii'i.ti,  -  Pi  -  v\i(p3  -  a)-  P.,  -  P^, 
and  /?,  —  u'l.n  -  Pi  —  */•.„/>  -  /\  —  l\=R.j. 
Join  FG,  UK,  KL,  MM,  and  VT.     The  sliearinjr  force  at  any  point 
of  the  beam  is  represented  by  the  vertical  distance  between  that  point 
and  the  broken  line  FGHKLMNVT. 

To  represent  the  Bending  Moment  (  M)  at  different  points  of  the 
beam,  graphically: — 

2  2 

M  at  0-0,  M  at  C=  7?,.p,  -  "-^p,  M  at  B  =  /e,/<  -  '^  -  P^i'i-lh) 
J/ at  D  =  Ri.p,-  Wi.a.(j),-~^  -10,.  ^illl^  -  P,.(^,-p,) 

.¥  at  E=Ri.p,  -  w.  a.  Qy,  -  ^)  -  ^f-'i'-     ^  '      ~  ^'•('i'a-i'i)-^^  (/'3-iO 

and  J/  at  ^  =  0 

Upon  the  verticals  through  C,  5,  D,  and  i7,  take  Cl ,  B2,  D3,  and  i74 
respectively  equal  or  proportional  to  the  bending  moments  at  these 
points. 


11 
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SHEARING   FORCE   AND   BENDING   MOMENT. 


The  bending  moment  at  any  point  of  the  beam  is  represented  by 
the  vertical  distance  between  that  point  and  the  parabolic  arcs  01,  12, 
23,  34  and  4^1,  The  axes  of  these  parabolas  are  vertical,  and  the  posi- 
tions of  the  vertices  may  be  easily  found  from  the  several  equations. 

Ex.  a.-A  beam  OA,  Fig.  15,  of  | 
which  the  weight  may  bo  neglected, 
is  1 5ft.  long,  is  fixed  at  0,  and  car- 1 
ries  a  weight  of  ^0-lbs.  at  A.  De- 
termine the  bending  moment  at  a 
point  distant  K'-ft.  from  the  free 
end.    Also  illustrate  the  shearing  | 
force   and    bending    moment    at 
difierent     points     of     the     beam 
graphically.     The  required  bend- 
ing moment  is  HO  x  10=800-ft.  lbs. 

The  shearing  force  is  the  same  at  every  point  of  the  beam,  and 
equal  to  SO-lb.-.  Choose  a  vertical  scale  of  measurement,  so  that  half 
an  inch  represents  100-lbs. 

Upon  OA,  describe  a  rectangle  OABC,  in  which  OC  =  .'17i=::l." 
The  ordinate  from  every  point  of  EC  to  AO  is  \,"  or  80-lbs.,  and  is 
therefore  the  shearing  fcce  at  the  foot  of  such  ordinate. 

Again,  the  bending  moment  at  0,  is 
80  X  15  =  1200-ft.  lbs.  Choose  a 
vertical  scale  of  measurement,  so  that 
1-inch  represents  1200-ft.  lbs  Upon 
the  vertical  through  0,  take  0/)= 
1-inch  ;  join  DA.  The  ordinate  from 
any  point  of  DA  to  OA  is  the  bend- 
ing moment  at  its  foot  For  example, 
at  ll|^-ft.  from  0,  the  ordinate  is  \'\ 
or  300-ft.  lbs.,  and  this  isecjual  to  80 1 
X3|',  i.e.,  the  bending  moment. 

Ex.  h.-\  beam  OA,  Fig.  16,  of  j 
which  the  weight  may  be  neglected, 
rests  upon  two  supports  at  0  and 
A,  30-ft.  apart,  and  carries  a  uni- 
formly distributed  load  of  200-lb.s. 
per  lineal  ft.,  together  with  a  single 
weight   of  600-lbs.    at  a  point  i?' 
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dividing  the  beam  into  segments  0  B,  B  A,  of  which  the  lengths  ai'e 
10  and  20-ft.  respectively.  Determine  the  shearing  force  and  bonding 
moment  at  the  points  Cand  Z>,  distant  5  ft.  from  the  nearest  end.  Also, 
illustrate  the  shearing  force  and  bending  moment  at  different  points  of  the 
beam,  graphically. 

Let  72,,  R,,  be  the  reactions  at  0  and  A,  respectively. 

.•./?,.30=600.20  + 200.30.15=102000  .-.  7e,=3400-lbs.,  and 
/?,=200.  30  +  600  — 7?,=3200-lbs 

The  Shearing  Force  at  (7=3400  -  200..5=2400-lbs. 

"         "  "         i)=  3400- 200.2.5 -- 600= -2200-lbs 

The  Bending  Moment  at  C=3400.5  -  200.5.5  =  14,500-ft.  lbs. 

it 


t( 


25 


Z)=3400.25  -  200.25.  -  -  600.1 5  =  13,500-ft.  lbs. 


Next,    considering   the  segment   0  B,   the   shearing    force  at  0  is 
3400-lbs.,  and  at  B,  UuOlbs. 

Considering  the  segment  BA,  the  shearing  force  at  ^1  is  -  32001bs, 
and  at  B,  8(l0-lbs. 

Choose   a  vertical   scale  of  measurement,   so  that  l-inoh  represents 

9" 

3000-lbs.  Upon  the  verticals  through  0,  B,  A,  take  OE=l  ^,  B F= 

ID 

7"  4'/  \ " 

r-^,  BG  =  -j  ,  and  AII=  lyv-;  join  EF  and  GH.     The  ordinate  from 

It)  Jo  ID 

any  point  of  the  broken  line  EFGIl  to  OA  is  the  Shearing  Force  at 

11" 
its  foot.     For  example,  the  ordinate  at  i)  is  —  — .~ ,  or  -  2200-lbs. 
^  lo 

Again,  the  bending  moment  at  B  is  3400.10-200.10.5  =  24,000- 

ft.  lbs.     Choose  a  vertical  scale  of  measurement,  so  that  1-inch  represents 

24,000-ft,   lbs.      Upon   the  vertical   tlirough  B,  take    liK=z  1-inch. 

Draw  the  parabolas  OK,  AK,  with  their  vertices  at  points  determined 

as  in  Example  (6).  The  ordinate  from  any  point  of  the  curves  OK,  AK, 

is  the  bending  moment  at  its  foot. 


For  example,  at  a  point  14-ft.  from  0,  the  curve  ordinate  is  1^-^",  or 

i  D 

25600-ft.  lbs.,  and  this  is  the  Bending  Moment  at   the  same  poin*- 

being  also  the  greatest  for  the  segment  BA.     The  vertex  of  .lA''is, 

therefore,  vertically  above  the  point  of  which  the  distance  from  0  is 
15 -ft. 
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THE    ELASTIC   MOMENT. 


(3) .-To  determine  the  Elas- 
tic Moment. -Let  the  plane  of 
the  paper  be  a  plane  of  sym- 
metry witii  rcfspoct  to  the  beam 
PQJiS.  If  the  beam  is  sub- 
jected to  the  action  of  external 
forces  in  this  plane,  FQliS  is 
bent  and  assumes  a  curved 
form  r'QR'S'.  The  upper  layer  of  fibres,  Q'R!,  is  extended,  the 
lower  layer,  F'S',  is  compressed,  while  cf  the  layers  within  the  beam, 
those  nearer  PS'  are  compressed,  and  those  nearer  Q'R'  arc  extended. 
Hence,  there  must  be  a  layer  M'N'  between  F'S'  and  Q'R!  which  is 
neither  compressed  nor  extended.  It  is  called  the  Ntutral  Surface 
(or  Ci/Iinder),  Jind  its  axis  is  perpendicular  to  the  plane  of  flexure. 
In  the  present  treatise  it  is  proposed  to  deal  with  flexure  in  one  plane 
only,  and,  in  general,  it  will  be  found  more  convenient  to  refer  to  J/'iV' 
as  the  Xeiitrtd  Line  (or  Axis). 

If  a  force  act  upon  the  beam  in  the  direction  of  its  Icnjrth,  the  lower 
layer  P'S',  instead  of  being  compressed,  may  be  stretched.  In  such  a 
case  there  is  no  neutral  surface  i«i7/(  in  the  beam,  but  theoretically  it 
still  exists  somewhere  without  the  beam. 

Let  ABC  D 
be  Jin  indefinitely 
small  rectangular 
element  of  the  un- 
strained beam,  and 

let  its  length  be  s.  Let  A'B'C'D'  be  the 
element  after  deformation  by  the  external 
forces. 

P'Q',  the  neutral  line,  being  neither  com- 
pressed nor  extended,  is  unchanged  in  length 
and  equal  to  PQ  —  s. 

Let  the  normals  at  P'  and  Q'  to  the  neu- 
tral line  meet  in  the  point  0 ,  0  is  the  centre 
of  curvature  of  P'Q', 

Also,  as  the  flexure  is  very  small,  the  nor- 
mal planes  through  OP'  and  OQ'  may  be 
assumed  to  be  perpendicular  to  all  the  layers 
which  traverse  the  corresponding  sections  of 


I 


i 
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the  beam,  so  that  they  must  coincide  with  the  planes  A'D'  and  B'C, 
respectively. 

Consider  an  elementary  layer  ^'j',  of  length  s',  sectional  area  a„  and 
distant  ^,  from  the  neutral  surface. 

Let  OP'=R=OQ'. 

From  the  similar  figures  OP'Q'  and  Op'q', 

OP'~F'Q"         R       s'  ^'^^••i?-    s 


Also,  if  <,  is  the  stress  along  the  layer  jp'j', 


ti=E,cii. 


S    -  8 


.Vi 


E 


:E.  a,^=r  a..y. 


E  being  the  coeflBcieut  of  elasticity  of  the  material  of  the  beam. 

So,    if   t.2,  a^,  y^,  ts,  a^,  1/3, are  respectively  the  stress,  sectional 

area,   and    distance    from   the  neutral  surface,  of  the  several  layers  of 

the  element, 

_E  __E 

The  total  stress  along   the  beam  is  the  algebraic  sum  of  all  these  ele- 

mentary  stresses,  =ti  +  tj  +  t-^+ =t,-(«i-^i +  «2-y2  + ) 

=  -^.  2  (a.y) 

E 

Again,  the  moment  of  <,  about  /"=<,.y,=  5.a,.yf 


(( 


(( 


(( 


and  so  on. 
Thus,  the   Elastic  Moment  for   the  section  A'D'  =  algebraic  sum 
of  moments  of  all  the  elementary  stresses  in  the  diflPerent  layers  about 

E  E 

P'  =  t,.i/i  +  ti.i/i  +  t3.i/3+  ....  =^.(«,.y?  +  a2.2/!+ )=;^-2(a.y») 

Now,  2  (a.i/^)  is  the  rtioment  of  inertia  of  the  section  of  the  beam 
through  A'D',  with  respect  to  a  straight  line  passing  through  the  neu- 
tral line  and  perpendicular  to  the  plane  of  flexure,  i.e.,  the  plane  of  the 
papnr.  It  is  usually  denoted  by  i,  or  A.h?,  A  being  the  sectional  area 
and  k  the  radius  of  gyration. 

E        E 
,',  the  elastic  momQQt=p.  I=-^A.k' 
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But  the  elastic  moment  is  equal  and  opposite  to  the  bending  moment 
(ilf),  due  to  the  external  forces,  at  the  same  section. 

F'         F' 
Hence,  —.l  =  j.A.  k^z^M 

Note.-lt  is  necessary  in  the  above  to  use  the  term  algebraic,  as  the 
elementary  stresses  change  in  character,  and  therefore  in  sign,  on 
passing  from  one  side  of  the  neutral  surface  to  the  other.  < 

Cor.  1,-If  the  resolved  part  of  the  external  forces  in  the  direc- 
tion of  the  length  of  the  beam  be  nil, 

E 

the  total  longitudinal  stress  =  -^.  l((t.y)  =  0,  and  .".  2  («.y)  =  0, 

shewing  that  P'  must  be  the  centre  of  gravity  of  the  section  through 
A'l)'.  Hence,  when  the  external  forces  produce  no  longitudinal  stress 
in  the  beam,  the  neutral  line  is  the  locus  of  the  centres  of  gravity  of  all 
the  sections  perpendicular  to  the  lcn<^  .h  of  the  beam.  »- 

Cor.   2.-If  t,  a,  y,   be  respectively    the   stress,  sectional  area,  and 

distance  of  a  fibre  from  the  neutral  line, 

E  E         t     .         .      ^ 

:~.a.y  =  t,  or^.i/  =  -  =  intensify  01  stress  =/y,  suppose. 

:~=  ~,  nndry  l=M=i'.I 

y     li        li  V 

Ex.-K  timber  beam,  6-ins.  square,  and  20-ft.  long,  rents  upon  two 
supports  and  is  uniformly  loaded  with  a  weight  of  1 000-lbs.  per  lineal 
ft.  Determine  the  stress  at  the  centre  in  a  fibre  distant  2-ins.  from  the 
neutral  line. 

Also  find  the  central  curvature,  E  being  1,200,000-lbs. 

/  ='-^=  108,  J/=  1000X10 -1000x5 --.5000-ft.lbs=60,000-inch-lb8., 

and  y  =  2-ins. 

.•.  from  the  above  equations, 


llH"^.  108=60.00o4l08 


.-.  R=2160-ins.=180-ft.,  and/y=  UU^-lbs.  per  sq.  in.     , 

Cor.  3.-The  beam  is  strained  to  the  limit  of  safety  when  cither  of  the  ex- 
treme layers  A'B',D'C'  is  strained  to  the  limit  of  elasticity.  In  such  a  case, 

/ 
the  least  of  the  values  of  -  for  the  extreme  layers  A'B',D'C',  is  the  great- 
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est  consistent  with  the  strength  of  the  beam,  and  if/,  and  c,  are  the  cor- 
responding  intensity  of  stress,  and  distance  from  the  neutral  axis, 

It  c 

jE^x.-Compare  the  strengths  of  two  similarly  loaded  beams  of  the  same 
material  of  equal  lengths,  a.d  equal  sectional  areas,  the  one  being  round 
and  the  other  square. 

Let  r  be  the  radius  of  the  round  beam  ;  /^  the  stress  in  the  extreme  fibre. 
Let  a  be  a  side  of  the  square  beam  ;  /„  "  "  <' 

.•.  n.r^ .-  aj^;  I,  for  the  round  bar,  =  ~  ,  and  for  the  square  bar  =   — j- 

Also,  since  the  beams  are  similarly  loaded,  the  bending  moments  at 
corresponding  points  are  equal. 

.  fr  ""-r*  /„  a*        ./,2    a'       2  ./"22      ./m 

..-.  --=i¥=-.-,sothat  -=_  _=_V-=.=  ViTTj 


a    12 


fa       3'  TT.r 


63 


Thus,  under  the  same  load,  the  round  beam  is  strained  to  a  greater 
extent  than  the  square  beam,  and  the  latter  is  the  stronger  in  the  ratio 
of  VH8  to  V63.  < 

Cor.  4.-The  neutral  surface  is  neither  stretched  nor  compressed,  so 
that  it  is  not  subjected  to  any  longitudinal  stress.  But  it  by  no  means 
follows  that  this  surface  is  wholly  free  from  stress,  and  it  will  be  subse- 
quently seen  that  the  effect  of  a  shearing  force,  when  it  exists,  is  to  stretch 
and  compress  the  different  particles  in  diagonal  directions  makin"  ao'-les 
of  45*^  with  the  surface.  . 


Cor.  5.-For  a  rectangular  beam,  i=-^,  and  c=- 

2 


12 


I ' 


_/ 


c  a    12        b 

T 
If  the  beam  be  fixed  at  one  end,  and  loaded  at  the  other  with  a  weight 
W,  the  maximum  bending  moment=  W.l 

If  the  beam  be  fixed  at  one  end,  and  loaded  uniformly  with  a  weight 

IV. I  =  W.  the  maximum   bending  moment=  — *   =  — ^ 

^22 

If  the  beam  rest  upon  two  supports,  and  carry  a  weight  W  at  the 
centre,  the  maximum   bending  momeDt=  —^ 
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If  the  beam  rest  upon   two  supports,  and  carry  a  uniformly  distri- 
buted load  of  ^c.l=W,  the  maximum   bending  moment=-,^=  — 1 

J"      J      12 

Hence,  in  tho  first  case,  W=--  -4— 


({ 


<( 


(( 


second     "   W=-^-2~ 
b         I 


third 


fourth 


6      •  I 
t)  I 


In  general,  W  r=z'-' q.—j- 

g  being  some  co-efficient  depending  upon  the  manner  of  the  loading. 

Now,  if  the  laws  of  elasticity  held  true  up  to  the  point  of  rupture, 
these  equations  would  give  the  Brcallng  TFeigr^^s  (^K),  corresponding 
to  different  ultimate  unit  stresses  (/),  but  the  values  thus  derived,  differ 
widely  from  the  results  of  experinient.  It  is  usual  to  determine  the 
Breaking    VYeight  {W)    of    a   rectangular   beam  from   the   formula 

W=C.-^,  where  C  is  a  constant  which  depends  both  upon  the  man- 
ner of  the  loading  and  the  nature  of  the  material,  and  is  called  the  Co- 
efficient of  Rupture. 

The  preceding  equations,  however,  may  be  evidently  employed  to  de- 

termine  the  breaking  weights  in  the  several  cases  by  making  '^.q=C. 

The  values  of  C  for  iron,  steel  and  timber  beams,  supported  at  the  two 

ends  and  loaded  in  the  centre,  are  given  in  the  Tables  at  the  end  of 

Chapter  I. 

f 
The  corresponding  value  of/  is  obtained  from  the  equation  ~.  4— (7; 

iJx.-Determine  the  central   breaking  weight  of  a  red  pine  beam,  10- 
ins.  deep,  6-ins.  wide,  and  restmg  upon  two  supports,  20-ft.  apart. 
The  value  of  C  for  red  pine  is  about  5700. 

.-.  the  Breaking  Weight=  W=  oTOO.^Ii^l  =i4^250-lba. 
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(4).-3foment8  of  Inertia.-The  reader  is  recommended  to  commit  to 
memory  the  following  Table  of  Moments  of  Inertia,  in  which  m  is  the 
mass  of  a  unit  of  area. 

The  Moment  of  Inertia  /, 

(a).-Of  a  rectangle,  of  which  the  sides  are  h  and  J,  about  an  axis 

h  tf 
through  the  centre  perpendicular  to  the  side  d  =wi. 


(fe).-Of  a  circle,  of  which  the  radius  isr,  about  a  diameter  =  wj 


12 


(c).-Of  an  ellipse,  of  which  the  major  and  minor  axes  ar»  2.b  and  2.d 

■^.b.d^ 
respectively,  about  the  major  axis  =m.- ' 


« 


« 


about  the  minor  axis 


4 

TT.b'.d 


=  m. 


{d)  .-Of  an  annuluSj  of  which  the  internal  and  external  radii  are  r 
and  r'  respectively,  about  a  diameter  =m.T. 


r'"  -  /•* 


Note. -Jjei  t=r' —  r,  be  the  thickness  of  the  annulus,  and  suppose 
that  t  is  small  compared  with  r. 
.  /4  _  r*  =  (r  +  ty  -  r*=  4.^^«  +  12.r\f+'i.r.^+t*='k.r\t,  approximately. 


.I=m.n. 


r'*  -  r* 


-=  m.Tz.r^.t. 


Ex.-A  standr-'pe  section  33-ft.  in  length,  and  weighing  5720  lbs.,  is 

placed  upon  two  supports  in  the  same  horizontal  plane,  30-ft.  apart. 

The  internal  diameter  of  the  pipe  is  30-ins.,  and  its  thickness  ^  an  inch. 

Determine  the  additional  uniformly  distributed  load  which  the  pipe  can 

carry  between  the  bearings,  so  that  the  stress  in  the  metal  may  nowhere 

exceed  2-tons  per  sq.  in. 

Let    V  be  the  required  load  in  lbs. 

30 
The  ^  eight  of  the  pipe  between  the  bearings  =  ^.5720  =  5200-lbs. 

Thus,  the  total  distributed  weight  between  the  bearings=  (  W+  5200- 
Ibi.) 

Now  Jf  =4^7, 

C 

and  the  stress  in  the  metal  is  necessarily  greatest  at  the  central    section. 

W+  5'>00 
M,  at  the  centre,  =         ^       .30. 12- inch  lbs.;  /,=2  x  2240-lbs.,  and 
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ir+  5200  „ 


99 


30.12l^2.2240.^.15^|=72000  x  22,and  :.  ir =30,000  lbs. 

o  • 

(J)). -Flanged  Glrdrrs,  kc-Beama  subjoctod  to  forces,  of  which  the 
linos  of  action  arc  at  right  tingles  to  the  direction  of  their  l(;ngth,  are 
usually  termed  Girders;  a  Semi-Girder,  or  Cuntilevei,  is  a  girder  with 
one  end  fixed  and  the  other  free. 

It  has  been  shewn  that  the  stress  in  the  different  layers  of  a  beam 
increases  with  the  distance  from  the  neutral  surface,  so  that  the  most 
effective  distribution  of  the  material  is  made  by  withdrawing  it  from 
the  neighbourhood  of  the  neutral  surface,  and  concentrating  it  in  those 
parts  which  are  liable  to  be  more  severely  strained.  This  consideration 
has  led  to  the  introduction  of  Flamjed  Girders,  i.e.,  girders  consisting 
of  jiie  or  two  Fltnigrs  (or  Tallies),  united  to  one  or  two  icehs,  and 
designated  Singlc-Wehhed  or  Double- Wehbed  (Tabidar)  accordingly. 


The  web  may  be  open  like  lattice-work  (Fig.  21),  or  closed  and 
continuous  (Fig.  22). 

The  principal  sections  adopted  for  Flanged  Girders  are : — 
The  Tee  (Figs.  23  and  24),  the  I  or  Double- Tee  (Figs.  25  and  26), 
the  Tubular  or  Box  (Fig.  27). 

((\). -Classification  of  Flanged  G^irrfers .-Generally  speaking,  Flang- 
ed Girders  may  be  divided  mto  two  classes,  viz  : — 

I.-Girders  icith  Horizontal  Flanges.-ln  these  the  flanges  can  only 
convey  horizontal  stresses,  and  the  shearing  force,  which  is  vertical, 
must  be  wholly  transmitted  to  the  flanges  through  the  medium  of  the 
web. 

If  the  web  be  open,  or  lattice-work,  the  flange  stresses  are  transmitted 
through  the  lattices. 

If  the  web  be  continuous,  the  distribution  of  stress,  arising  from  the 
transmission  of  the  shearing  force  is  indeterminate,  and  may  lie  in 
certain  curves ;  but  the  stress  at  every  point  is  resolvable  into  vertical 
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and  horizontal  components.  Thus,  tie  portion  of  the  web  adioining 
the  flanges  boars  a  part  of  the  horizontal  stresses,  and  aids  the  flanges 
to  an  extent  dependent  upon  its  thickness. 

With  a  thin  web  this  aid  is  so  trifling  in  amount  that  it  may  be  dis- 
regarded without  serious  error. 

II.-Girdcrs  with  one  or  hoth  Jlanges  curved.-Jn  these  the  shearing 
stress  is  borne  in  part  by  the  flanges,  so  that  the  web  has  less  duty  to 
perform,  and  requires  a  proportionately  less  sectional  area. 

(l).-EqtuUlrlum  of  Flanged  Girdcrs.- 

A  B  is  a  girder  in  cquili-| 
brium  under  the  action  of  exteniul 
forces,  and  has  its  upper  fl;ing(  I 
coiuprt'ssed  and  its  lovrer  flange 
extended.  Suppose  the  girder  to 
be  divided  into  two  segments  by 
an  imaginary  vertical  plane  MX. 
Consider  the  segment  AMX.  It  is  kept  in  equilibrium  by  the  external 
forces  on  the  left  of  MN,  by  the  compressive  flange  stress  at  JV  (  =  C), 
by  the  tensile  flange  stress  at  M  (=T),  and  by  the  vertical  and  hori 
zontal  web  stresses  along  MN.  The  horizontal  web  stresses  may  be 
neglected  if  the  web  is  thin,  while  the  vertical  web  stresses  pass  throu"-h 
M  and  N,  and  consequently  have  no  moments  about  these  points. 

Let  <f  be  the  e^(?c^i«;edepth  of  the  girder,  i.e.,  the  distance  between 
the  points  of  application  of  the  flange  stresses  in  the  plane  3JN. 
Take  moments  about  M  and  N,  successively. 

.'.C.d  =  the  algebraic  sum  of  the  moments  about  itfof  the  external 
forces  upon  AMN  —the  bending  moment  at  MN=M. 

So,  T.d=M,  :.C.d=^M=  T.d,  and  C=T. 

Hence,  the  flange  stresses  at  any  vertical  section  of  a  girder  are  equal 
in  magnitude  but  opposite  in  kind.  The  flange  stress,  whether  com- 
pressive or  tensile,  may  be  denoted  by  F. 

Ex.-A.  flanged  gir'^.er,  of  which  the  efiective  depth  is  10-ft.,  rests 
upon  two  supports  80-ft.  apart,  and  carries  a  uniformly  distributed  load 
of  2500-lbs.  per  lineal  foot.  Determine  the  flange  stress  at  10-ft.  from 
the  end,  and  find  the  area  of  the  flange  at  this  point,  so  that  the  unit- 
stress  in  the  metal  may  not  exceed  10,000-lbs.  per  sq.  in. 

The  vertical  reaction  at  each  support  = ^ =  100,000-lbs. 
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:.F.10=M=\00M0  ^  10-2600  x  10  x  5=875,000-ft.  lbs. 
.•.i?'=87,500-lbs. 

87,500 


The  required  an'a  = 


10,000 


=8.75-sq.  ins. 


Cor.  l.-F.d=M=~.J='^".I 
R       y 

Cor.  2.-At  any  vertical  section  of  a  girder, 

letr'i/'j,  be  the  sectional  areas  of  the  lower  and  upper  flanges,  respectively. 

*'/i/s.  "    "  ^"'t  stresses  in        "  "         "         "  " 

and  the  sectional  areas  are  inversely  proportional  to  the  unit  stresses. 

Ex.-At  a  given  vertical  section  of  a  flanged  girder  the  sectional  area 
of  the  top  flange  is  10-sq.  ins.,  and  the  corresponding  unit  stress  is 
8,000-lbs.  per  sq.  in.  Find  the  sectional  area  of  the  lower  flange,  so 
that  the  unit  stress  in  it  may  not  exceed  10,000-lbs.  per  sq.  in. 

f/,.  10,000  =  /"=  10.8,000,    .•.o,=8-sq.  ins.,  and  i'=80,000-lbs. 

Note.-The  compressive  strc  gth  of  cast-iron  is  almost  G  times  as 
great  as  the  tensile  strength,  and  therefore  the  area  of  the  tension  flange 
of  a  girder  of  this  material  should  be  about  6  times  that  of  the  com- 
pression flange. 

The  formula,  W=  C.-^,  is  often  employed  to  determine  the  strength 

t 

of  a  cast  or  wrought-iron  girder  which  rests  upon  two  supports  l-inches 
apart,  d  being  its  depth  in  inches,  and  a  the  net  sectional  area  of  the 
bottom  flange  in  sq.-ins.  C  is  a  constant  to  be  determined  by  experi- 
ment. Its  average  value  for  cast-iron  is  24  or  26,  according  as  the 
girder  is  cast  on  its  side  or  with  its  bottom  flange  upwards.  An 
average  value  of  C  for  wrought-iron  is  80. 

Cor.  .3.-A  girder,  with  horizontal  flanges,  of  length  I  and  depth  d, 
rests  upon  two  supports,  and  is  uniformly  loaded  with  a  weight  w  per 
unit  of  length. 

The  bending  moment  at  a  vertical  plane  distant  x  from  the  centre  is, 

Also,  M=F.d=a./.d,  a  being  the  sectional  area  of  either  flange  at 
the  plane  under  consideration,  and /the  corresponding  unit  stress. 
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Let  A  be  the  flange  sectional  area  at  the  centre, 
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Hence,  a=il.  I  I  — '.^  1 


an  expression  by  which  the  flange  sectionul  area  at  any  point  of  the 
girder  may  be  obtained  wlicn  the  area  at  the  centre  is  known. 

Tor.  4.-/"' represents  indifferently  the  sum  of  the  horizontal  elastic 
forces  either  above  or  below  the  neutral  axis,  and  is  therefore  propor- 
tional to  -4,  the  sectional  area  of  the  girder;  d  is  the  distance  between 
the  centres  of  resultant  stress  and  is  proportional  to  Z),  the  depth  of  the 

girder ; 

:,MccA.I)=C.A.D 

a  form  frequently  adopted  for  solid  rectangular  (Cor.  5,  §  3),  or  round 
girders,  but  also  applicable  to  other  forms, 

J?t'mre/-A-.-The  effective  length  of  a  girder  may  be  taken  to  be  the 
distance  from  centre  to  centre  of  bearings. 

The  effective  depth  depends  in  part  upon  the  character  of  the  web, 
but  in  the  calculation  of  flange  stresses  the  following  approximate  rules 
are  sufficiently  accurate  for  practical  purposes  : — 

If  the  web  is  continuous  and  very  thin  the  effective  depth  is  the  full 
depth  of  the  girder. 

If  the  web  is  continuous,  and  too  thick  to  be  neglected,  the  effective 
depth  is  the  distance  between  the  inner  surfaces  of  the  flanges. 

If  the  web  is  open,  or  lattice-work,  the  effective  depth  is  the  vertical 
distance  between  the  points  of  attachment  of  the  lattices. 

If  the  flanges  are  ^ellular,  the  effective  depth  is  the  distance  between 
the  centres  of  the  upper  and  lower  cells. 

(8).-Examphs  nf  Mnrncnts  of  Inertia. 

(a). -Do  a  He -tee  section . 

First,  suppose  the  web  to  be  so  thin  that  it 
may  be  disregarded  without  sensible  error. 

Let  the  neutral  axis  pass  through  G,  the  cen- 
tre of  gravity  of  tlie  section. 

Let'-'i,  «j,  be  the  sectional  areas  of  the  lower 
and  upper  flanges,  respectively. 

Let  hi,  hi,  be  the  distances  from  G,  of  the  surfaces  AB,  CD,  res- 
pectively. 

het  hi +  hi  =  d. 


<f, 
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Approximatoly,  I=n^.  K\Vit.^.h\,  j         i ..  i  .  -' <*  v/  ^ 

also,  ("i  +  ('a). /'i  =  "j.«^,  and  {^it^+ a^.hf=.a^.^l / 

Aqain,  if  /„  /„  respoctivoly,  bu  tlie  unit  stressed  iu  the  metal  of  the 
lower  atid  upper  flanges, 


.\M 


f  / 

'  ^.I=f^.ayd^  and  also  ^  —.l=j\.n^.d. 


1  ^ 


K  '- 


f 


A,       •"    '    '  —  A, 

Cor.-lf  ^^^  =  a.^=a, .'.  /,=/,=/,  suppose,  and  M=f.it.d. 

Sfronil.-liiit  the  web  be  too  tliiek  to  be  negloeted. 

Am  bffon',   let  the  neutral  axis  pass  througli  (i. 
the  centre  of  irravity  of  the  scetion. 

Let  ll^,  r«j,  be  the  sectional  areas  of  the  lower  and 
upjRT  flauL'es.  respectively. 

Let  »r„  n^,  be  the  sectional  areas  of  the  portions  nf  I 
the  Wtb  below  and  above  It,  respectively. 

Let  Ai,  /*.,  bo  the  distances  from   G,   of  the  surfaces  AB,   CD,  res- 
pectivtly. 

Let  /i,  +  h.,,=<l. 

■XT  1-2  (    ''f        ''l\  ,,  IK  ^*\ 

Approximately,  /=  a,.h\-v  »,,.  (  J^  +  j  )  +  "«•  K  +  "«•  f  p  ^  J  ) 

Also,  f  «,  +  ^'  ]  .^1=  I  'fi  +  .^  )  /'lii  and  this  equation,  together  with 

A,  -f  h,=d,  will  give  the  values  of  A„  /i, ;  hence  the  value  of  7  may  be 
determined. 

As  in  the  above,V-./=i¥=V.7' 
A,  A, 

A'  d 

Cor.  l.-Lct  a,=a.j=.4,  and  a3=a4=— ,  .".  A,=Aj=-, 


and  I 


_^  being  the  unit  stress  in  either  flange. 

Thus,  the  web  aids  the  girder  to  au  extent  equivalent  to  the  increase 
which  would  be  derived  by  adding  one-sixth  of  the  web  area  to  each 
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Cor.  2. -The  principles  of  construction  ri;(|uiro  a  beam  or  ^'inlcr  to  b« 
designed  in  such  a  manner  aa  to  be  of  uniform  wtrength,  /.r.,  erjually 
strained  at  every  point.  An  exct^ption,  however,  is  usually  made  in  the 
case  of  flnihcr  beams  or  jrirders.  The  fibres  of  this  material  are  real 
fibres,  and  offer  the  most  effective  resistance  in  the  direction  of  their 
length,  so  that  if  they  arc  cut  their  remaining  strength  is  due  only  to 
cohesion  with  the  surrounding  material.  Besides,  there  is  no  economy 
to  be  gained  by  removing  a  lateral  portion,  as  the  waste  is  of  little,  if  any, 
practical  value. 

^'x.-The  lower  and  upper  flanges  of  the  section  of  a  girder  are  1-in. 
and  H-in.  thick  respretively,  and  are  each  24-ins.  wide;  the  effective 
deptli  of  the  girder  is  4S-ins.,  and  the  web  is  i  in.  thick.  Determine 
the  position  of  the  neutral  axis ;  also  find  the  flange  unit  stres.ses  when 
the  bending  moment  at  the  given  section  is  250-ft.  tons.  Use  the  nota- 
tion of  Cor.  1. 

/.a,=24-.sq.  ins.  </3  =  3G-sq.  ins.,  and  r/3  +  (/4=24-8q.  ins. 

The  centre  of  gravity  of  the  web  is  at  G,  half-way  between  AB  and  CD. 

Thus,  24.  /*,  +  24.(/i,  -  24)  =3(1.  (48  -  A,) 

192"  144" 

or  A,  =  — ~  ,  and  .■./t2  =  — =— ,  defining  the  position  of  G. 

192  1      90       .  ,         144  1      72        . 

Again,  a^=  -^2=  "7  -«a-ios->  »»*!  "*~T2  ^Y'^^'  '°^* 

r      /o.     ^2\    /102\2       /.,,     24\    /144\^     2(57264 


192 


Also,  iV=250-ft.-tonB  =  3000-inch  tons. 
144" 


7     .267264     _„„       7        267264 
■v/i-— ^?—  =  ^0^^  =  77". -/s'—^T — =/il^92=/,.  1856 


/^  =  2  — -to°s  per  sq.  m.,  and/,  =  1  ^^-tons  per  sq.  m. 
08  ^oZ 


Third.-ThQ  value  of /for  a  double-tee  section  may  be  more  accurately 
determined  as  follows  :- 
Let  the  area  of  the  top  flange  be  Ay,  and  its  depth  ^1 


bottom 
web 


-^3, 


»»» 


ha 


Let  J,  +  ilj  +  Aa  =  A^  and  A,  -f  Aj  +  7*3= A.. 

Let  G  be  the  centre  of  gravity  of  the  section. 

top  flange 
web 
bottom  of  flange 


'*  G, 

n 

ii 

(t 

-  G, 

a 

(( 

ii 

"  G. 

a 

« 

(( 

1 

•G 

.G 
.G 

C 

■          1 
i 

,2            1 

Fig    31 
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Let  y,  be  the  distanoa  of  G  from  the  upper  edge  of  the  section 

H       ..  ti  It  .t  . 


Ji 


lower 


Take  moments  about  G^. 

.■.iA  +  A,  +  A,).GG,=A,.G,G,  +  A,.G,G,. 

^^_A^.(h^  +  2.h,  +  A3)  +  A,.(h,  +  A3) 


or 


2.A 


So,  GG,=^.^dh±!h}±Mh±fh) 

and  GG,  ^ Mf'^  +  fh)+A,.(h,  +  2.h,  +  JQ 

2~l 

Hence,  y,=  GG,  +  -»=  M^+'^-K+h.)+A,(J,,+  h,)      h  _  h,  _  h, 
2  2.A  2     2       2 

_._  y^  J}i  _  (/>.  +  K).(A,  ^^  A,  +  A,)  -  yl..(/,,  +  2./,,  +  A,)  _  A,.(h,  +  A,) 
2  2 .  ^l  "~^ 

=  ''  _   -^^:<-(^'l  +  /0-^i.(A, +  /<,,)-  J ,. ( A,  -  /, , ) 

2  27.4 

Again,  /,  with  respect  to  G, 

=  /.  +  A,.G,G'+A,.G,G^+A,.G,G',  /,  being  equal  to  ^ii:^^i±A:M±iL-A* 
.•./=7,  +  ~j^,.|  A.(A,  +  /',)  +  vl3.(/j,  +  2.A,  +  A3)  I' 

=  /  +_L.    r    ^^■^Wh+h,y+2.A,.A,.A,XK+h,).a,+2.h,+h,) 
'      4.^P"  I  +^,.AU/<,+2./«,+A,)^ 

J       +^,..4'f.  (A,+A,)'^-2..1,.7l,.  /!,.  (A  ,+A,) .  a,+h,^ 

+A,  Ai  {h,+h,y  '  , 

+vl3.^?.(A,+2.A,+//3)'V2.J,  yl,.^.(A,+2.A,+A3).(/<,+A3) 
+A3.Ai  (h^+n.,y  J 

Ai.A,.(h^+h,y.(A^+A,+A^)  -  A^.A,.A:,'  Oh+Ky        "^ 
+A,.A,.{h,-^h.;)\(A^+A,+A.,)-A^.A,.A,.(h,-)h,y  | 

-  2^,.^.^.(A,+A,).(A,+A3). 
+(i4,.i4?.+il*.^,).(A,+2A,+A3)» 
+  2.^,.  A,.  ^,.  (A,  +  A,  +  A,)  (A,  +  A,  +  A,  +  A3) 


1 


[ 


-7,  + 


^.A'' 
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~  » +  O^-  J  -  A,.A,.A,.  (h,  +  2.h,  +  h,y 

1       +  iA,Ai  +  AUO-ih,  +  2.h,  +  h,y 
[^         +2.A^.A,.A^.(h^  +  2.h,  +  h,y 

_  1   ,\AyA,.(Ji,  +  hZ\A-^A.,A,.iJi,  +  l,,y.A\ 

~  '^T:!'  I  +A.A,.{h,-\-2Ji,  +  h.^\A         I 

Hence,  finally, 

12 
+  ^.  f^,.^,.(/i,  +  KY  +  ^4,.yl3.(A,  +  /t3)^  +  A,.A^.Qi,  +  2h,  +  h,y\ 
Cor.   1.  — If  /i,,  and  h^,  are  small  compared  with  h.^, 

put  /l2=/t' ;^ , 

A^.2Ji' 


4,.2/^'  +  ^.('^'+      2~^)       /t,     h'2,A,^A.         , 

+  ^=:r-  -jj^,  nearly. 


2.^ 


and  i= ^— — ^ 

=-^^  +  4^.  {  A,.A,.h'-^A,.A,M''-^^A,.A,.1i''^ 


(12 


}• 


Note.-lf  Aj  is  also  very  small,  a?  in  the  case  of  an  open  web, 
.■.^2  =  ~.-|-',  and  J=h'^.    "'    ',  approximately. 

Tor.  2.-Let  ^„,  y^,  be  the  distances  of  G  from  the  upper  and  lower 
edges,  respectively;  let/,,/),,  be  the  corresponding  ultimate  unit  stresses. 

From  the  preceding  corollary,  .y6  =  j/»=  ."'    '  — ' 


&r, 


Ai  +  A,  +  A3_y„+yt 
2.A,  i  A,  2.y, 


' .  A^    —  Ay, h  Af 


y<i  ~  yb_  1  f't     A  fa  ~fb 


yt      -    2.y,        ••/,  '  ""•  2./, 
Hence,  A^  +  J,  +  ^,=^,  +  ^,  +  J,:^  +  A/^f/-' 

Jb  ^Jb 


\4 


n 


■|| 


'  ( 


fi . 
if 
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and,  7=^ 


and  ^,  = 


+  -T, 


^l,.Ai  —  A^.h,^ 


2.A 


Again,6'',G'=^-i  +  /i,-y,  = 


aud6'',6r'  =  y, -.f'  = 


^^i 

^;i" 


, /,  with  respect  to  a  horizuiital  line  through  G 


h 


hi 


12 
which  reduces  to  7  = 


=yl, .  T^  +^,.6r',GP  +  .L.-:.  +  A^a.G' 


12 


4  A 


12 


-  + 


Cor.  l.-If  hi  is  very  small  as  compared  with  A,,  put  hi=h'  - 
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/.  py(A,  +  A,)=A,.h'^  A,.  Q-~)=  (a,  +^) .h',  nearly, 


h'  2 A,  +  A, 
h 


and 


12 

A,.h'^      A,.A.,.l"' 


,  nearly, 


~     12      ^     4.vl 

A/r.  2.-Let  y„  be  the  distance  of  the  compressed,  or  lower  side,  from 
the  aeutral  axis. 

Let  ys   be   the   distance   of  the  stretched,   or  upper  side,  from  the 
neutral  axis. 

Let/,  be  the  crushing  unit  stress,/  the  tensile  unit  stress. 
From  the  preceding,  y„=_._i-__J;  but  h'=y,+y, ; 

.      ^Va  +  y.  2^_^.  ^  ^  _      t/„  -y,        /.  -/ 


Hence,  / becomes =^'. J, .^"II:^,  and  ttZ'-^.-^yft^^.' 

(9.)-7'o  tZest*;/}  a  ^iVtZer  l-ft.  in  length  to  carry  a  uniformly  distributed 
load  of  w-U>    per  lineal  ft. 

A.  To  desi^  1  the  flanges. 

Assume  that  the  flange  areas  of  any  vertical  section  are  the  same,  and 
considtT  a  section  at  a  distance  x  from  the  centre. 

Let  h  be  the  eff"ective  depth  of  the  section,  and  t  the  thickness  of  either 
flange. 

Let  the  flanges  be  of  the  same  uniform  width,  b,  throughout. 
.".  from  the  preceding, 

1(1  /P        \ 

i\l+^)=  M=/.a.h  -/.b.t.h 

Now  erfffjpr  t  or  h  may  vary,  and  therefore  there  are  two  solutions. 
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1     I  3 


n- 


i>i 


!n 


■  i 
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Solution  1. -Suppose  <  to  be  constant,  then  h  is  proportional  to  the 
ordinatcs  of  a  parabola  of  which  the  equation  is,  h=  .(  -  -  x* ) . 

When  a;=0,  i.e.,  at  the  centre,  A  is  a  i 


w 


.P 


=(I, 


sup- 


maxiumm  and  equal  to  „  ^. , 

H./.O.t 

pose.     Thus  the  upper  flan<;c  of  the 

girder  must  be  parabolic  in  form,  and 

w.P 
its  central  depth  d=       '     ■ 

o.j.O.t 


w.r 


4.f.d 


Also,  the  volume  of  the  two  flanges  is  approximately  2.b.t.l  = 

Solution  2.-Suppo8e  the  depth  of 
the  girder  to  be  the  same  through- 
out, and  c»jual  to  d,  then  t  is 
proportional  to  the  ordinatcs  of  a 
parabola  of  which  the  equation  is 

i.e.,  at  the  centre,  the  thickness  of  a  flange  is  a  maximum  and  equal  to 
=  T,  suppose.  Thus,  the  girder  is  of  the  form  shewn  in  the  Fig., 

a.j.ii.ii 

the  flanges  being  built  up  with  plates. 

Again,  che  central  sectional  area  of  a  flange  =  6.^,  and  the   total 

2  ro.P 

theoretic  volume  of  bcKth  flanges  =  2.-.  b.T.l  =  — 


G/A- 


2 


Hence,  theoretically,  the  flange  volume  in  the  latter  case  is  -  -rds  of 

that  in  th«^  former,  shewing  the   advantage,   in  point  of  ecmiomy,   of 

girders  with  horizontal  flanges- 

E    f 
At  any  section,  p=  — ,  and  .*.  Rccy,  as  E  and/„  are  both  constant. 

Butyls  proportional  to  A,   the  depth,    .'.   licch,  and  the  curvature' 
diounishes  uH /i  increases,  so  that  a  girder  with   horizontal  flanges  is 
superior  iti  point  of  stiffness,  to  one  of  the  parabolic  form. 

If  great  flexibility  is  required,  an  in  certain  dynamometers,  the  para- 
bolic form  of  girder  is  of  course  the  best 

Practical  consideratioDfl  may  tend  to  modify  the  above  conclusions, 
but  it  must  be  carefully  remembered  that  the  parabolic  form  of  girder 
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I 

J 


and  the  girder  with  horizontal  flanges,  both  obey  the  laws  of  uniform 
strength. 

B.-Tu  design  the  tceb. 

The  web  has  to  transmit  the  Shearing  Force  only,  and,  theoretically 
should  contain  no  more  material  than  is  absolutely  necessary  for  this 
purpose. 

Consider  a  vertical  section  at  a  distance  x  from  the  centre,  h  and  t' 
being  respectively,  the  depth  and  thickness  of  the  web. 

Let/,  be  the  safe  shearing  unit  stress  of  the  material. 

-    ,             ,       ,             n      y        Slit'arinq  Force     w.x 
.'.  h.t  =  sectional  area  oi  web  = ? ~~7'' 

j»  J» 

Thus,  the  sectional  area  is  independent  of  the  depth,  and   the  total 

volume  of  the  web  (=7-7-)  is  the  same  for  the  parabolic  as  for  the 

rectilinear  form. 

The  thickness  of  the  web  at  the  given  section  is  t'—^^   but  this    is 

h.f» 

often  too  small  to  be  of  any  practical  use.  Experience  indicates  that 
the  minimum  thickness  of  a  plate  which  has  to  stand  ordinary  wear  and 
tear  is  about  \  or  iVi"-)  while,  if  subjected  to  saline  influence,  its  thick- 
ness should  be  §  or  ^-inch.  Hence,  the  web  of  a  parabolic  girder  would 
be  much  lighter  than  the  web  of  a  girder  with  horizontal  flanges,  but 
this  advantage  by  no  means  establishes  the  superiority  of  the  former. 

In  the  case  of  riveted  girders  with  plate  webs  of  medium  size,  all 
practical  requirements  are  effectively  met  oy  specifying  that  the  shear- 
ing stress  is  not  to  exceed  oMf-/ui//'of  the  flange  tensile  stress,  and  that 
stificners  are  to  be  introduced  at  intervals  not  exceeding  twice  the  depth 
of  the  girder  when  the  thickness  of  the  web  is  less  than  one-eightieth 
of  the  depth. 

(10  K-To  discuss  the  effect  of  n 
rolling  load.-Citse  J.-het  a  single 
weight  W  travel  from  left  to  right 
over  a  girder  OA  of  length  /,  restinj. 
upon  two  supports  at  Oand  A. 

The  reaction  i?,  at   0,   when    ]l 

l-x\ 
is  at  B  distant  x  from  0,  is  W.  —j- 

and  is  the  Shearing  Force  for  all  I 
points  between  0  and  B ;  it  is  nil  or 


W 


■ 
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W  according  as  the  weight  is  at  A  or  0.  Upon  the  vertical  through  0 
take  OD,  equal  or  proportional  to  W;  join  DA.  The  shearing  force 
1 1  any  point  of  the  beam  between  0  and  the  weight,  as  the  latter  travels 
from  A  towards  0,  is  represented  by  the  vertical  distance  between  that 
point  and  the  line  AD. 

Also,  the  shearing  force  at  any  point  between  B  and  A  is  R^-W 

IT 

—  ~  ir.'-,  and  is  equal  or  proportional  to  the  vertical  distance  between 

that  point  and  the  line  OE  where  ^^  is  equal  to  OD. 

Again,  the  Bending  Moment  at 

l-x 
B,  when  W  is  at  B,  is  W.  —  .x  ; 

it  is  nil  at  0  and  at   il ;    it   is   a 

IV.l 
maximum  and= — r^  at  the  mid- 
4 

die  point  D.  The  bending  moment  I 
at  any  point  of  the  beam  when  the 
weight  is  at  that  point  is  repre- 
sented by  the  vertical  distance 
between  the  point  and  the  parabola 
OEA,  having  its  axis  vertical  and  its  vertex  at  E,  where  BE  is  equal  or 

W.l 

proportional  to— ^. 

Note.-The  shearing  and  bending  actions  are  symmetrical  on  both 
sides  of  the  centre,  and  it  is  therefore  sufficient  to  deal  with  one-half  of 
the  girder  only. 

Cor.  I. -The  shearing  force  and  bending  moment  at  any  point  are 
maxima  at  the  instant  the  weight  passes  that  point. 

For  example,  the  shearing  force  at  B  for  the  segment  OB,  when  the 
weight  is  at  B,  is  equal  or  proportional  to  BC,  (Fig.  35),  which  is  evi- 
dently greater  than  GH,  representing  the  shearing  force  at  B,  when  the 
weight  is  at  any  other  point  G. 

Again,  the  bending  moment  at  B,  (Fig.  36)  when  W  is  at  B,  is 

l  —  x 
W.—j-M  If  IT  is  at  any  other  point  G  distant  a  from  0,  the  bending 

I  7 

moment  at  ^  is  W.a.—-—  or  W.x.—j-  ,  according  as  a  < or  >»,  and  in 

either  case  is  greatest  when  a=x,  i.e.,  when  the  weight  is  at  B. 

Cor.  2.-In  addition  to  the  rolling  load,  let  the  girder  carry  a  per- 
manent weight  W  at  the  centre. 


r 
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Consider  one-half  of  the  girder  oaly,  and,  for  convenience,  trace  the 

shcnring  force  and  bending  moment  diagrams  for  W  below  OA. 

The  compound  diagram  for  maximum  shearing  forces  is  DTLFD, 

W 
(Fig.  37),  where  iTT*  is  equal  or  proportional  to  — ,   and  KL  —  OF  is 


equal  or  proportional  to 


W 
"2* 


The  maximum  shearing  force  at  a  point  distant  x  from  the  centre  is 

represented  hy  X  Y  =  "/•(5'*'^)  "*■  ~o  • 

Again,  the  compound  diagram  for  maximum  bending  moments  is 

W  I 
OEFO,  (Fig.  38),  where  DFia  equal  or  proportional  to  -—,  and   OF 

is  a  straight  line. 

The  maximum  bending  moment  at  a  point  distant  x  from  the  centre 
is  represented  by 

Cor.'S.-TheoreticaUi/,   the  total  volume  of  material  required  in  the 
web  of  the  girder  in  Cor.  2,  is  equal  or  proportional  to 


2.  AreaDTLF 
f. 


So,  if  {2  be  the  effective  depth  of  the  girder,  and/  the  unit-stress  in 
one  of  the  flanges,  the  total  volume  of  metal  in  that  flange  is  equal  or 
proportional  to 

2.  AreaOEFO 


/.d 


2  W.P      W.P 


1  FT.P    1  W.P 


3'4./.<i  ^  8./.d~6'/.  d^8'/.d' 
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f'ji 


Case  II. -Let  a  train  weighing  w  per  unit  of  length  travel  over  the 
girder  from  right  to  left,  and  let  the  total  length  of  the  train  be  not 
less  than  that  of  the  girder. 

The  reaction  at  A,  Fig.  39,  when 
the  front  of  the  train  is  at  B  distant] 

scfromO,  i8-;T^,and  is  the  shear- 

ing  force  for  all  points  between  A 
and  B.     Upon  the  verticals  through  I 
A  and  0  take  AD  and  OE  each 

equal  or  proportional  to  -^.  Thus 

between   A  and   i?,  the   shearing 

force  at  any  point  is  represented  b}'  the  vertical  distance  between  that 

point  and  a  parabola  having  its  axis  vertical  and  its  vertex  at  0. 

After  the  end  of  the  train  has  passed  0,  the  shearing  force  at  any 
point  of  the  uncovered  portion  of  the  girder  is  evidently  represented  by 
the  vertical  distance  between  that  point  and  the  parabola  AFE,  having 
its  axis  vertical  and  its  vertex  at  A. 

Again,  as  the  train  moves  from  0  towards  B,  the  reaction  at  A,  and 
consequently  the  bending  moment  at  B,  continually  increase.  On  pass- 
ing iJ,  the  reaction  at  A  still  increases,  and  the  bending  moment  at  B 
when  the  train  covers  a  length  a  of  the  girder,  is 

This  expression  is  evidently  a  maximum,  when  a.(2./  —  a)  is  a  maximum 
i.e.,  when  a=l.  Hence,  the  bending  moment,  and  therefore  the  flange 
stresses,  at  any  point  are  greatest,  when  the  moving  load  covers  the 
whole  girder. 

Cor.  l.-The  shearing  force  at  any  point  ^  is  a  maximum  when 
the  train  covers  the  longest  segment  OB. 

This  is  evidently  the  case  until  the  train  arrives  at  J3,  for  the 
reaction  at  A,  and  therefore  the  shearing  force  at  B,  will  continually 
increase  up  to  this  point.     When   the  train  passes   B  and  covers  a 

length  a  (>x)  of  the  girder,  the  shearing  force  at  J?  is -^^  -tr.(a-x). 

2 

But  this  is  <  -^,  the  Shearing  Force  at  B  when  OB  is  covered, 


if 


a'-x* 


2.1 


<a-x 


rv-. 
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rt  ■!.  'U 

i.e.,  if -5-r-<  1,  which  is  evidently  the  case. 

Cor.  2.-In  designinfi;  the  flanges  of  a  girder,  the  rolling  load  is  sup- 
posed to  cover  the  whole  girder,  and  may  bo  treated  as  a  uniformly  di»- 
tributcd  load. 

Cor.  3.-In  addition  to  the  roll- 
ing load,  let  the  girder  carry  a| 
uniformly  distributed  load  of  w 
per  unit  of  length. 

As  before,  consider  one-half  of  I 
the  girder  only.     Trace  the  shear- 
ing force  diagram  for  the  perman- 
ent load  below  OA.      The  com- 
pound diagram  is  DIIGK,  where ' 

C//and  J. AT  are  equal  or  proportional  to  — ^and-;^,  respectively. 

The  maximum  shearing  force  at  a  point  distant  x  from  the  centre  is 

represented  by  XY,  and  is  equal  to  — •  (  -  -j-  a;  V  +  w'.x 

Again,  the  maximum  flange-stresses  are  obtained  by  assuming  the  total 
load  upon  the  girder  to  be  w  +  w'  per  unit  of  length. 

Cor.  ^.-Theoretically,  the  total  volume  of  material  required  in  the 

web  of  the  girder  in  Cor.  3  is  represented  by  — ^^ 

_  2-1  area  DO  A  ~  area  HOG  +  area  AGK\  _   T_  wj/     1  m^ 

~  \         T.  '^'^'77  ^  ~^' f,  ' 

Also,  if  d  is  the  effective  depth  of  the  girder,  and /the  unit  stress  for 
both  flanges,  the  total  theoretical  volume  of  the  flanges 


—  *?  "■ 
--3 


oO"  +  '^'')-g 


1  w  +  v' 


f.d  6-  f.d 

In  2^ractice,  in  order  to  make  allowance  for  stiffeners,  covers,  rivete, 
packing,  &c.,  these  volumes  may  be  increased  by  certain  per-centages,  say 
m  and  n  respectively.     Thus,  the  actual  volume  of  the  web 

~  ~  •  V  rJi*'*'  +  2'  ^^  j  (1  +  ^*)>  ^^^  ^^^  actual  volume  of  the  flanges 


P  10  +  w' 


(1  +  ;i) ;  the  total  volume  of  the  girder 


\; 


■p 
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If  /  is  the  length  in  feet,  the  total  volume  in  cubic  feet  is, 

144. 1/;  (24-"  ^  4-"  )  <^  "■ ")  ^  6--7^-(^  -^ «)  1  • 

£'x.-'Lhe  two  main  girders  of  a  single  track  bridge  are  80-fb.  in  the 
clear  and  10-ft.  deep.  The  dead  load  upon  the  bridge  is  2&00-lbs.  per 
lineal  ft.  If  the  bridge  is  traversed  by  a  uniformly  distributed  live  load 
of  SOOO-lbs.  per  lineal  fl,  determine  the  maximum  bending  moment  and 
shearing  force  at  a  point  of  the  girder  distant  10-ft-  from  one  cud. 

The  bending  moment  at  any  point  is  a  maximum  when  the  train 
covers  the  whole  of  the  bridge,  in  which  case  the  total  distributed  load 
is  5500-lb8-  per  lineal  ft.,  of  which  each  girder  carries  one-half 

Thus,  the  reaction  at  each  support,  =-.  80.— ^  =  110,000-lb8.,  and 

the  Bending  Moment  at  the  given  point  =  110,000x10-10,2760.5 
«:962,500-ft.lbs. 

The  Shearing  Force  at  the  given  point  due  to  the  dead  load 
=  110,000  -  10.2750  =  82,600-lb8. 

The  Shearing  Force  due  to  the  live       id  is  a  maximum  when  the  live 

load  covers  the  70-ft.  segment,  and  its  value  is  then 

1500.70»     ^_  _„_,  ,, 
-2^y^=45,937i-lb8. 

Hence,  the   total    maximum   shearing  force  =  82,500  +  45,937| 
=  128,437i-lbs. 

Again,  if  the  girder  is  of  wrought  iron,  and  if  the  safe  shearing  and 
flange  stresses  per  sq.-in.  of  the  metal  are  7500-lbs.  and  10,000-lb8.  res- 
pectively, the  weight  of  the  girder  is,  according  to  Cor.  4  of  the  above, 
480(6400/7,---     1  iora\/i        .    512,000     2750     ,,     ,) 

(6400,,       ,     70,400,,       .1,, 
=  I  -3-(J+wi)  +  -^(l+«)|lb8. 

Suppose,  for  example,  that  m  is  about  12^  p.o.,  and  n  25  p.c 

.1           X..    c  X.      -J        6400/,       1\       70,4005      ,„,--7,, 
.'.the  weight  of  the  girder=-— .M  +  ^  )  +  —5 7"  12177--lbs. 

(1  l).-7b  make  allowance  for  the  weight  of  a  £eam.-A  beam  is  some- 
times of  such  length  that  its  weight  becomes  of  importance  as  compared 
with  the  load  it  has  to  carry.  In  such  a  case  the  dimensions  of  the  beam 
may  be  determined  in  the  following  manner : — 

Assume  that  the  beam  is  of  uniform  section  and  of  constant  depth. 

Also  assume  that  the  working  and  dead  loads  are  uniformly  distributed. 

Let  £*,  be  the  working  load,  and/,  ita  factor  ut  safety. 
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Let  6,  be  the  breadth  of  any  part  of  a  beam  of  ^vhich  the  breaking 
load  ia/i.Ex. 

Let/,.  W^  be  the  weight  of  this  beam,  /,  being  the  factor  of  safety  for 
a  steady  load  like  the  weight  of  a  beam. 

,     ,        ,       /i.e.  the  grosg  load 

.'./,. i^i  -A- ^x  is  the  net  load,  and       ■;'     '        =      ^ 
''''•'*'  y,.ii, --y,.  Tr,        the  neMoad 

But  the  weight  of  the  bei^m,  the  working  load,  and  consc(|uently  the 

net  load,  all  vary  directly  with  a  breadth  of  the  beam,  so  thit  if  b  is  the 

breadth,  corresponding  to  i„  of  a  beam  of  wliich  the  net  load  is  to  be 

•^'•^"  •  ■/, A',-/..  >r.    6.- 

Hence,  if/,.il',  and/,.  IT,  are  respectively,  the  breaking  load  and  weight 

of  the  new  beam, 

A.W_A.E     h  ^     /.jg, 

''' A.wr  A-Er  b,    A.E,-AW, 

Also,  the  net  load  of  the  new  beam  =zfx.E  -/.  W 


/..iwriF,-^'''" 


and. •./.J5;=/jr +/.&',. 

JETx.-Apply  the  above  results  to  a  cast-iron  girder  of  rectangular  sec- 
tion, resting  upon  two  supports  30-ft.  apart.  The  girder  is  12-in3.  deep, 
and  carries  a  uniformly  distributed  load  of  30,000-lbs. 

i;,=  30,000-lbs.    Let/,=  4,  .•./,./;,=  120,000- lbs. 

/>,  is  given  by  — ^ —  =  6.-7—,  where  C  is  30,000,  d  is  12  ms.,   and 


;  is  360-in8. 


I 


h  144 
.'.  60,000 =30,000.-^;^,  and  6,=5-ins. 


36U 


450 


Hence,/,. W,  =  6.12.360.-— =  5625-lb8., and/  E,-A W,^\\ 4,375-lb8. 

120,000 


h 
■•6 


, ,  and  h  is  5J-ins.  nearly. 


114,375' 
Also,j  ,E=i^^.fyE,  =  ^.120,000=  126,000-lbs. 

(12)  -On  the  Deflection  of  dVdcra.-The  principles  of  economy  and 
strength  *equire  a  girder  to  be  designed  in  such  a  manner  that  every 
part  of  it  is  duly  proportioned  to  the  greatest  stress  to  which  it  may  be 
subjected.    When  such  a  girder  is  acted  upon  by  external  forcesi  it  is 


and/,.Tr=f/,.F,=|i5625-5906.25-lb3. 
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nniformly  fltruiiiod  throughout,,  and  in  bondiii<;,  the  neutral  axis  must 
noceswarily  assunic  the  form  of  an  arc  of  a  circle.  It  might  be  suppotwd 
that  the  curve  of  deflection  in  dependent  upon  the  el  aracter  of  the  web, 
but  careful  experimenti)  indicate  that  the  web  exercises  very  little,  if  any, 
influence,  so  long  a8  the  flange  unit  stresscH  are  unaltered  in  amount. 

A>.  I. -A  semi-girder 
ist  bent  uiidir  the  action 
of  exteniiil  fore  h,  and 
iu  ncutnil  axis,  A  li, 
fi>rni.san  arc  uf  the  circle 
ABC. 

Draw  /^Fverticaliy  to 
njet't  the  horizontal  line 
through  .1  in  /'. 

I>raw  UK  horizontally 
to  meet  the  Vertical  dia- 
meter .4<?  in  E. 

\^iBF^D;  D  is  the 
maximum  deflection  of 
the  girder. 

Let  the  radius  of  the 
circle=/^. 

.-.  BE'=AE.KC=  iE.(^AC-AE)  =  BF.(AC-  BF)=D(2R-  D). 

Now,  since  the  deflec- 
tion is  small,  BE is&ip- 
prr>ximately  ecjual  in 
length  to  AB{=rl),  the 
neutral  axis,  and  />* 
may  la-  neglected  with- 
out .-H-'rious  error, 

.-./»= 2./?./;,  and 
,        /' 

Cor.  l.-The  deflec- 
tion A  at  a  point  distant 
X  from  A  is  evidently 


2.R 

Ex.  2  .-A  girder  rest- 
ing upon  two  supports 
is  bent  under  the  action 
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of  external  forccn,  and  itfl  neutral  axis  AC B  forms  an  arc  of  the  circle 
ABJ'J. 

Let  the  vertical  diameter  EC  meet  the  horizontal  line  AB  in  F. 

Let  CF=:  I);  D'w,  tijo  maximum  deflection  of  the  girder. 

Let  the  radius  of  the  circle =7^. 

/.  AF^z=( 'F.  FF=:CF.  (CF-CF)=zD.{2Ii-D) 

Now,  since  the  defloetinn  is  nuiall,  the  line  AB  in  approxiniatoly  ecjual 
in  lenj.'tli  to  ACB  {  —  1),  the  neutral  axis,  and  Z/*  may  be  neglected  with- 
out serious  error. 

.-.  (^)   =2A'.Aand/)=^^^. 

Cor.-The  deflection  ^  at  a  point  diHtant.r  from  CF,  is  given  by, 
x»=(/>-Aj  {•lJi-lJ-^)^.2Ji.(D-S),  approximately. 


X' 


Ex.  3.-Let  »i/i/'ii  aod  n^.f-i^di,  respectively,  be  the  length,  unit  stress, 
and  distance  from  the  neutral  axis,  of  the  8tret<5hed  and  compressed 
outside  fibres  in  Examples  (1)  and  (2). 

Let  (/,  +  (/a=(/=the  tot.il  depth  of  the  girder. 

.'.  from  similar  figures, 


«,      /?  +  (/,       ,  «,      R  -  (I.,      «,  -  «,      (/,  +  (I,      d 
—  , and  ^  =—„-,. •.- 


"»  _"i 


/ 


K 


I 


R 


R        R 


"    E  I  H     ~  R' 


W 


Note.-A  measure  of  the  stiff"ness  of  the  girder  is      ,  IV  being  the  total 

// 

load  upon  the  girder,  and  D  the  maximum  deflection  due  to  such  load. 

.  P 

Ex.  4. -The  deflection  D  of  a  beam  loaded  with  a  weight  /Foe    . 

The  maximum  bending  moment  .1/  of  such  a  beam  oc  W.l 

E  M.I-     W.t^ 

But  J/=  ... / /    .'.  Daz        ccj~ 
R  L.I      L.l 

Let  h  and  d,  respectively,  be  the  breadth  and  depth  of  a  rectangular 
beam;   .•./=-—. 


12 
Hence,  for  rectangular  beams  of  the  same  material, 

b.d!^  b.d!^ 
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I 


m  being  a  coefficient  to  be  determined  by  experiment. 

[At  the  end  of  the  chapter  is  a  table  of  the  values  of  vi  as  given  by 
the  most  reliable  authorities]. 

Instead  of  (1),  Prof.  Norton  has  proposed  the  following  for  timber 
beams : — 

m  being  .0000094,  and  i?=l,427,965-lb.s. 

Assuming  that  ( 1 )  gives  the  deflection  of  a  beam  resting  on   two 
supports  and  loaded  with  the  weight  W  at  the  centre, 
The  deflection  of  the  beam  with  the  same  load  uniformly  distributed =|.Z) 
"  "  firmly  fixed  at  both  ends  and  loaded  in  th>) 

centre=J.Z) 
«  .<  i<  a  u         loaded 

uniformly  =  J  D 
"  "  "  "  one  end  and  loaded  at 

the  other  =1 6.  Z) 
"  "  partially  fixed  at  one  end  and  loaded  at 

theother=24.D* 
'•  "  firmly  "  "         and  loaded 

uniformly  =  12.  D 
It  is  generally  assumed  that  tl.e  greatest  deflection  of  a  timber  beam 

should  not  exceed  y,vT,th  its  length. 

According  to  Kuiikine,  the  safe  deflection  of  a  beam  resting  upon  two 

supports  should  lie  between  -4,  r>  and  ^-.7:7.  for  the  working  load,  and 
*^*^  UOO         1200  *  ' 

between  -^-—  and    , -—  for  the  proof  load. 

Exiimpli-A  timber  gl'der  of  rectangular  section  isl2-ins.  deep,  6  "ns. 
wide,  and  rests  u{)on  two  supports  20>fl.  apart.  Determine  the  uni- 
formly distributed  load  which  will  cause  a  deflection  of  one  inch  at  the 
centre.     (1,=  1,200,000). 


Here,  /=240-in8,  and  D=Un.,  .'.  l=^f^,  and  i2=7200-in8. 


,_(240)' 


E 
R' 


W.l 


Again,  ^./=iV=  '„"',  where  IT  is  the  required  load. 


1,200,000  6.12'     »r.240       ,„.    .q^^^,, 
•'•-%0ir-T2-=— r-'""*^  U=48,000-lb8. 


♦  Trautwine. 


BEAM   ACTED   UPON    BY  OBLIQUE   FORCES. 


75 


Example.-A  trellis  girder  resting  upon  two  supports  120-ft.  apart  is 
15-ft.  deep,  and  is  strained  in  such  a  manner  that  the  flange  tensile  and 
compressive  unit-stresses  are  10,000-lbs  per  sq.  in.,  and  8,000-lbs  per 
sq.  in.,  respectively.  Determine  the  central  deflection,  and  the  differ- 
ence in  length  between  the  extreme  fibres.     (A— 30,000,000). 

10,000  4-  8,000 _  15_  »,-»,_     3 


From  example  (3), 


30,000,000 
18 


120        5,000* 


s, = .-TTjx-fl. = .864-ius. = required  difference 


864-ins— central  deflection. 


^ 


.-.  /f=25,000-ft.,  and 
in  length. 

(^\3).— Beam  acted  upon  hi/ forces  oblique  to  its  direction,  but  li/ing 
in  a  plane  of  symmetry. -In  discussing  the  equilibrium  of  such  a  beam 
the  forces  may  be  resolved  into  components  parallel  and  perpendicular 
to  the  beam,  and  their  respective  effects  superposed. 


-Si 


^f6 


Let  AB  be  the  beam,  P^^P^^P^, the  forces,  and  a,,a„a3, their 

respective  inclinations  to  the  neutral  axis. 

Divide  the  beam  into  any  two  segments  by  an  imaginary  plane  ilfiV" 
perpendicular  to  the  beam,  and  consider  the  segment  AMN". 

It  is  kept  in  equilibrium  by  the  external  forces  on  the  left  of  3fN^ 
and  by  the  el&stio  reaction  of  the  segment  BMN  upon  the  segment 
AMN  a,i  the  plane  MH. 

The  resultant  force  along  the  beam,  is  the  algebraic  sum  of  the  com- 
ponents in   that  direction  of  /',,/*j,/*j =  7V^o<.a,  + /^j-co*  a, -f- 

—  '^{P.cos  a). 

It  may  be  assumed  that  this  forcj  acts  along  the  neutral  axis,  and  is 
uniformly  distributed  over  the  section  MX. 

Thus,  if  i4  is  the  area  of  the  section,   -^^ — 7 is  the   intensity  of 


H 


stress  due  to  this  force. 


7 
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Again,  the  components  of  i'ljPajPa pcrpendicuhir  to  the  beam, 

are  equivalent  to  a  single  force  and  a  couple  Jit  J/iV. 

The  tingle  force  at  MN"ia  the  Shearing  Force,    is  perpendicular  to 

the  beam,  and  is  tho  algebraic  sum  of  Pysina^,  P.^.ttin  f/,, 

=:P^.8ina^  +  F^.sin  a, -I =l(P.sin  n). 

This  force  develops  a  mean  tangen  tial  unit  stress  of  -^ — '-  in  J/iV, 

and  di'forms  the  beam,  but  so  sli<>;htly  as  to  be  of  little  account. 

The  moment  r«f  the  couple  is  tho  algebraic  sum  of  the  nKtmciit-;  with 

respect  to  MX o^  P^.ain  ff,,  P.^.siii  «., =iP^.slii  lf,.p^  -\-  J*.,.siii  <i...pi 

+ =  ^(P.p.sin  n).,  />|./>2,..    ..boinu;  rfspt'ctivoly  the  distances  ut'tlie 

pointH  of  application  of  /*,,/*2 from  .)fy. 

Now,  v(y*.y,.,s//,  ff)  is  the  n'sultant  iiionu'ut  of  <i/l  tho  ext«'rnal  forces 
on  the  left  of  MX,  for  the  resultant  moment  of  the  components  along 
the  biam  is  evidently  it  1 1. 


:^-{  P.p.sin  a)  =  M=j    /-■'{J. 


.'./„='  .'^(P.p.sin  ii),  is  the  unit  stress  in  the  material  of  the  beam  at 

a  dist:  nee  //  from  the  neutral  axis  due  to  the  bending  action  at  MX  of 
the  external  forces  on  the  segment  A  MX. 

Hence,  also,  the  total  unit  stress  in  the  material  in  the  plane  MX&t 
a  distiince  y  from  the  neutral  axis  is, 


l(P.co8a) 


±  A=  ± 


l(P.  cos  a)      y 


±'^j.liP.p.sina)=f^, 


A  -•'i'--  A 

the  signs  depending  upon  the  kind  of  stress 

-£";*:. -The  inclined  beam  OA,  carry- 
ing a  unifdrmly  distributed  load  of  ir 
per  unit  of  length,  is  supp(»rted  at  Ji 
and  rests  against  a  vertical  surface  at 
0. 

The  resultant  weiiiht,  u\l.,  is  \'crti- 
cal,  and  acts  through  the  centre  C  of 
OA ;  the  reaction  /«?,  at  0  is  horizon- 
tal. 

Let  the  directions  of  to.l  and  /?,  miu't  in  /i.  Kor  e((uilibrium.  the  re- 
action Ii.,  at  .1.  nmst  also  pnss  through  Ii. 

Let  the  vertical  through  f  meet  the  horizontal  through  A  in  />. 

The  triangle  AliD  is  a  triangle  of  forces  for  the  three  forces  which 
meet  at  B. 


' 
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R,       AD       AD       I  ,.  .       ,  ,    ^.^ 

/.  yc,  =  — .  co<  a. 

Consider  a  section  J/iV  perpendicular  to  the  beam  at  a  distance  x 
from  O. 

The  only  forces  on  the  left  of  vVA^are  li^  and  the  weight  upon  OM. 
This  last  is  i«.x,  and  its  resultant  acta  at  the  centre  of  OM,  i.e.,  at  a 

X 

distance  -  from  MN. 


I  he  component  ot  K,  along  the  beam  =  /c,.co«  a=  ■ — : — 


.:    sin  a 


w.l 


( 

(( 

< 

« 

(( 

Hence, 


/?,  perpendicular  to  the  beam  =  7t',.sui  az=.~'~'cos  a 

w.x  along  the  boam  =  w,a;  sin  a. 
"  perpendicular  to  the  beam=MJ.x  cos  a. 


.1  r-"^- 


mi  t  •  •         xrMr       V'-'CttS<l  .  _ 

Ihe  total  compression  is  iViW=-^.- —  +w.x.sm  a=:Ux. 

w.l 
The  shearing  force   at  MN=^   ./-co*  «  -w.x  cos  a=*V,. 


The  bending  moment  at  MN=i    '  -cos  a.x  —  w.x.cos  a.-=Mg. 
and /;= j' ± '^J/.. 


These  expressions  may  be  interpreted  graphically  as  already  described, 
Cg,  S^,  being  represented  by  the  ordinates  of  straight  lines,  and  Mj^fg, 
by  the  ordinates  of  parabolas. 

/y,  for  example,  consists  of  two 
parts  which  may  be  treated  indepen- 
dently. Draw  OE  and  xiF  perpen- 
dicular to  OH,  and  respectively  equal 
0/  proportional  to 
w.l  ctis^a      ,  w.l  coshi      v\l 


and 


H .sin  a. 


i-Asina         2.Asi7ia       A 

Join  EF.  The  unit  stress  at  any 
point  of  the  beam  duo  to  direct  com- 
pression is  represented  by  the  ordi- 
nate (drawn  parallel  to  OE  or  AF)  from  that  point  to  EF. 
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Upon  the  line  GG'  drawn  through  the  middle  point  B  perpendi- 
cular to  OA,  take  BG=BG',  equal  or  proportional  to -■  —  •cos  a.     Ac- 

cording  as  the  stress  due  to  the  bending  action  at  any  point  of  the  beam 
is  compressive  or  tensile,  it  is  represented  by  the  ordinate  (drawn  par- 
allel to  OE  and  AF)  from  that  point  to  the  parabola  OGA  or  OG'A; 
G  and  G\  respectively,  being  the  verfices,  and  GG'  a  common  axis. 

By  superposing  these  results  the  parabolas  EJfF,  KH'F,  are  obtain- 
ed, the  ordinates  of  which  arc  respectively  proportional  U)  the  values  of 
fy  for  the  compressed  and  stretched  parts  of  the  beam,  i.e.,  for  the  i)art8 
above  and  below  the  neutral  surface. 

(14).-*SVnu7a/*  GIrders.-Two  girders  are  said  to  be  shnihir,  when  the 
linear  dimensions  of  the  one  bear  the  same  constant  proportion  to  the 
corresponding  linear  dimensions  of  the  other. 

Thus,  if  /^,i^',  'V''»  \^'}  "fc  corresponding  breadths,  depths  and  lengths, 

•     .,         .    ,  ft        <^         X 

of  two  similar  girders,  ,*.  -p  =— ,  =y.  =  a  constant=,u,  suppose. 

(IS).-!/^  deduce  the  principdl  properties  of  timilar  girihirs. 

(<j).-The  weight  of  a  girder  is  proportional  to  the  product  of  an  area 
and  length,  i.e.,  to  the  cube  of  a  linear  dimension. 

.•.  the  weights  of  similar  girders  vary  directly  as  the  cubes  of  their 
linear  dimensions.  Hence,  too,  the  unit  stresses  must  vary  directly  as 
their  linear  dimensions. 

(i).-The  Breaking  Weight  of  a  girder  is  calculated  from  a  formula  of 
the  form  W^S.-j-,  a  being  an  area,  d  a  depth,  and  I  a  length. 

Now  -  is  constant  for  simil>ir  girders,  so  that  W  is  proportional  to  a, 

V 

i.e.,  to  the  square  of  a  linear  dimension. 

,*.  The  Breaking  Weights  of  similar  girders  vary  directly  as  the 
iquares  of  their  linear  dimensions* 

Ex.-A  girder  resting  upon  two  supports  80-ft.  apart  is  10-fl.  deep, 
and  weighs  6  to^.     Determine  the  length  and  depth  of  a  similar  girder 

weighiag  48  U,i.,  (^f*)'=  (!?^)' =f =8,.-.  U.clength=160 

ft.,  and  the  depth=20-fl.  Also  the  unit  stresses  are  in  the  ratio  of  10 
to  20,  and  the  breaking  weights  in  the  ratio  of  10'  to  20*. 
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(16).--7b  discus*  the  relations  bettreen   the  Mr  responding  sectional 

areas,  moments  of  inertia,  wights,  bending  moments,   rf-c, of  two 

girders  xvhich  have  the  same  sectional  form  and  are  thus  related:  — 

The  forces  upon  the  onebein-;;  P,J*t,l\, with  abscisae  x,,.t;i,Xj... 

those  upoD  the  other  are  n.I*i,n.l\,H.l*3, ••         p.x^,p,Xf,p.X3 

The  spans  and  corresponding  len'^ths  are  in  the  constant  ratio  p. 
Corresponding  sectional  breadths 
Corresponding  sectional  depths 

Let  A,  A',  be  corresponding  sectional  areas, 

moments  of  inertia, 
weights, 
shearing  forces, 
bending  niouionts, 
flange  unit  stn-sses, 
web  unit  stresses, 
radii  of  curvature, 
deflections, 
breaking  weights. 
.',(a).-vlocproduct  of  a  breadth  and  depth;    :.A'=A.<^.r. 
{3).-I  "  breadth  and  the  cube  of  a  depth ;  :.I'=l.q.r* 

(y).-Q  *•         length,  breadth  and  depth  :  :.^=  Q.n  =  Qp.q.r.p, 

p  being  the  ratio  of  the  specific  weights  of  the  materials  of  the  girders. 
If  the  materials  are  the  same,  .■./>=!,  and  n—p.q.r. 
(d).-S'  =  S.n.  =  S.p.q.r.f),  for  from(  )  n—p.q.r. p. 
(f).-M  is  the  product  of  a  force  and  a  length ;  /.  AI'=M.n.p.  =  M.f/.q.r.p. 

c.M       .  ^,     c'.M'     f     c'M'I  I       p^ 

(0.-/=-/-.  and/  =  -/-,  --f^-^Mj  =  ^•"•/'•^  =7'P' 

,^  S        .    ,      S'   ,s'      S'A        n 

F      f        E'      f 
(fi),--^=  ~,VkVidi-n,—  -jf  i^  and  iT  being  the  co-efficients  of  elasticity  of 

the  respective  girders. 

^fcE  ~ E'""' p'p.~ K' p' p 


-  I,  1\ 
'«   \V,W', 


''If     — yZ    L^     —  V^' 


,.x     ..  .       ,  (a  length)*  A'        ,S       E  p* 

(t).-A  18  proportional  to  - — jr — ■— — : ;  .•.--  =  p'.  -jj,  =-7Tr~t-P' 

^  '  ^    ^  (^radius  of  curvature)        ^      ^    Ii       E  r* 

(<i).->ri8         " 


^^   (/Ae  product  of  an  area  and  depth) 
(u  length)  ' 

W      q.r.r      q.r' 


l! 
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Hence,  the  radius  of  A\  /',  Q', and  may  be  deri     d  from  those  of 

A,],Q by  means  of  certain  constint  multipliers. 

Cor.  l.-lf  the  two  girders  are  similar,  and  of  the  same  material, 

,\pz=zq  —  r=(i,  E=E',  and  ^=1. 
Hence, 
from  ()),  Q'=Q.f/';  and  the  weights   vary  directly  as  the  cubes  of  the 

linear  dimunsions. 
**   (t),  M'=M./^*;  and   the    bending  moments  vary  directly  as  the 

fourth  powers  of  the  linear  dimensions. 
f  g' 

"   (;;)  and  {'/),- ^  =/'=-;  and  the  flange  unit  stresses  vary  directly 

as  the  web  unit  stresses. 

"  C),  f  =1 

a' 
*«    (/)^      =/^V  and  the  deflections  vary  directly  as  the  squares  of  the 


linear  dimeusions. 


W 


"    (^)^       ,  z=:/i*,  and  the  breaking  weights  vary  directly  as  the  squares 

of  the  linear  dimensions. 

Cor.  2.-Let  the  girders  be  of  the  same  material,  of  equal  length,  of 
equal  rectangular  sectional  areas,  and  equally  loaded. 

Let  b,b^,  c/,t/„  respectively,  be  the  breadth  and  depth  of  the  girders. 

;,hi  =  q.h,  and  d^  —  r.d, .'.  hyd^  =  q.r.i.d;  but  lji.di  =  l>,d. 

.•.j,r=l.     AUo^>=l. 

;.  from  s,  -  =  ^z=q. 

«'       0  and  I, —=/•'=-,. 
W  f 


Thus,  if  (/,  =  /',  .-.  i'l-d,  and  r=  j. 

f     d       ,R      /''Y      /WX 


of 


le 


le 
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•  Table  of  the  values  of  m,  the  co-efficient  of  deflection. 
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Ash 00030 

Boech OOO.'JO 

IJircli OOO.'IO 

(Vdur 00030 

Cherrv 00040 

CheHtiiut 00025 

"        Spanish 00050 

Kirn 00030 

Fir,  Am.  Spruce 00025 

'•    Nurway 00025 

Larch 00030 


J}*P'^ , 00040 

Maliogaiiy,  Spaniflh 00030 

"  Honduras 00025 

Oak,  minimuiu 00025 

"     niaxinmni ()0050 

„."     >''ettn 00040 

Pi»e,  V\hite 00025 

'\     i'>t«l» 00030 

J.fa'* 00030 

WahnU 00025 


Willow 00006 

•  (The  Afaltrials  qf  Enginciriny.—'luvna'iov.) 


+  Table  of  the  resistance   to  transverse   shepring,   rupture    being  pro- 
uced  across  the  axis  of  the  piece. 

LBS.    PKR  BQ.  IN. 

6,280 
6,223 


MATERIAL. 
Ash 

Beech 

Birch 5,595 

Cellar,  White 1,372  to  1,619 

"       C.Am 3,410 

Cherry 2,945 

Chestnut 1,5.35 

Dogwood 6,510 

Ebony 7,750 

Gum 6,890 

Hemlock 2,750 

t  Tbautwims. 


MATERIAL.  LBS.   PER  8Q.   IN. 

Hickory 6,045  to  7,286 

Locust 7,176 

Maple 6,355 

Oak,  White 4,425 

"    Live 8,480 

Pine,  White 2,480 

••     Yellow 4,340  to  6,736 

Poplar 4,418 

Spruce 3,255 

Walnut,  Black 4,725 

Walnut,  White 2,830 


i- 


■ 


Examples. 

(l).-A  uniform  rijrid  bar  woij^hs  H'-lbs.,  and  is  supported  by  two 
8triii}i;s  (assuniid  strai^'ht)  AC,  JiD,  attacbed  to  its  ends;  find  the 
tensions  in  the  strings  and  the  ineliiuition  of  the  bar  when  the  strings 
are  inclined  to  the  vertical  at  angles  of  (iU*^  and  30°,  respectively. 

(2).-The  ends  of  i\  string  are  fastened  to  points  A  and  H  in  the  samo 
horizontal  line,  iWi.  apart,  and  weights  JF,,  \\\,  ire  sUHpcndcd  frf)ni 
points  ('  II  of  the  string,  dividing  it  into  segments  A(\  ID,  DH,  of 
which  the  lengths  are  /,,  I.,  d  \\.,  respcetivily.  Assuming  liacii  portion 
of  the  string  to  be  straight,  find  the  position  of  equilibrium. 

(3).-Two  timber  ribs  A(\  BC.  of  equal  length  and  |2  ins.  deep,  are 
movable  in  a  hnrizontiil  plane  about  hinges  at  .1  and  //.  Tiny  are 
turned  so  as  to  touch  at  ('  along  a  jtlane  perpendicular  to  Ali,  and  are 
then  subjected  to  a  uniformly  distribntrd  prcsHure  of  12IMI  lbs.  jiir  lineal 
ft.  If  AB  is  0511.,  and  if"  the  centre  of  the  joint  (■  is  !)  ft.  from  AB, 
determine  the  magnitudes  and  directions  of  tlie  resultant  pressures  at 
C  and  at  the  hingi-s. 

(^4)._A  heavy  uniform  beam  rests  against  a  rough  horizontal  iijaiie 
and  a  smooth  vertical  wall,  the  vertical  plane  through  the  beam  iHJng 
perpendicular  to  the  ground  and  wall ;  (hternune  tin;  liviitiinj  position 
of  eiiuilibrum,  wheu  a  weight  is  suspemUd  from  any  gjyen  point  !)j  f^jje 
beam. 

(5).-A  h»avy  uniform  beam  rests  upon  two  inclined  planen  wliloli 
intersect  in  a  horizontal  lin»'.  the  line  being  perpendicular  to  the  \(rtica) 
plane  through  the  beam;  find  the  linu'finy  positions  (»f  ((luilibrnm,  unj 
the  corresponding  pressures  upon  the  plains,  when  a  Weiglit  1h  j>|  u-ed  at 
a  given  point  of  the  beam. 

(I)). -Two  heavy  uniform  beams,  AB,  B(^.  are  jointed  at  B,  i\nd  rest 
with  the  ends  A.  and  ('against  a  rough  horizontal  plane  and  a  smooth 
vertical  wall,  the  viTtieal  plan*'  through  the  beams  being  perpetidicular 
to  the  ground  and  wall  ;  find  the  relative  position  of  the  beams,  so  that 
they  may  undergo  »M|ual  horizontal  pressures. 

(^7).-A  heavy  carriage;  wheel  is  to  be  dragged  over  an  (d»«t*cle  on  ft 
horizontal  plane  by  a  liorizuiital  force  applied  t.«)  the  centra  of  the  wheel; 
find  the  magnitude  of  the  force  (^negleet  the  friction  between  the  wheel 
and  obstachO-  What  hajijuns  if  the  line  of  acti««  of  the  force  does  not 
pass  through  the  centre  ?  What  is  the  eifect  of  the  friction  between  the 
wheel  and  obstacle  ? 

(S).-A  heavy  mast  movable  in  a  vertical  plane  about  a  liii»gp  at  ita 
foot  is  held  in  a  given  position  by  a  rope  fa.itened  to  the  other  rud  ;  find. 
qidiiirfflailfij,  the  least  pressure  on  the  hinge,  and  the  corrtspoudiag 
direction  of  the  rope. 
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(9). -Two  equal  carriage  wliceU  with  their  centres  connected  by  a  rigid 
bar,  are  placed  upon  a  rough  plane ;  is  the  equilibrium  of  the  system 
best  preserved  by  locking  the  hind  or  fore-wheel  ? 

(10). -The  upper  ends  of  two  uniforn,  heavy  beams  abut  against 
each  other,  and  their  feet  rest  upon  a  rouf,h  horizontal  plane  ;  shew  how 
to  cut  a  plane  face  from  the  upper  end  of  one  of  the  beams,  so  that 
slipping  may  be  about  to  ensue  at  the  surface  of  contact. 

•  (ll).-A  car  of  weight,  W  (or  a  4-ft.  8^-ins.  gauj»e,  is  33-ft.  long, 
6-ft.  deep,  and  its  bottom  is  2-ft.  G-ins.  above  the  rails;  find  the 
additional  weight  thrown  upon  the  leeward  mil  when  the  wind  blows  upon 
a  side  of  the  car  with  a  pressure  of  20-lbs.  per  sq.  ft. 

Find  the  minimum  wind  pressure  that  will  blow  the  car  over. 

(12). -A  beam  40-ft.  long  carries  a  load  of  20,000-lbs. ;  find  the 
shearing  force  at  15-ft.  from  one  end  and  also  thi'  maximum  bending 
moment  of  the  bt  am  : — 

(u) -When  the  beam  is  supported  at  the  ends  and  loaded  in  the 
piiddle. 

(/»).-When  the  beam  in  suppurted  at  the  ends  and    htaded  uiiifornily. 

(c).-When  the  beimi  is  fixed  at  one  end  and  Inaded  at  the  otlier. 

((/).-When  the  beam  is  fixed  at  one  end  and  loaded  uniformly. 

Draw  the  curves  of  shearing  force  and  bending  moment,  and  explain 
the  connection  between  them. 

j(|3),-Diflcus8  the  efFeci  produced  in  '^ach  of  the  cases  of  Question 
(12),  Jhsf  wlied  (I  single  weiglit  of  2,0()(Mbs.  passes  over  the  beam, 

tcqiml  y/jmi  a  train  weighing  2,OW0-lbs.  per  lineal  ft.  moves  across  the 

(II)  -A  beam  20-ft.  in  length  rests  upon  two  supports,  and  carries  a 
weiglit  of  lO-tuns  at  5-ft.  from  one  end;  find  the  maximum  bending 
moment. 

I>raw  the  curves  of  shearing  force  and  bending  moment. 

(15).-A  doifb|e  flanged  railway  girder  is  2()7-ft.  in  the  clear  and 
22|-ft.  deep.  Three  locomotives  weighiiig  40-tons  each  rest  upon  ihe 
girder  at  points  2()-ft.,  75-ft.,  and  240-ft.  from  the  left  abutment;  find 
the  shearing  force  and  bending  moment  at  18l>-ft.  from  the  left  abut- 
ment. 

Draw  tli((  curves  of  shearing  force  and  bending  moment. 

(  Hi). -A  girder  rests  upon  two  supports  at  O  and  .4,  and  carries  an 
arbitrarily  distrilmted  dead  load  ;  prove,  (jnifihiai/t'i/,  that  the  fotnl 
UMiount  of  posit ii'ii  ah'  aring  force  is  ecjual  to  the  tot<(l  amount  of  nnjutiue 
Clearing  force. 

Weights  an*  siispeiided  from  points  1.  2,  IJ,...of  the  girder,  dividing 
It  into  segments  01,  I  2,  2  3,...  of  which  the  len^'ths  are  .«,.  »•„  .s„  ... 
reHpeetlvely  i  If  S^,  S^,  Sy  ...  are  the  corresponding  shearing  Ibrces, 
shew  that  >SV«i,  I  ^%•»i  I  'S«j  +  •••  =  0. 
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(17).-.l  B  C  D  E  F  r,  /i,  A'  W  C"...ls  the  bending  niouHnt  curve 
of  a  jiinliT  resting  upon  supports  IdO-l't.  apart,  and  carryinj;  an  arbi- 
trarily distributed  loud  concentratod  at  10-1't.  intervals.  It'  the  loads 
move  10-t't.  to  the  left  in  the  same  relative  order  and  distance,  prove 
that  the  new  bending  uioiiients  along  the  girder  are  the  vertical  ordinates 
to  the  line  Bli\  tiiat  CC'  is  the  base  when  the  loads  have  moved  2()-ft. 
to  the  left,  and  bo  on,  the  Y\\w%  JUi\  ('(J',  &c.,  being  inclined  to  the 
horiz  intal  at  certain  angles  depending  on  the  loading. 

Shew  that  the  above  diagram  will,  for  the  same  loading,  give  the 
bending  moments  for  girders  of  spans  of  8()-ft,  (lO-l't.,  4()-ft.,  &c.,  Jili^ 
being  the  base  for  the  80  ft.  span,  6'6',  for  the  GOft.  sjtan,  &e. 

(IH).-A  man  of  weight  W  ascends  a  ladder  of  li'ngth  I  which  rests 
again>t  a  smooth  wall  and  the  ground,  and  is  inclined  to  the  vertical  at 
an  angle  a.  The  ladder  luis  n  rounds;  find  the  bending  moment  at  tlie 
r-th  round  from  the  foot  when  the  man  is  on  tlie  p-Xh  round  irom  the 
foot. 

(19). -A  round  beam  and  a  square  beam  are  equal  in  length  and 
equally  load'.'d ;  find  the  ratio  of  the  diameter  to  the  side  of  the  square, 
BO  tliat  the  two  beams  may  be  of  equal  strength. 

(20).-Comparc  the  relative  strengths  of  two  beams  of  the  same 
material  of  wliich  the  sections  are  precisely  similar  in  shape  and  have 
areas  in  the  ratio  of  1  to  4. 

(21). -Compare  the  relative  strengths  of  a  cylindrical  beam  and  the 
strongest  rectangular  and  squ.-ire  beams  that  can  be  cut  from  it. 

Compare  the  relative  strengths  of  a  round  and  a  square  beam, 
the  diameter  of  the  round  being  equal  to  a  side  of  the  square. 

(22).-A  boiler  plate  tube,  36-ft.  long,  30-ina.  inside  diameter,  weighs 
4,200-ibs.  and  rests  upon  supports  33-ft.  apart ;  find  the  stress  in  the 
metal  at  the  centre. 
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What  ailJitional  woij^ht  may  bo  suspcndcdfrnm  the  Cfntro,  consiptfnt 
with  trii!  condition  that  tho  strcas  in  the  iiietul  is  nowhere  to  txceid 
8i)00-lhH.  per  sq.  in  '' 

^(2H).-A  bi'ani  of  vi'llow  pine  II. ins.  widn.  If*  ins.  ih'cp.  and  restini^ 
U[«)n  supports  1(1  t't.  !l-ins.  ajmrt.  was  justiil>ii;  to  hear  a  wt  iirht  of  ;^»4- 
tona  at  the  centre  ;  what  wi'i;:iit  will  a  boam  of  the  same  material,  3-ft. 
9-ins.  between  the  supports  and  'i-iiis.  scpiare,  bear  ? 

(24). -Determine  tli'  breadth  of  timb  t  joists  I'm-i.  \*m\x,  /^ins.  de»'p, 
and  x-ins.  eentre  to  centre  :-('n. -Fur  a  wooileii  platfurui  the  'jross  load 
beinj;  ir)0-lbs.  per  s(|.  ft. ;  (/>).-For  a  wooden  platform  wirli  a  brnken  stone 
or  jjravel  roailway,  the  jrro,s.H  load  hrinu'  2r)0-lbs.  ]it'r  >.|.  ft.;  (r).-For  a 
railway  platform  with  a  siiiirlc  (»r  double  \\  rk,  ITb  .inir  the  lieaviest  load 
upon  a  pair  of  drivers  and  I:  the  trau^re  ot  the  mils. 

(The  safe  stress  in  the  timber  =l.<iO(l-ibs.  y>  r  >«|.  in.) 

(25).-l>etermine  the  form  of  a  b^ain  of  uniform  resihtance. 

(l).-When  the  beam  rests  upon  two  stippurts  and  is  uniformly  loaded. 

(2).-Wiien  the  beam  rests  upon  two  supports  and  is  loaded  at  tho 
centre. 

(i}).-Wli<  ri  the  beam  is  fixed  at  one  cud  and  uniformly  loaded. 

(4  >  -When  the  beam  is  fixed  at  one  end  and  loaded  at  the  other. 

(5  .-When  the  beam  in  cases  (1)  and  (3)  carries  an  additioiuil 
wei^dit  at  thi'  centre  and  end  respectively. 

(iive  instances  of  the  practical  a]Milication  of  the  above. 

(26). -A  wrout:ht  iron 
stand  pipe  at  .Milwaukee, 
llJI{-ft.  in  length,  and  :^0-ins. 
in  diameter  (inside),  was 
made  in  four  ecpial  .sections. 
The  thi(;knessof  the  plates  in 
lowest  or  first  seetinn  was  j'^y 
in.;  in  the  2iid.  |»  in,  ;  in  the 
8rd.  ,1^  in. ;  and  in  the  4th, 
,^  in.,  the  corre.^jMindinL:; 
section  weiiilits  beinir  5,7;}(t- 
Ibs..  4.742-lbs.,  3isG8-lb.s., 
and  3,(>2<»-lbs. 

The  pipe  was  riveted  together,  and  raised  in  one  jjiece  as  follows  :  — 
the  pipe  was  placed  with  the  lower  end  exactly  over  its  .seat,  and  fixed  to 
a  beam  of  timber  turniiiii'  in  bearintis.  The  upper  end  was  lifted  40-ft. 
by  the  vertical  tackle  at  .1  (the  indiiu'd  rojies  beinj:'  also  used),  which 
was  then  cut  away,  and  the  erection  ccmpleted  by  the  inclined  ropes  at  li. 

Assuminu;  these  ropes  to  be  e(|ually  strained,  find  the  stresses  in  them 
when  the  \n\w  liad  bem  rai.«ed  through  an  anjrle  of  GO",  and  al.«o  the 
resultant  re-action  at  the  foot  of  the  pipe.  Airain,  for  the  j^iven  position  :— 

(I). -Determine  the  direction  and  maj^nitude  of  the  resultant  r(»pe 
stress  that  will  make  the  resultant  reaction  at  the  foot  of  the  pipe  a 
minimum. 
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(2). -Determine  the  magnitude  of  the  bending  moment,  shearing 
force,  and  longitudinal  compressive  stress  at  the  foot  of  each  section. 

(3). -Draw  the  curves  of  shearing  force,  bending  moment,  and 
compressive  stress. 

(27).-Compare  the  strengths  of  two  rectangular  beams  of  equal 
length,  the  breadth  and  depth  of  one,  being  respectively  equal  to  the  depth 
and  breadth  of  the  other. 

(28). -A  cast  iron  beam  4-ins.  square  rests  upon  supports  6-ft.  apart  ' 
determine  the  breaking  weight  at  the  centre.     (C=30,000-lbs.) 

(29).-The  flooring  of  a  corn  warehouse  is  supported  upon  yellow  pine 
beams  20-ft.  in  the  clear,  8-ins.  wide,  10-ins.  deep,  and  spaced  3-ft. 
centre  to  centre ;  find  the  height  to  which  corn,  weighing  48^-lb8.  per 
cube  ft.  may  be  heaped  upon  the  floor.     (C  =  3,(>00-lbs.) 

(iiO).-A  yellow  pine  beam  14-ins.  wide,  15-ins.  deep,  and  resting  upon 
supports  10-ft.  6-ins.  apart,  broke  down  under  a  uniformly  distributed 
load  of  60'97-tons ;  find  the  coefficient  of  rupture  (^Cj. 

(31). -The  ribs  in  Question  (3)  being  of  greenheart,  find  their  breadth. 
(C  =  9,000-lbs.,  and  factor  of  safety  =  10). 

(32).-Find  the  breaking  weight  at  the  centre  of  a  piece  of  Canadian 
elm  2^-ins.  wide,  3|-ina.  deep,  and  resting  upon  supports  3-ft.  9-ins. 
apart.     (C  =  7,250-lbs.) 

(33). -A  cast-iron  rectangular  girder  rests  upon  supports  12-ft.  apart 
and  carries  a  weight  of  2000-lbs.  at  the  centre  ;  if  the  breadth  is  one- 
half  the  depth,  find  the  sectional  area  of  the  girder,  so  that  the  inch 
stress  in  the  metal  may  nowhere  exceed  4,000-lbs. 

(34)  .-The  teeth  of  a  cast-iron  wheel  are  3J-ius.  long,  2J-ins.  deep, 
and  7-ins.  wide ;  what  is  the  breaking  weight  of  a  tooth?  ((7=5,000- 
Ibs.) 

(35)  .-A  wrought  iron  bar  4-in8.  deep,  f-in.  wide,  and  rigidly  fixed 
at  one  end,  gave  way,  when  loaded  with  1,568-lbs.  at  the  free  end,  at  a 
point  2-ft.  8-ins.  from  the  load ;  find  C. 

(36). -Determine  the  diameter  of  a  solid  wrought  iron  round  beam 
which  rests  upon  supports  5-ft.  apart,  and  is  about  to  give  way  under  a 
load  of  30-tons  at  14-ins.  from  one  end.     (C=  5000-lbs.). 

(37.)-A  timber  beam  6-ins.  deep,  3-ins.  wide,  and  weighing  50-lbs. 
per  cubic  foot,  was  placed  upon  supports  8-ft.  apart,  and  broke  down 
under  a  weight  of  10,000-lb8.  at  the  centre ;  find  C. 

(38)  .-A  wrought  iron  bar,  2-ins.  wide  and  4-ins.  deep,  rests  upon  sup- 
ports 12-ft.  apart;  determine  the  uniformly  distributed  load  which  the 
bar  will  safely  carry  in  addition  to  its  own  weight.  ((7=50,000-lb8., 
and  factor  of  safety  =  4). 

(39)  .-Find  the  length  of  a  beam  of  Canadian  Ash  6-ins.  square, 
which  would  break  of  its  own  weight,  when  supported  at  the  ends  (the 
weight  of  the  timber  =  30-lbs.  per  cubic  ft). 
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(40)  .-A  wrought  iron  bar  20-ft.  in  length  and  IJ-ins.  in  width  is 
fixed  at  one  end ;  find  the  depth  of  the  bar  so  that  it  might  safely  carry 
its  own  weight  together  with  500-lb8.  at  the  free  end. 

(41). -A  railway  girder,  50-ft.  in  the  clear,  and  6-ft.  deep,  carries  a 
uniformly  distributed  load  of  50-tons ;  find  the  maximum  shearing  stress 
at  20-ft.  from  one  end,  when  a  train  weighing  l^tons  per  lineal  ft. 
crosses  the  girder. 

Also,  find  the  minimum  theoretic  thickness  of  the  web.,  4-tons  being 
the  safe  shearing  inch  stress  of  the  metal. 

(42). -The  flanges  of  a  rolled  joist  are  each  4-ins.  wide  and  ^-in, 
thick ;  the  web  is  8-ins.  deep  between  the  flanges  and  i^-in.  thick ;  find 
the  position  of  the  neutral  axis,  the  inch-stresses  in  the  metal  being 
10,000-lbs.  in  tension  and  8,000-lbs.  in  compression. 

(43)  .-A  wrought  iron  semi-girder  is  7-ft.  long  12-ins.  deep,  and  its 
flanges  are  each  4-ins.  wide  and  ^-in.  thick ;  find  the  weight  at  the 
centre  which  will  cause  the  upper  flange  to  fail,  the  uliimate  tensile  inch- 
stress  of  wrought  iron  being  20-ton8. 

(44)  .-A  continuous  lattice  girder  is  supported  at  four  points,  each  of 
the  side  spans  being  140-ft.  11-ins.  in  length,  22-ft.  3  ins.  in  depth,  and 
weighing  .68-tons  per  lineal  ft.  On  one  occasion  an  excessive  load  on 
the  centre  span  lifted  the  end  of  one  of  the  side  spans  off  the  abutunent ; 
find  the  consequent  inch-stress  in  the  bottom  flange  at  the  pier,  where  its 
gross  sectional  area  is  127-sq.  ins. 

(45).^ A  railway  girder  is  101'2-ft.  in  the  clear,  22-25-ft.  deep,  and 
weighs  3764-lbs.  per  lineal  ft. ;  find  the  maximum  shearing  and  flange 
stresses  at  25-ft.  from  one  end,  when  a  train  weighing  2500-lbs.  per 
lineal  ft.  crosses  the  girder. 

(46). -A  bridge  on  the  South  Staffordshire  railway  is  supported  upon 
two  main  girders,  each  51-ft.  4-ins.  in  the  clear,  6-ft.  6-in3,  deep  at  the 
centre,  and  4-ft.  deep  at  each  end.  The  uniformly  distributed  dead 
load  upon  the  girders  is  43-tons ;  the  gross  sectional  areas  of  the  top 
and  bottom  flanges  at  the  centre  are  27-sq.  ins.  and  28-sq-ins.  respectively ; 
find  the  corresponding  inch-stresses,  assuming  the  efficiency  of  the  ten- 
sion flange  to  be  reduced  one-ffth  by  riveting. 

Determine  the  uniformly  distributed  rolling  load  which  will  increase 
the  inch-stresses  by  2-tons. 

(47). -A  lattice  girder  of  80-ft.  span  and  8-ft.  deep  is  designed  to 
carry  a  dead  load  of  60-tons  and  a  live  load  of  120-tons.  uniformly 
distributed.  At  the  centre  the  net  sectional  area  of  the  bottom  flange 
is  45-sq.-ins.,  and  the  gross  sectional  area  of  the  top  flange  is  56  J-sq.  ins. ; 
find  the  corresponding  inch-stresses  and  the  position  of  the  neutral  axis. 

(48) .-A  cast-iron  semi-girder,  8-ft.  long  and  12-ins.  deep,  carries  a 
uniformly  distributed  load  of  16.000-lbs. ;  find  the  area  of  the  top 
flange  at  the  support,  so  that  the  stress  in  the  metal  may  not  exceed 
3000-lbs.  per  sq.  in. 
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(49) -A  cast-iron  girder,  27i-in8.  deep,  rests  upon  supports  26-ft. 
apart.  Its  bottom  flange  is  16-ins.  wide  and  3-ius.  thick;  find  tho 
breaking  weight  at  the  centre,  the  tearing  inch-stress  of  cast-iron  being 
15,000-lbs.  (Neglect  the  web). 
\  (50).-A  plate  girder,  64-ft.  in  the  clear  and  8-ft.  deep,  carries  a  dead 
'load  of  2 -tons  per  lineal  ft.  At  any  vertical  section  the  two  flanges  are 
of  equal  area,  and  their  joint  area  is  equal  to  that  of  the  web  ;  find  the 
sectional  area  at  the  centre  of  the  girder,  so  that  the  stress  in  the  metal 
may  not  exceed  3-tons  per  sq.  in.  The  deflection  of  the  girder  is  |-in.  at 
the  centre,  find  the  corresponding  curvature,  and  also  E. 

(51).-The  crushing  and  tearing  inch  stresses  of  cast-iron  are  80,000- 
Ibs.  and  16,000-lb3.,  respectively ;  shew  that,  approximately,  in  a  well- 
proportioned  ^-section,  A^  =  2--4„  and  in  a  well-proportioned  double 
r-section,  A^  =  WA,  +  'lA^,  (§(8)  ). 

Find  the  moment  of  resistance,  the  depth  of  the  section  being  h. 
(52).-The  crushing  and   tearing  inch-stresses  of  wrought-iron  are 
40,000  lbs.  and  60,000-lbs.  respectively ;  shew  that,  approximately,  in  a 

well-proportioned  J'-sectioa,  J.,  =-^*,  and  in  a  well  proportioned  double 


4-2,     A, 


?*-sectiou. 

Find  the  moment  of  resistance,  the  depth  of  the  section  being  h. 

(53). -If  the  ultimate  compressive  strength  of  a  metal  is  equal  to  its 
ultimate  tensile  strength,  shew  that  a  rectangle  should  be  substituted  for 
a  J'-section. 

(54)  .-The  effective  length  {\nd  depth  of  a  cast  iron  girder  were  27 J 
ft.  and  18-ins.  respectively,  and  it«  bottom  flange  was  10-ins.  wide  and 
l^ins.  thick.  The  girder  failed  under  a  weight  of  29J-tons  at  the  centre, 
what  was  the  maximum  inch,  stress  in  the  bottom  flange  ?  (Neglect 
the  aid  from  a  f-in.  web). 
,  (55). -The  flanges  of  a  girder  are  of  equal  sectional  area  and  their 
joint  area  is  equal  to  that  of  the  web ;  what  must  be  the  sectional  area 
of  the  girder  to  resist  a  bending  moment  of  300-inch  tons,  the  effective 
depth  being  10-ins.,  and  the  iim'tiog  inch-stress  in  the  metal  4-toas  ? 

(56). -The  length  of  the  Conway  tubular  bridge  from  centre  to  centre 
^  of  bearings  is  4l2-ft. ;  the  effective  depths  of  a  tube  at  the  centre  and 
quarter  spans  are  23-7-ft.  and  22.25-ft.,  respectively ;  the  corresponding 
sectional  areas  of  the  top  and  bottom  flanges  are  645-8q-ins.,  536-sq-ins., 
and  566-sq.-ins.,  461-sq-ins. ;  the  corresponding  sectional  areas  of  the 
web  are  257-8q.-ins.  and  241-sq-ins. ;  assuming  that  the  total  dead  load 
upon  a  tube  i^  equivalent  to  3-tons  per  lineal  ft.,  and  that  the  continuity 
of  the  web  compensates  for  the  weakening  of  the  tension  flange  by 
riveting,  find  the  flange  stresses  and  deflections  at  the  centre  and  quarter 
spans,  E  being  24,000,000-lbs.  What  will  be  the  increase  in  the  central 
flange  stresses  and  deflections  under  a  uniformly  distributed  live  load  of 
^ton  per  lineal  ft.  ? 
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(57).-Find  the  central  flange  stresses  and  the  E  of  the  metal  of  one 
of  the  Britannia  tubes  from  the  following  data  :- 

Effective  length  =470-ft.,  effective  depth=27^-ft.,  uniformly  distri- 
buted dead  load  upon  tube=1587-tons,  the  deflection  at  the  centre  = 
12-in8.,  the  gross  sectional  area  of  the  top  and  bottom  flanges  and  of  tho 
web,  at  the  centre = 64 8-sq.-ins.,  585-sq.-ins.,  302-8q.-ins.,  respectively. 

(58). -The  effective  length  and  depth  of  a  cast-iron  girder  were 
57-in8.  and  5^in.,  respectively ;  the  top  flange  was  2-33-ins.  wide  and 
•31-ins.  thick  ;  the  bottom  flange  was  6-67-ins.  wide  and  Ge-ins.  thick  ; 
the  web  was  •266-ins.  thick.  The  girder  failed  under  a  load  of  18-tons 
at  the  centre,  what  were  the  maximum  inch-stresses  in  each  flange  at  the 
moment  of  rupture  ? 

(59)  .-The  effective  length  and  depth  of  a  cast-iron  girder  wevc  11 -ft. 
7-ins.  and  10-ins.  respectively  ;  the  top  flange  was  2|-ins.  wide  and 
^in.  thick;  the  bottom  flange  was  10-ins.  wide  and  IJ-ins.  thick; 
the  web  was  |-in.  thick.  The  girder  was  tested  by  loading  it  at  two 
points  distant  3f-ft.  from  each  end,  and  failed  under  a  load  of  17^ -tons 
at  each  point ;  what  were  the  central  flange  stresses  at  the  moment  of 
rupture  ?  Find  the  deflection  at  the  centre,  when  the  load  at  each  of  the 
points  was  7i-tons.    (i;=18,000,000-lbs.,  and  weight  of  girder=3,368-lbs). 

(60).-A  cylindrical  beam  2-ins.  in  diameter,  60-ins.  in  length  and 
weighing  |~lb.  per  cubic  inch,  deflects  |-in.  under  a  weight  of  3,000- 
Ibs.  at  the  centre.     Find  E. 

(6 i). -Compare  the  stiffness  of  the  beams  in  question  (22),  and  also 
of  the  beams  in  question  (27).  If  these  beams  are  all  of  the  same  ma- 
terial, and  if  the  rectangular  and  square  beams  have  the  same  sectional 
area,  in  what  relative  order  will  they  fail  under  a  blow  at  the  centre  ? 


,/, 


1 
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V(62)  .-x\  stress  of  1-lb.  per  sq.-in.  produces  a  strain  of-^ 

beam  1 2-ins.  square,  resting  upon  supports  20-ft.  apart;  find  the  radius 
of  curvature  and  maximum  deflection  under  a  central  load  of  2,000  lbs. 

(63). -A  piece  of  greenheart  11 -ft.  9-ins.  long,  11 -ft.  7-ins.  between 
bearings,  9-ins.  wide  and  8-ins.  deep^  was  successively  subjected  to  loads 
of  4,  8,  and  16-tons,  at  the  centre,  the  corresponding  deflections  being, 
•32-ins.,  •64-in8.,  and  1  •28-ins. ;  find  E  and  the  total  work  done  in 
bending  the  beam.  What  were  the  corresponding  inch-stresses  at  f  ths 
the  depth  of  the  beam  ? 

(64) .-Shew  that  the  sudden  application  of  a  load  to  a  structure  pro- 
duces a  greater  deflection  than  the  gradual  application  of  the  same  load ; 
also  that  the  deflection  of  a  beam  in  which  the  elastic  limit  is  not 
exceeded  is  twice  as  great  from  the  suddenly  applied  load  as  from  the 
gradually  applied  load. 

(65),-Shew  that  the  capability  of  a  rectangular  beam  to  resist  a  blow 
in  a  direction  transverse  to  its  length  is  independent  of  the  proportion  of 
the  depth  to  the  breadth. 
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EXAMPLES. 


^  (66).-The  length,  depth,  and  weight  of  one  of  the  Victoria  Bridge 
tubes  are  242-ft,,  l9-ft.,  and  275-tons,  respectively;  the  inch-stress  in 
the  metal  from  its  own  weight  does  not  exceed  2-ton8 ;  find  the  length, 
depth,  and  weight  of  a  similar  tube  which  has  to  bear  an  inch-stress  of 
4-ton8.  The  deflection  of  the  first  tube  from  its  own  weight  was  2-ins., 
what  will  be  the  deflection  of  the  similar  tube  ? 

(67).-If  the  live  load  in  question  (47)  cross  the  girder  at  60  miles  an 
hour,  what  will  be  the  increased  pressure  due  to  centrifugal  force  ? 

(68) -Sketch  the  cast-iron  girders  which  maybe  employed  for  a  50-ft. 
railway  bridge,  giving  the  section  at  the  centre  and  near  the  ends. 

(69). -Deter mine  the  relations  between  j9,  q,  r  and  n,  [§  (16)],  so  that 
two  beams  of  the  same  material  may  be  subjected  to  equal  unit-stresses 
at  corresponding  points. 

Shew  that  the  ratio  of  the  deflections  of  the  beams  is  p. 

(70).-Two  equally  loaded  rectangular  girders  are  of  the  same  length, 
while  the  breadth  and  depth  of  the  one  are  respectively  equal  to  the 
depth  and  bieadth  of  the  other;  shew  that  the  ratio  of  unit-stresses 
due  to  bending  is  j,  of  the  unit-stresses  due  to  shearing  is  unity,  of  the 
deflections  is  q^. 

(71), -A  sJ^raight  wrought-iron  bar  is  capable  of  sustaining  as  a  strut  a 
weight !«,,  and  a  weight  w.^  as  a  beam  supported  at  the  ends  and  loaded  in 
the  middle,  the  beam  being  of  such  proportions  that  its  deflection  is  small 
compared  with  its  thickness  ;  if  the  bar  has  to  sustain  a  weight  w  as  a 
strut  and  a  weight  w'  as  a  beam,  simultaneously,  shew  that  it  will  not 

break  it  w  H — .w  <to,. 

(72).-A  floor,  with  superimposed  load,  weighs  140-lbs.  per  sq.-ft.,  and 
is  carried  by  a  girder  50-ft.  between  bearings.  What  additional  weight 
per  sq-ft.  should  be  added  for  the  weight  of  the  girder  ? 

(73)  .-A  floor,  with  superimposed  load,  weighs  160-lbs.  per  sq.-ft., 
and  is  carried  by  tubular  girders  17-ft.  centre  to  centre  and42-ft.  between 
bearings.  Determine  the  depth  of  the  girders,  the  safe  tensile  inch- 
stress  in  the  metal  being  9000-lbs. 

(74) -A  cast-iron  girder  is  20-ft.  long  between  bearings  and  24-in8. 
deep  at  the  centre,  where  a  weight  of  30,000-lbs.  is  concentrated ;  deter- 
mine aP  the  dimensions  at  the  central  section,  5  being  the  factor  of 
safety. 

(75)  .-The  length  of  a  cast-iron  girder  between  bearings  is  25-ft.,  and 
the  sectional  area  of  the  bottom  flange  is36-sq.  ins. ;  find  the  depth  of  the 
girder  so  that  it  may  safely  carry  a  load  of  80,000-lbs.  concentrated  at 
10-ft.  from  one  end,  5  being  the  factor  of  safety. 

(76). -An  arched  girder  is  25-ft.  between  bearings,  is  36-ins.  deep  at 
the  centre,  and  carries  a  uniformly  distributed  load  of  100,000-lbs. ;  find 
the  sectional  area  of  the  horizontal  tie,  which  is  to  be  of  wrought-iron. 

(77)  .-Determine  the  admissible  flange  unit-stresses,  in  Questions  45, 
47  and  53,  according  to  the  principles  of  §  (13)  Chap.  I. 
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(l).-(yenera?  Equa- 
tions.—The  girder  OA I 
of  length  I  carries   a| 
load  of  which  the   in- 
tensity varies  continu- 
ously  and    is  ^  at  a  I 
point  iTdistant  a;  from 
0. 

Consider  the  conditions  of  equilibrium  of  a  slice  of  the  girder  bound- 
ed by  the  vertical  planes  KL,  K'L',  of  which  the  abscissae  are  x,x  +  dx, 
respectively. 

The  load  between  these  planes  may,  without  sensible  error,  be  sup- 
posed to  be  uniformly  distributed,  and  its  resultant  pdx  therefore  acts 
along  the  centre  line  W, 

The  forces  acting  upon  the  slice  at  the  plane  KL  are  equivalent  to 
an  upward  shearing  force  *S^,  and  a  right-handed  couple  of  which  the 
moment  is  M,  while  the  forces  acting  upon  the  slice  at  the  plane  ICL' 
are  equivalent  to  a  downward  shearing  force  S+dS,  and  a  left-handed 
couple  of  which  the  moment  is  M+  dM. 

Since  there  is  to  be  equilibrium, 

S-  (S  +  dS)  -p,dx=the  algebraic  sum  of  the  vertical  forcos=0. 

.•.-+i>=0.  (a). 

uCt/  u'Xi 

And,  M  -  (M+  dM)  +  S.-^  +  (S+dS).——the  algebraic  sum  of  the 

a  it 

moments  of  the  forces  with  respect  to  For  1^=0. 

(6). 


:.-—  -S=0. 

dx 


dS.dx 
The  term  — ^ —  is  disregarded,  being  indefinitely  small  as  compared 

with  the  remaining  terms. 
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GENERAL   EQUATIONS. 


=  c,  -  ■«?.  I  f.(x).dx,  and  M=  c.^  +  c,.  x  -  w.  I     I  f{x). 


d3? 


Equations  (a)  and  (6)  are  the  general  equations  applicable  to  girders 
carrying  loads  of  which  the  intensity  varies  continuously .  Their  inte- 
gration is  easy,  and  introduces  two  arbitrary  constants  which  are  to  be 
determined  in  each  particular  case. 

Cor.  l.-From  equations  (a)  and  (h),  -— ^=— =  —p 

CcvC  (.tX 

ht p=iv.f(x),  w  being  a  constant,  and/  (x)  some  function  of  a;. 

.  dM 

' '  dx 
c,  and  Cj  being  the  constants  of  integration,  and  0  and  x  the  limits. 

^cB.-Let  the  girder  rest  upon  two  supports,  and  carry  a  uniformly 
distribut^ed  load  of  intensity  Wi, 

.\-j-z=Ci~   I   Wi.ax=c,  —  w,.x,  and  iM  =  Cj+  c,.  x-t«,.— 

But  ilf  is  zero,  when  x=0  and  also  when  x=?,  .'.0^=  0  and  0,=-^ 

Hence,  M=-^.x--^.x' 

it  ii 

.  „    dM    w,.l 

and  o=-v-  =— i^ iOi.x. 

dx        'A 

Cor.  2.-The  bending  moment  is  a  maximum  at  the  point  defined  by 
-7-  =.0=/S^,  i.e.,  at  a  point  at  which  the  shearing  force  vanishes. 

In  the  preceding  example,  the  position  of  the  maximum  bending  mo- 
ment is  given  by  <S=0=-;y- -w,.x,  or  x=-,     and    its    corresponding 


,         .       W,.l  I         XV.  P 

value  IS  ^-.2  -  -2-4= 


8   • 


Cor.  3.-Suppose  that  the  load,  instead  of 
varying  continuously,  consists  of  a  number 
of  finite  weights  at  isolated  points. 

By  reason  of  the  discontinuity  of  the 
loading,  the  genera!  equations  can  only  be 
integrated  between  consecutive  points. 

Let  N„  Nr  +  1,  be  any  two  such  points,  of  abscissae  x^,  x,  ^  „  respect- 
ively. 

Between  these  points  Equations  (a)  and  (b)  become, 


dx 


dx 
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.•.  S=  a  constant  =Sr,  suppose,  between  N^  and  iV^^  ,. 

Hence,  -j-  =8^,  and  M=Sr-x  ^-  C,  between  iV,.  and  N'r  +  u  C  being 

a  constant  of  integration. 

Let  M=M,.,  when  x=x^,  :.  C=M^  -  S^.x^,  and  M=zS^.(x-  x,)  +  M^. 
Also,  if  M=  i1/r  +  I,  when  x  =  x^  +  „  .'.  j^/;.  +  ,  =  S^.  (air  +  i  -  x,)  +  -'W, 
The  terminal  conditions  will  give  additional  equations,   by  means  of 

which  the  solution  may  be  completed. 

Ex.  -  The  girder  0  A 
rests  upon  two  supports  at  | 
O^A,  and  carries  weights 
/•„  P.i,  at  points  if,  C, 
dividing  the  girder  into 
three  segments,  OB,  BC, 
CA,  of  which  the  lengths 
are  ryS,t,  respectively. 


The  reaction  7?,  at  0=' 


/ 


The  reaction  /?,  at-4  = 


P^.r  +  Pj.r  +  8 

T        • 


Between  0  and  B,  S  is  constant =;S^r>  suppose,  =^, ; 
.".  3I=Sr-x,   there  being  no   constant  of  integration  as  il!f=0  when 
a=0. 

Also,  when  x=r,  M=:Sr.r 

Between  B  and  C,  S  is  constant =*S„  suppose,  z=R^-  P^ 

:.  M—  S,.x  +  c',   c'  being  the  constant  of  integration. 
Bnt  M=Sr.r,  when  x=r,  :.c'=(JSr-  S,).r 

Aud  M=S,.x+(Sr-S,).r 
Also,  when  x=r  +  s,  M=Sg.s  +  ^S^^-*" 

Between  C  and  A,  S  is  constant=^t,  suppose =i?, -Pi- P,. 
4,  and  :,M—Si.x-\-c'\  c"  being  the  constant  of  integration. 

But  M=:S,.8  +  S,.r,  when  x=  r  +  s, .'.  c"  -  S,.s  +  /S^.r  -  St.(r  +  j); 

and  if  =  Si.x  +  S,  .s  +  S^.r  -  St.  (r  +  s). 
Hence,  at  A,  0= »Si,.<  +  <Si,.»  +  Sr-r. 

I    Cor.  4.  -  The  Equation  —  =  <Si,  indicates  that  the  shearing  force  at 

doc 

vertical  section  of  a  girder  is  the  increment  of  the  bending  moment  at 

that  section  per  unit  of  length,  and  is  au  important  relation  in  calcu- 

1  ating  the  number  of  rivets  required  for  flange  and  web  connections. 
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DISTRIBUTION   OF  STRESS. 


(2).-  Cn  the  distribution  I 
of  stress  in  any  given  ]}lane 
of  a  haded  rectangular  beam 
under  combined  bending  audi 
shearing  actions.—  abed  is  an 
indefinitely  small  rectangular 
element  of  the  beam  bounded 
by  the  planes  ab,  cd,  parallel 
to  the  neutral  axis,  NN,  and  by  the  vertical  planes,  ad,  be. 

Let  ab=dx,  ad=idy,  and  let  the  thickness  of  the  beam  perpendicular 
to  the  plane  of  the  paper  be  unity. 

Let  s  be  the  intensity  of  the  downward  shearing  stress  along  ad. 

.'.s  +  c?s  is     "         "         "        upward  **  "  cb. 

Let  t  be  the  intensity  of  the  tangential  (shearing)  stress  along  cd. 

:.t  +  dth        "  "  "  "  "  "  ah. 

Let  jp  be  the  intensity  of  the  compressive  stress  perpendicular  to  ad. 

:.p-\-dp\9      "  "  "  "  "  "  he. 

The  intensities  are  assumed  to  be  the  same  at  every  point  of  the 
faces  t«  which  they  respectively  refer,  as  the  element  abed  is 
extremely  small. 

The  total  compression  upon  bc=(p  +  dp).dy=p.dy,  nearly,  and 
therefore  balances  the  total  compression  upon  ad. 

The  total  shear  upon  bc=(s  +  ds).dy  =  s.dy,  nearly,  and  therefore 
forms  with  the  shear  upon  ad  a  couple  of  moment  s.dy.dx. 

The  total  shear  upon  ab=(^t  +  dt).  dx=:t.(b^,  nearly,  and  therefore 
forms  with  the  shear  upon  cd,  a  couple  of  moment  t.dx.dy. 

Since  there  is  equilibrium,  these  couples  must  be  equal  and  opposite 
and  .'.t.dx.dy^=s.dy.dx,  or  t=s. 

Hence,  the  tangential  intensity,  i.e.,  the  intensity  of  the  resistance  to 
a  longitudinal  shear,  at  any  point,  is  equal  in  magnitude  to  the  inten- 
sity of  the  vertical  shear  at  the  same  point. 

Consider  an  indefinitely  small 
triangular  element  abc  of  the 
beam,  bounded  by  a  plane  bc,\ 
inclined  at  ^  to  the  neutral  axis, 
the  horizontal  plane  ab,  and  the  | 
vertical  plane  ac. 

The  element  abc  is  kept   in  I 
equilibrium  by  the  compression 
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p.ac  upon  ac,  the  shear  t.ah(~8.iih)  along  ah,  the  shear  s.ac  along  ac, 
and  the  stress  developed  in  the  plane  be. 

Let  the  stress  upon  be  be  decomposed  into  two  components,  the  one 
X.bc  normal  to  be,  the  other  Y.bc  tangential  to  be. 
Resolve  in  directions  perpendicular  and  parallel  to  be  ; 
.'.  X.bc=:  p.acsinO  +  s.nb.sintl  +  s.ac.coaO 
and  Y.be=p.ac.co8ft  +  s.ah.sinO  —  s.ac.sinO 
or,  X=p.i>in'^^  +  s.sini-^. 
p.gin'iff 


and,  Y: 


2 


+  a.eos'i'f^ 


Let  fl,,  6„  be  the  values  of  0,  for  which  JTand  Y,  respectively,  are 
maxima. 

.'.  -5^  =  O=».»tn20,+  2«.cos.2fli,  and   t(m.2fii=-^—. 
a  fi  p 

-7—  =  0=  p.  CO820,  -  2.8.8in2fti,    and   tan2di—  ^ . 
do  ^  »  *      2« 

.'.   tun2\.tan  2f/j=  -  1,  and  <?,  -»,  =  45". 

Hence,  at  any  point,  the  angle  between  the  plane  upon  which  the 
normal  intensity  of  stress  is  a  maximum,  and  the  plane  upon  which  the 
tangential  intensity  of  stress  is  a  maximum,  is  equal  to  45". 

Again,  s  is  zero  when  ^,=90"  or  0",  and  ji  is  zero  when  fl,  =  45". 

Thus,  the  curve  of  greatest  normal  intensity  cuts  the  neutral  axis  at 
an  angle  of  45°,  one  outside  fibre  at  90°,  and  the  opposite  outside  fibre 
at  0°,  while  the  curve  of  greatest  tangential  intensity  cuts  the  outside 
fibre  at  45°,  and  touches  the  neutral  axis. 


Fig.  6  serves  to  illus- 
trate the  curves  of  great- 
est normal  intensity 
There  are  evidently  two 
sets  of  thes  J  curves,  re- 
ferring, respectively,  to 
direct  thrust  and  direc 
tension. 

Fig.  7  illustrates  the 
curves  of  greatest  tan- 
gential intensity. 


ill 


I 
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(3).-0>i  the  interpretation 
of  the  Jicnding  Moment  equa- 
tion.-Tho  bonding  moment  M 
at  any  transvortie  section  of  a 
girder  may  be  obtained   from 

P  T 

the  equation,  J/=-~,^bcing 

the  radius  of  curvature  of  the 
neutral  axis  at  the  section 
under  consideration. 

Let  OA^  in  Figs.  8  and  9, 
represent  a  portion  of  the  neu- 
tral axis  of  a  bent  girder. 

Ta..  ^  0  as  the  origin,  the 
horizout  vl  line  OX  as  the  axis 
of  a;,  and  the  line  OY  drawn 
vertically  downwards  as  the  axis  of  y. 

Let  Xf  y,  be  the  co-ordinates  of  any  point  P  in  the  neutral  axis. 

d?.jf 


■ 

P^  ---,''        -      X 

■  ^^'^A 

Fig  8 

Y 

0 

0 

-^ -^ ,       ■      — 

p---A 
F,g.9 

K 

^ 

If  ^  is  the  radius  of  curvature  at  P,  .'.^=  ± . 


dx' 


{■-mr 


the  sign  being  -I-  or  -  according  as  the  girder  is  bent,  as  in  Fig.  8  or 
as  in  Fig.  9. 

Now,  T^  is  the  tangent  of  the  angle  which  the  tangent  line  at  P  to  the 
neutral  axis  makes  with  OX,  and  the  angle  is  always  very  small. 
Thus,  ^is  also  very  small,  and  squares  and  higher  powers  of  ^  maybe 
disregarded  without  serious  error. 

.''•p—  i  jJi»  *°'^  *^®  bending  moment  equation  becomes, 

The  integration  of  this  equation  introduces  two  arbitrary  constants, 
of  whieh  the  values  are  to  be  determined  from  given  conditions. 

(^). -Examples  of  the  form  assumed  by  the  neutral  axis  of  a  loaded 
beam.— 


FORM  ASSUMED  BY  THE   NEUTRAL  AXIS. 
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Ex.  l.-A  Hcmi-girder  fixed  atone 
end  0  carries  a  weight  W  at  the 
otiicr  end  A.  At  any  point  P, 
(x,^),  of  the  neutral  axis, 


■^EJ:^,=  W.{1-x). 


(A) 


Integrating,  i:./.^  =  IF.  n.a--- J    +   c„    c,  being  a  constant  of 

integration.     But  the  girder  is  fixed  at  0,  bo  that  the  inclination  of  the 
neutral  axis  to  the  horizon  at  this  point  is  zero,  and  thus,  when  x  c  0, 


•Y-  is  0,  and  .•.  c,=0. 
ax 


Hence,  E.I^=  wAlx-'^\  (B) 

/.  J  -  ^  j  +Ci,  c^  being  a  constant  of  in- 
tegration.    Buty=0,  when  a;=0,  and  .■.c,=0. 
Hence,JS;./.y=}r/z.|!-i') 


(C) 


d,,  ^. 


Equation  (B)  gives  the  value  of -y-,  i.e.,  the  slope,  at  any  point  of 

which  the  abscissa  is  x. 

Equation  (C)  defines  the  curve  assumed  by  the  neutral  axis,  and  gives 
the  value  of  y,  i.e.,  the  deflection,  corresponding  to  any  abscissa  x. 

Cor  .-Let  a,  be  the  slope,  and  ef,  the  deflection  at  A, 

1  TT.P  1  FT 

.-.  from  B,  tan  <^\=2Je1''  *°^  *'^°°*  ^^'^'  ^^  '^  ~6'T1 

Ex.  2.-A  semi-girder  fixed  at  one 
end  0  carries  a  uniformly  distribut- 
ed load  of  intensity  w. 

At  any  point  P,  (a;,y),  of  the 
neutral  axis, 


4....*v, 


.-■,>... M.  -..rt^ 


+ ^-^-S  =1'  Q  -  ^y  =  |-(p  -  2.?.^ + ^) 


dx^~^ 

d^ 
'dx' 


(A) 


Integrating,  +E.lJ^=^.(p.x-lx^  +  ^)  +  c„   c,  being  a  con- 
stant of  integrate 


^i 


f 
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lint~=0,  when  x=0,  and  .-.  c,  =  0 


H.oe.,£./.|=r.(?.._,^^|*),  ^^ 

to    I        3^  3?       cd^  \ 

Integrating,  E.Ly=^.  I  ^-  2"  -  ^-3"  + 12  )  "^  ^«»  '^^  ^'"S  »  constant 
of  integration. 

But  ^  =  0,  when  a;=0,  and  .•.  c,  =  0. 

Hence,  E-ly^^  (  Z«.  ^  _  z|  ^.  g)  .  ^^^ 

Cor.-Let  a,  be  the  slope  and  d^  the  deflection  at  ^, 

.'.  from  B,  tan  ««=;;. -jtt-,  and  from  C,  c?»=5.-£r^. 

^x.  3.-A  semi-girder  fixed  at  one  end  carries  a  uniformly  distributed 
load  of  intensity  w?,  and  also  a  single  weight  W  at  the  free  end.  This  is 
merely  a  combination  of  Examples  (1)  and  (2),  and  the  resulting  equa- 
tions are :- 

E.A^W.(l-x)+%.(l-xy 


^.z,=,r.(.^-0.-;(.|-.|!4). 

Also,  if  A  is  the  slope,  and  D  the  deflection,  at  the  free  end, 

1     /  W.I?      w.?\ 
.•.  from  By  tan  A  -  -p-j- 1  -^  +  —^  j  =:tan  a,  +  tan  a,. 

and  from  V,  ■^  =  ^  (  -3-  +  "g"  J  =">  ^  "•• 


(A) 
(B) 
(C) 


^ar.  4.-Thv?  girder  0-4  rests 
upon  two  supports  at  Of  A,  and 
carries  a  weight  W  at  the 
centre. 

The  neutral  axis  is  evident- 
ly symmetrical  with  respect  to 
the  middle  point  C,  and  at  any 

point  P,  (x,y),  between  0  and  C, 


(A) 


1!  I 
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Integrating,  -  ^-I-^  =-7  -^  +  ^u  ^i  being  a  constant  of  integration. 

But  the  tangent  to  the  neutral  axis  at  C  must  be  horizontal,  so  that 

when  x-^,  /=  0,  and  .-.  c,  =  - 
2  ax 


16 


„^dy      W,       W.P 
Hence,  -  ^-^-t-  =-^-^  " 


(B) 


16 

W        W.P 
Integrating,  -  E.I.y  -  j^.x^  -  -jx  'x  +  c„  Cj  being  a  constant  of  in 


12- 


16 


tegration. 

But  y  =  0,  when  a;  =  0,  and /.  Cj  =  0 

Hence,  -^./.y=j2.x'--j^a;  (C) 

Cor  .-Let  a,  be  the  slope  at  0,  and  t?,  the  deflection  at  the  centre, 

1  WJ}  1  W.f^ 

.'.  from  (B),  tan  «i=jg-^»  and  from  ((^),  <^,  =  ^-^j. 

Ex.  5.-The  girder  OA  rests 
upon  supports  at  0,  A,  and 
carries  a  uniformly  distributed 
load  of  intensity  w. 

At  any  point  i*,  (x,y),  of 
the  neutral  axis, 

d*y_v).l         W.X 
cti-       2  2 


(A) 


„  ^du      w.l    ,      w.x^  .   .  ,  „ 

Integratmg,  -  EJ.-^=  ~-ar 6~  +  *'»»  ^i  being  a  constant  of 

integration. 

But.  ^  =0,  when  x=  ^,  and   .'.01=  -  -rrj- 
ctc  2  24 

XT  r,  ,du     w.l    ,    w.a:'      w.P 

Hence,  -  £7.7.^-=  -^a^-  "«-  "  "oJ- 


'<fo; 


24 


(B) 


w./ 


W.X' 


w.f 


Integratmg,  -  E.Ly=  ^^.x?  -  -^  -  -g^.x  -^  Ct,Ct  being  a  con- 
stant of  integration. 

Buty=0,  when  a;=0,  and  .'.  c,=0 

(C) 


tc 


i 


.r 


•a, 


Hence,  -  JJ./^  =  j^.»»  -  ^       g^ 

Cor  .-Let  a,  be  the  slope  at  0,  and  (fj  the  deflection  at  the  centre, 

1  w.?        ,  -,        .f^   J       5     w.^ 
.-.  from  (5),  ton  ai  =  24*^»  ***"  "°"  v^-''    '~38i*^T 
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Ex.  6.-A  girder  rests  upon  two  supports,  and  carries  a  uniformly  dis- 
tributed load  of  intensity  w,  together  with  a  single  weight  W  at  the 
centre.  This  is  merely  a  combination  of  Examples  (4)  and  (5),  and  the 
resulting  equations  are  :- 


<Pi/  _  W        w.l        w.x^ 

(/a;      4  16  4  6 


W 


W 


w.l 


w.x' 


W.P 
W.P 


and  -  E.l.y=:r^.x'  -  -.l\x  +  —  .x*  -  -^- ~  .x 


12 


16 


12 


24 


24 


(A) 
(B) 
(0) 


Also,  if  A  is  the  slope  at  the  origin,  and  D  the  central  deflection, 
.-.  from  {B),  tan  A.=i^.  I  -^  +  —  I  =  tan  a„  +  tan  a,. 

and  from  (C),  ^=^-  (  ^8"  "^384'^'*^  j  =dx  +  d^. 


Ex.  7.-Suppose  that  the  end 
0  of  the  girder  in  Example 
(5)  is^ec?.  The  fixture  in- 
troduces a  left-handed  couple 
at  0 ;  let  its  moment  be  M^ 

Let  the  reactions  at  0  and 
A,  be  i?„  R:,  respectively. 

At  any  point  F,  (x,y)  of  the 
neutral  axis, 


wxf 


-e.l2,=r,.x-^-m, 


0) 


iPy 


But  M,  i.e.,  -  E.l.-r^j,  is  zero  w\ier\^0g=l, 

W.P 


M=R.l  - 


2 


(2) 
(3) 
C4) 


.         and,  -i;.7.^^,=i?.,^a:-?)-|.(x^-0 
Integrating,  -^.7.|=/?.(|^Z.x)-|.{f-^'..) 

There  is  no  constant  of  integration  as  -^  and  x  vanish  together. 

Integratmgagam,  -i?.7.y  =  /?.!- -  —  j  -^.(^2 -"2" j      ^^^ 
Ther«3  is  no  constant  of  integration  as  x  and  y  vanish  together. 


(A) 
(B) 
(C) 


0) 


(2) 
(3) 
(4) 

(5) 
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But  y  also  vanishes  when  x=l,  so  that  0  =  -  if,.  -  +  — .to.^ 

5  3 

'    .*.  Ri=^.w.l,  and  so  Jt^=-.w.l  (q\ 

From  equation  (2),  Jlf,=  -^  ^'j\ 

Hence,  the  bending  moment,  slope,  and  dejln  equations  are  respectively, 

,cPi/     5 


-EJ.y=-^.w.l.x»--.x*-—.x' 
Cor.  l.-The  bending  moment  vanishes  when 


(9) 
(10) 


I 


M=0=^.w.l.x  -  ^.x»  -  -^  , 


i.e.,  when  a:— j  or  I.    Between  these  limits  the  Bending  Moment   is 

positive,  and  is   a  maximum  when -=-=0=  -.w.l-w.x,  i.e.,  when 

cue  o 

x=^.l,  its  value  being  — 5.1C.P. 

Between  the  limits  x=0  and  x=:  - ,  the  Bending  Moment  is  negative, 

and  at  0  is  an  absolute  maximum,  its  value  being  — ^. 

Cor.  2.-Vhe  deflection  is  a  maximum  when  -r  =0,  i.e.,  when 

dx 

0  =  jg.w.?.x«-  ~.a?  -  —  .X,  or  x= ^-g  •  /l  5  -  V  33  j 

The  corresponding  value  of  y  is  found  by  substituting  this  value  of  x 
in  equation  (10). 

Cor.  3.-T0  illustrate  the  Shearing 
Force  and  Bending  Moment  at  dif- 
ferent points  of  the  girder,  graphical- 

ly. 

The  shearing  force  at  any  point  of 
which  the  abscissa  is  x,  is 


o 


(11) 


-I 


i! 


<    u 


n  I 


■a 


•f  J 
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The  Bending  Moment  at  the  same  point  is, 
^5  w    J    w.b 


(12) 


Take  OB  and  AC,  respectivsl/  eqnal   or  proportional  to  ^..w.l.  and 

o 

^.w.l;  join  BC.     The  line  BC  cuts  OA  in  D,  where  02)=|.Z.      The 

o  o 

shearing  force  at  auy  point  is  represented  by  the  ordinate  between  that 
point  and  the  line  BC. 

Again,  take  OG,  DE,  and  OF,  respectively  equal  or  proportional  to 

vs.V^    9  I 

"5~'T9fl"^"^'  and  -.     The  bending  moment  at  any  point  is  represented 

by  the  ordinate  between  that  point  and  the  parabola  passing  through 
G,  F,  and  A,  having  its  vertex  at  E  and  its  axis  vertical. 

(6). -To  discuss  the  form  assumed  by  the  neutral  axis  of  a  girder 
OA  which  rests  upon  supports  at  0  and  A,  and  carries  a  weight  P  at 
a  point  By  distant  r  from  0. 

Let  OB  A  be  the  neutral  axis  of 
the  deflected  girder. 

The  reactions  at  0  and  A,  are 

l—r  r 

P.  — ,  and  P.-,  respectively. 
t  c 

Let  BC,  the  deflection  at  C,=^d. 

Let  a  be  the  slope  of  the  neutral 
axis  at  B. 

The  portions  OB,  BA,  must  be  treated  separately  as  l!ae  weight  at  B 
causes  discontinuity  in  the  equation  of  moments. 

First,  at  any  point  (x,y)  of  OB, 
d'y     ^Ur 


—  E.l.-r-,^=^P,—r—JX 

ax  I 


(1) 


Integrating,  -  F-I.-j-  =  P.-r- .-  +  c,,  r,  being  a  constant  of  integration. 


But  ^=:tan  a,  when  x=r,  and  .*.  —  E.l.  tan  a= P.  =-.-  +  c, 
ax  I    i 

Herce,  -E.L  (|-to«a)  =P-^-{P"^) 

Integrating,  -  E.I.Qf  -x  tan  a)=P.  y  (  o" ""  5  •'"  ) 

There  is  no  constant  of  integration  as  x  and  y  vanish  together. 


(2) 
(3) 
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Also,  y=^d,  when  a5=r 
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(4) 


In  the  same  manner,  if  A  were  taken  as  the  origin,  and  AB  treated 
as  above,  equations  similar  to  (1),  (2),  (3),  and  (4),  would  be  obtained, 
and  may  be  at  once  written  down  by  substituting  in  these  equations, 

IT  -  a  for  a,  P.  -,  for  P.—  ,l-r  for  r,  and  r  for  l-r. 


Thus,  the  equation  corresponding  to  (4)  is, 

- E.L Id-I^r.  tan  T^-a\  =  -  P.j >-~^ 

p 

Subtracting  (5)  from  (4),  E.I.I,  tan  a=-.r.^.«-2r 

And  from  (4),  E.I.d=^.   "^  ^  ^ 

Equations  (I),  (2),  (3),  and  (6),  fully  determine  OB. 
Next,  at  any  point,  (x,  y),  of  BA, 


(5) 
(«) 
(7) 


-  E.I.~  =  P.-r  .X  -  P.(x  -  r) 
dor  I 


(8) 


.i$-r.^ 


+  c,,   c,  beinj;  a 


Integrating,  -  E.l.j^=P.-^  .^  -  ^ 
constant  of  integration. 
But  -~  =  tan  a,  when  x  =  r,  and  .-.  -  E.I.  tan  a  =^P.-^.-  +  P.^  +  Cj. 

Hence,  -  £J.{%-fna)  =P.^.{^-  ~)  "  ^■(■^-r)'    W 

^      „  l-r  fx'      r"    \ 
Integrating,  -  EJ.(y-x.  tan  a)=P.-^  .{^^  -  ^.xj 

_  Z-1--  jf.r  +  r^.x  )  +  C4,  Ci  being  a  constant  of  integration. 

Pl-r 
But  i/  =  d,  when  x  =  r,  and  -  iJ.  /. (d  -  r.tan  a)  =  -  — .  j  .r*  by   (4) 

Hence, -E.I.(y    x.tan  a)==P.^  ("^  -  ^.xj  -  ^.(x-ry.    (10) 


Eq 


ence, 
nations  (8),  (9),  (10),  and  (6),  fully  determine  5^. 


dy 


Cor.-The  deflection  is  a  maximum  when  ^  =  0,  i.e.,  from  (9),  when 


)   f 
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and.*.  x=Z-V — 7— • 

This  gives  the  )K}sition  of  the  most  deflected  point,  and  the  corres- 
ponding value  of  y  may  be  found  from  (10). 

i:a;.-jP=20,000.1bs.,  ?=90-ft.,  r-lO-ft. 

:,EJ.  tan  ,^20^0.L0.8o.70^"2,000.000 

^  „  ,  ^    20,000  10^80«    1,280,000,000 

and  jl,1.ol=s. s*. — 

3        90  27 


The  distance  of  the  most  deflected  point  from  A 


=V^; 


-10» 


=51.64-ft. 


i< 


(I 


i( 


(( 


K 


0  =38.36-ft. 

The  maximnm  deflection  is  the  value  of  y  obtained  by  putting 
«=38.36-ft.  in  (10). 

(^6). -  To  discu8$  the  form  0/ the  neutral  axis  0/ a  girder  OA,  which 
rests  upon  supports  at  0  and  A  and  carries  several  weights  /*„  Pj,  P,, 

at  points  1,  2,  3. 0/ which  the  distances  from   0  are  ri,  r^  r„ 

respectively.— 


It  may  be  assumed  that  the  total  effect  of  all  the  weights  is  the  sum 
of  the  effects  of  the  separate  weights,  and  thus  each  may  be  treated 
independently. 

Let  a,,  a^.  a,, be  the  slopes  at  the  points  1,  2, 3 of  the  neutral 

axis,  respectively. 

Considering  J*,,  the  equation  to  01  is 

—E.l(y-x.tan  a,)=P,.-y- 1|*  - ^'.x  j 


^ 
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Considering  P„  the  oonaHon  to  1^  is 
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,      „  l-r.  i^    t\    \      P, 
-E.l.{y-x.tan  a,)  =P^'-J'\q' ^•^)  '  q'^^     '"•) 

«         "     P„  the  equation  to  02  is 

- E.I.{y - x.tan  ai)=P,.-~- 1^-  ^.x\ 

"         "     P„  the  equation  to  2A  is 

l-r  /x'    r*    \      P 
-E.I.(y -x.tan  a,)  =A.-j-  (  6"2  •'^/  ~  V^^^"*"*)* 

and  so  on  for  P,,  Pi, 

The  total  deflection  at  any  point  is  the  sum  of  the  deflections  due  to 
the  several  loads. 

Thus,  the  deflection  at  any  point,  (x,y),  between  3  and  4= deflection 
due  to  P,  +  that  due  to  P,  + ,  &c., 

P   l-r  /x'      r*  \      IP 

Now,  def.n  due  to Pr «•<«»» ^^'^j-J  {q"  2^}  '*' QEJ^"^ ~ ^'^' 

P,  Z-r,  /x»      rl    \      1  P,.         ., 
P,  l-r,  /x»    7^     \      1  P3    .  ,, 

and  80  on. 
Hence,  the  total  deflection  =1^= 
X.  (<a7i  a,  +  tan  j,  ■*-  <a»  03+...^.) 

-;^^j^-(p.i^»+i',.^=^,+ )-|(i'.r?+p..r;+.....)  I 

1        ( 3  8  8  1 

+  g-^-j-Pi.a;-r,+  Pi.x-r^+  P^.x-r,  | 

Again,  if  the  most  deflected  point  lies  between  3  and  4,  its  position 
may  be  at  once  determined  by  making  ~  zero.  This  gives  a  quad- 
ratic for  finding  x,  and  the  corresponding  deflection  may  be  obtained 
by  substituting  this  value  of  x  in  the  above  equation. 

^x.-A  girder  of  100- ft.  span  supports  two  weights  of  20,000-lb8.  and 
30,000-lbs.  at  points  distant  20-ft.  and  60-ft.  from  one  end,  respectively. 

The  most  deflected  point  evidently  lies  between  the  two  weights. 

According  to  the  above,  if  there  are  only  two  weights  P„  Pj,  the 
equation  to  the  neutral  axis  between  them  is, 


% 
if 


i 


I  A 
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P,  ?-r    (7?     r\     \         P,    ,        ,, 
y=:x.tan  a,  -  Yj~i   *  I  6"  ~  2 '*  /  "*"  Q^El'^^'^'^  '^ ^''^^  "• 

E.I  I     \6      2     ) 

Also,y  is  a  maximum  when  ;p=0,  i.e.,  when 

t,     ,  P,  t-r,  /a:*    rK        /*,    , 

P,  ?-r,  /x*     rj\ 
~BTl~l'\2~2j 
In   the   present  case,   P,=20,000-lbs.,   P,  =  30,000-lbs.,  r,=20-ft., 
rj=60-ft.,  .-.  E.J.tan  a,  =  6,400,000,  and  E.I.tan  «,  =  -  4,800,000,  and 
the  quadratic  becomes,  j^  +  lOOx -  7600=0,  or  x  =  50-497-ft   /. &c. 

(7). -Girder  encastri  at  the  ends.-The  girder  BCDEFG  rests  upon 
supports  at  the  ends,  is  held  in  position  by  blocks  forced  between  the  ends 
and  the  abutments,  and  carries  a  uniformly  distributed  load  of  intensity  w. 


It  is  required  to  determine  the  pressure  that  must  be  developed 
between  the  blocks  and  the  girder,  so  that  the  straight  portion  between 
vertical  sections  at  points  0  and  A  of  the  neutral  axis  may  be  in  the  same 
condition  as  if  the  girder  vrerejixed  at  these  sections. 

Let  I  be  the  length  of  OA. 

Let  R  be  the  reaction  at  the  surface  BC,  and  r  its  distance  from  0. 

Let  H  be  the  reaction  between  the  block  and  the  end  CD,  and  h  its 
distance  from  0. 

Let  P  be  the  weight  of  the  segment  on  the  left  of  the  vertical  section 

O,  and  p  its  distance  from  0, 

w  1 
The  shearing  force  at  0  is  evidently-^ ,  and  it  can  easily  be  proved, 

as  in  Ex.  7,  §  4,  that  the  moment  of  the  couple,  due  to  fixture  at  0, 
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.  w.l 


ia  _L  J  /,  for  the  equilibrium  of  the  segment  on  the  left  of  the  section  at  0, 


12 


i?  +  ^  -  ^=0,  and  Ii.r  -  P.p  -  B.h  -  ^=0. 


(w.l\  „        w.P 


^     d»y    w.l       W.X' 


=  the  required  pressure. 

Again,  take  0  as  the  origin,  OA  as  the  axis  of  x,  and  a  vertical 
through  0  as  the  axis  of  j, 

.'.at  any  point  (x.y)  of  the  neutral  axis, 

W.P 

(8)  .-Ore  the  ttiffness  of  a  beam. — The  stiffness  is  measured  by  the 
ratio  of  the  load  to  the  maximum  deflection  due  to  such  load. 

Ex.  l.-A  girder  fixed  at  one  end  and  loaded  with  a  weight  W  at  the 

other. 

1  W.P         W  I 

.'.  Z>=the  maximum  deflection =5.^^'  and  -=:  =3.E.  —• 

Ex.  2.-A  girder  fixed  at  one  end  and  loaded  uniformly  with  a  weight 

of  intensity  w. 

^     ,  w.l'       .W     w.l    _  „   / 
.•.i)=i-^^,and^=:-p=8.^.^. 

Ex.  3.-A  girder  resting  upon  two  supports  and  carrying  a  weight  W 
at  the  centre. 

Ex.  4.-A  girder  resting  upon  two  supports  and  carrying  a  uniformly 
distributed  load  of  intensity  w. 

5   w.l*         W_w.l_3S4      I 

••^""384':sr/*  :d~  />~"5r'  'T^' 

In  all  these  cases  the  stiffness  varies  directly  as  the  moment  of  inertia, 
and  inversely  as  the  cube  of  the  length. 

If  the  girder  is  rectangular  in  section  and  of  constant  breadth,  then 
/varies  directly  as  the  cube  of  the  depth  (c?),  and  therefore  the  stiffness 

-  ] .     This  shews  how  advantageous  it  is,  in  point  of  stiffness,  to 

increase  the  depth  in  proportion  to  the  length.  , 


M 


y      'I 
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I 


(9).-0n  the  work  done  in  bending  a 
beam.  Let  A'B'CD'  be  ao  originally  rect- 
angular element  of  a  beam  strained  under  the 
action  of  external  forces. 

Let  the  surfaces  A'D',  B'C,  meet  in  0  ; 
0  is  the  centre  of  curvature  of  the  arc 
F'Q'  of  the  neutral  axis. 

Let  OP'=R=OQ\ 

Let  the  length  of  the  arc  P'Q'=dx. 

Consider  any  elementary  fibre  p'q\  of 
length  dx\  of  sectional  area  a,  and  distant 
y  from  the  neutral  axis. 

Let  t  be  the  stress  in  p'q'. 

The  work  done  in  stretching  p'j' 

—  -•[dx'-dxy 


dx'  ~dx     —     y 


1  E 


T.     dx'    p'q'      R  +  y       .  ^     „ 

.'.  the  work  done  in  stretching  ^'g''=-^'^-£?x.a.y', 

(\  p  \ 

-•-^  dx.  a.yM 

IE-         /       2N       1  E.I 

=-^'^-dx.lCa.y)=:--^-dx 
Hence,  the  total  work  between  two  sections  of  abscissae  a;,,^;^, 


Xq 


X.. 


ri  E.i  J     E.i  c 


E.I  Cdx 
1^ 


»■ 


», 


EI. 
2 


the  work  between  the  given  limits 


X\  X\ 


,lj.,. 


This  expression  is  necessarily  equal  to  the  work  of  the  external  forces 
between  the  same  limits,  and  is  also  the  semi  vis-viva  acquired  by  the 
beam  in  changing  from  its  natural  state  of  equilibrium. 
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1 


) 


Cor.-I{  the  proof  load  P  is  concentrat<^d  at  one  point  of  a  beam,  and 

P 

if  d  is  the  proof-deflection,  .*.  the  resilience  =-;T.d. 

If  a  proof  load  of  intensity  w  is  uniformly  distributed  over  the  beam, 
and  ify  is  the  deflection  at  any  point,  .'.  the  resiliences-  I  w.i/.dx,  the 

integration  extending  throughout  the  whole  length  of  the  beam. 

The  ease  of  the  single  weight,  however,  is  the  most  useful  in  practice. 

(10).— On  the  transverse  vibrations  of  a  beam  resting  upon  two 
supports  in  the  same  horizontal  plane. 

It  is  assumed  : — 

(a).-That  the  beam  is  homogeneous  and  of  uniform  sectional  area. 

(6). -That  the  axis  (neutral)  remains  unaltered  in  length. 

(c).-That  the  vibrations  are  small. 

((2)  .-That  the  particles  of  the  beam  vibrate  in  the  vertical  planes  in 
which  they  are  primarily  situated.  In  reality,  these  particles  have  a 
slight  angular  motion  about  the  horizontal  axis  through  the  centre  of 
gravity  of  the  section,  but  for  the  sake  of  simplicity  the  effect  of  this 
motion  is  disregarded. 


Let  OA  be  the  beam. 

Take  0  as  the  origin,  the  neutral  line  OA  as  the  axis  of  x,  and  the 
vertical  OY&s  the  axis  of  y. 

Consider  an  element  of  the  beam,  bounded  by  the  vertical  planes 
BC,  B'C\  of  which  the  abscissae  are,  x  and  x  +  (far,  respectively. 

Let  w  be  the  intensity  of  the  load  per  unit  of  length,  .*.  w.dx  is  the 
load  upon  the  given  element,  and  acts  vertically  through  its  centre. 

Let  S  be  the  shearing  force  at  5,  S+dS  is  the  shearing  force  at  B\ 

Let  M  be  the  bending  moment  a.t  B,  M+  dM  is  the  bending  moment 
at  B'. 

Also,  the  resistance  of  the  element  to  acceleration=  -•-tj' 
'  g  dr 


I ' 


H 


f 

1 


^li 


il 


i'i 


1:         I 
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Hence,  at  any  time  t, 


-dx^.  +  S-(S+dS)-  w.dx=0 


dt* 


d*y     g  dS 
dr      w  dx     ^ 


0) 


Again,  taking  moments  about  the  middle  point  of  BB'  or  CC*, 
:.M-{M+dM)-\.8.~^-{SArdS)f-^^Q, 


dM    _ 

or  -rr-    =8. 

ax 


(2) 


But  M=  -  EJ.^„  .-.  S=  -  E.ir.\,  andT=  "  ^-^-^v 


tic" 


,d^ 
dx*' 


Hence  from  (l),-^  +  f-i?. 7.^-^=0. 


dt^ 


(3) 


This  equation  does  not  admit  of  a  finite  integration,  but  may  be 
integrated  in  the  form  of  a  partial  differentiul  equation. 

(I I). -Continuous  girders.  When  a  girder  overhangs  its  bearings, 
or  is  supported  at  more  than  two  points,  it  assumes  a  wavy  form, 
and  is  said  to  be  continuoua.  The  convex  portions  are  in  the  same 
condition  as  a  loaded  girder  resting  upon  a  single  support,  the  upper 
layers  of  the  girder  being  extended  and  the  lower  compressed.  The 
concave  portions  are  in  the  same  condition  as  a  loaded  girder  sup- 
ported at  two  points,  the  upper  layers  being  compressed  and  the 
lower  extended.  At  certain  points  called  points  of  contrary  flexurtj 
or  points  of  irtjlexion,  the  curvature  changes  sign  and  the  flange 
stresses  are  necessarily  zero.  Hence,  apart  from  other  practical  consid- 
erations, the  flanges  might  he  wholly  severed  at  these  points  without 
endangering  the  stability  of  the  girder. 

(12) .-7b  discuss  the  form  OPXQV  of  a  continuous  girder  resting 
upon  three  supports  at  0,  Xand  F,  when  the  segment  OX  is  haded  with 
a  weight  w,  per  unit  of  lengthy  and  the  segment  XV with  a  weight  w^per 
unit  of  length. 

LetOX=Z„-rr=7^ 

Let  a  be  the  angle  made  with  OF  by  the  tangent  at  X  common  to 
the  segments  XPO  and  XQV. 

Let  RiyRtfRt,  be  the  reactions  at  0,X,  V,  respectively. 

Consider  the  segment  OPX,  and  refer  it  to  rectangular  axes  OX,  OT. 
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The  equation  of  moments  at  any  point  Pi  (^^),  is  :- 
Integrating,i7.7.-^=7?,— ^  +  c,  c  being  a  constant  of  integration. 


dx 


dy 


But  ^= tan  a,  when  x=?|, 


.•.  -  E.  I.  tan  a=  /?,-^-  -  M>,.g  -  c 


:«;»     /?> 


^jc'     /J> 


a 


Hence,  -  E.l.  (^1-  -  tan  a)  =R,.  (f  -  ^)  -  ^^i-  (~  -  i) 

(iX*     P    \  /  x^     y    \ 

6"  ~  ^V  ~  ^'"  \24  ~  i-^)  ^ 

There  is  no  constant  of  integration  in  this  equation  as  x  and  y  vanish 
♦ogether. 
Al8O^=0,  when  ^=?|, 

.-.,  from  3,  E.l.  tan  a=  - -^T\  +  |J7»  4 

Similarly,  the  segment  VX  gives, 

i7./.  ton  ( TT  -  a)  =  - -?  ij  +  ^*.^ 

.-.  from  (4)  and  (6),  RJ^  +  R^.}*  =  f  .«>,.?  +  §M?,.iJ 
Again,  by  taking  moments  about  X, 

if,i,  -  i^J,= J.tr,.ZJ  -  J.W3.5. 
Hence  from  (6)  and  (7), 

P  _  3.tg,.P  +  4.tg,Zf  ^  -  tOg.Q 

-M>,.i,*  +  A.V}^.l^.J\  +  3u>,.i5 


5 

6 


/?l= 


8./r(i,  +  «,) 


8 
9 


rt' 


li    •: 


i( 


t'h' 
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11 


From  (4)  and  (8),  EJ.tan  a  =      u\i  ^q  I 

At  the  jxnnte  of  iiijlexvm^  the  flange  stresses,  and  therefore  the  bending 
moments,  are  zero.  i.^         ^;  :S 

2  /? 
Hence,  from  1,  distance  of  point  of  inflexion  in  OX  from  0=  -^' 

So         "  "  "  VX   "    7=  — * 

w. 

The  deflection  at  any  point  of  OX  is  given  hy  3,  and  the  distance 

of  the  most  deflected  point   is   the  value  of  x  obtained  by  putting 

fl=0in2. 
cue 

The  point  at  which  the  bending  moment  is  a  maximum  is  found  by 

putting-j^  =  0,  or  is  midway  between  the  end  of  the  girder,  and  the 
dx 

nearest  point  of  inflection. 

i7x.-Let /,=/,=/,  .*.  -Bi=—  (T-t^i-Wji),  ^=~-(M7,  +  tCg), 

I  P 

R,=  r^.(  -Wi  +  7w2),  and  EJ.tan  a=-—(wt  -  to,), 
lb  4o 

Also,  the  distance  from  0  of  the  point  in  OX  at  which  the  bending 


R, 


moment  is  a  maximum  =  — 


i?? 


/.  from  (l),  the  maximum  bendino:  moment  in  OX=h — ■' 

So, 

(13).-2''o  discuss 
the  form  OAXBV 
of  a  confinuouM  gir- 
der resting  upon 
three  supports  at  0, 
X,  and  V,  when  a 
weight  TT,  is  sus- 
pended from  a  point 
A  distant  r,  from  0, 
and  a  weight  W^ 
from  a  point  B,  distant  R^from  V. 


^ 


CONTINUOUS  GIRDERS, 


113 


Take  the  same  notation  as  before,  and  let  j8„/3„  be  the  angles  which 
the  tangents  to  the  girder  at  A  and  B,  respectively,  make  with  OV. 
The  equations  determining  OA  (  §  7  j  are : — 


_  E.I.-^,-R,.x 


-^.z(i-,«.,)=^.(r-p 


(1) 
(2) 
(8) 


The  equations  determining  A  X  are : — 


-^./.(g-..,)=^..(|!-rl).|,._,, 

-  EJ.{y-x.tanii^=R,.(^-'l.x)  -^\{x-r,y 
But  at  X,  ^=ztana,  x=fy,  and  y=0. 
.-.  from  (5)  and  (6),  -  EJ.(tana-tanp,)=R,.(^J-i^  -~.(A-^,) 


(4) 

(5) 
(6) 


Hence,  -  E.Ltan  a  =f  .?f-|-'.(/,  -  rO^?^' 
Similarly  the  segment  VX  gives, 

-EMani^-a)=^:il-E\Q^-r,)\-^t^ 
. .  from  (7)  and  (8), 

Again,  by  taking  moments  about  X, 


[^.-»-,][2i,  +  r,] 


Hence  from  (9)  and  (10), 

and  i2,=  TT,  +  F,  -  i?i  -  i^.=&c. 


0) 

(8) 

(9) 
(10) 


)-F,.A.(Z|_,.)} 
)[ 


»3  [2.?.+r,] 


If 


I' 


I 


Un 


ft 
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SWING-BRIDGES. 


(l^).-Swing-Bridg€8.-T)iG  two  preceding  theorems  are  of  importance 

in  considering  the  equilibrium  of  swing-bridges  which  revolve  about  a 

single  support  at  the  pivot  pier. 

w  P 
From  §  (12),  if  tc^O,  .-.  i?3=  -f.         '  ' 


From  §  (13),  if  W^O,  .  • .  R,=  -  ^ 


W,.r,.m-r\) 


Hence,  if  the  segment  XF  is  unloaded,  R^is  negative,  so  that  the  end 
V  will  leave  its  support,  and  hammering  will  ensue.  This  evil  is 
usually  obviated  by  one  of  the  following  methods : — 

(a). -When  the  girder  merely  rests  upon  the  supports,  the  segment 
J^Fmaybe  loaded  *n  such  a  manner  a,s  to  m&ke  B^  ztro  or  positive. 
This  result  is  attained  ifWiJ1<4.w.yly.ll  +  3.w^.ll,  §  (12), 

or  if  W,^^Xn  -  r?)  <  W,.(k  -  r,).  (^hzl^^hlh^  +  ;,),§  (13). 

(fe).-The  ends  are  sometimes  prevented  from  rising  by  a  latching 
apparatus . 

( c).-An  upward  pressure,  at  least  equal  to  the  corresponding  nega- 
tive reaction,  may  be  exerted  by  suitable  machinery  upon  each  end  of 
the  girder,  which  is  thus  wholly  prevented  from  leaving  its  seat 

(\.h).—The  Theorem  of  Three  Moments.-lt  is  required  to  determine 
a  relation  between  the  Bending-Moments  at  any  three  consecutive  points 
of  support  ol  a  loaded  continuous  girder  of  several  spans. 


Let  0,  X,  V,  be  the  (r-  1)'*,  r'*,  and  (r+  1)'*  supports  respectively. 

Let  OX=l„XV^l,  +  ^ 

Case  A.-ltQi  «j,.be  the  load  per  unit  of  length  on  OX,  w^  ^  ,  the  load  per 
unit  of  length  on  XV. 

Iiet  /?,._„  Rr,  Rr  +  i,  be  the  reactions  at  0,X,V,  respectively.    > 

Let  M^.i,  M„  Mr  +  I,  be  the  bending  moment^)  at  0,X,V,  respectively. 

Let  a  be  the  angle  which  the  tangent  to  the  girder  at  X  makes  with 
OF. 


■ 
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(trl 


Consider  the  segment  OX,  and  refer  it  to  the  rectangular  axes  OX 
OY. 
The  equation  of  moments  at  any  point  (z,  y)  is, 
^  -wcPy     ^  X* 

At  X,x=.lr  and  M^iM^ 

I* 

Similarly,  the  segment  JTF  gives, 

Combining  (2)  and  (3), 

P  P 

=  -K-Gr+ir+l)  (4) 

Integrating  (1), 

E.L^=Rr.i.-^-Wr-Q-i-M^.i.x  +  c,c  being  a  constant  of  inte-   5 
dy 


/(, 


gration.      When  a=Z„-T-=<aw  a, 

I'  P 

:.  -  E.l.  tan  a=Rr.y~-  w,.-^  +  JW^,.?,.  +  c 

Hence, 

-£.i.(|-«ana)=iJ.,.(2!-f)-»,(?-|)^-^.,.(x-t);j^ 

Integrating, 

(x^     P    \  /x*     P    \ 

6  ""  i' V  ""  ^'"  \24  ~  6'  / 

+  -W'm.(^ -^r-*)  (6) 

There  is  no  constant  of  integration  as  x  and  y  vanish  together. 
Also,  when  x  =  l„y=0, 


P         P  P 

S.E.I.lr'  tan  a=-Rr.i..^  +  w^^-'Mr,i-^ 


n 


n 


or  E.I.  tan  a=  -  ^r-i-5-  +  w'r-g^  -  -^r-i'S 


(7) 


Similarly,  the  segment  JTF  gives, 

E.ltan(jf-a)^'-Rr  +  iF^'  +  Wr  +  i.^'-K+i^'  (8) 


i 
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Adding  the  two  last  equations  and  transposing, 

3  3  3  3 

Finally,  combining  (4)  and  (9),  \ 

.rv./    i»^r-.«.  +  2J/,-(/,  +  ;,  +  ,)^.V,  +  ,;,  +  ,=  -J.(io,.P,  +  w,  +  i.?J!^.,).    (10)   \ 
which  is  the  relation  required.  "^ 

If  the  girder  is  supported  at  n  points,  there  are  »-2  equations  con- 
necting the  corresponding  bending  moments,  and  two  additional  equa- 
tions result  from  the  conditions  of  support  at  the  ends. 

For  example,  if  the  ends  merely  rest  on  the  supports,  .•.if,=0  and 

J|f,j=0 ;  if  an  end  infixed,    -  =0  at  that  point. 

Case  5.— Let  the  loads  upon  OX,  XV,  respectively  consist  of  a  number 

of  weights  Pi,  F^i  Pa distant  Pi,Pi,Pi* from  0,  and  Q^,  Q^. 

Q.J distant  ji,  ji,  53 from  V.     Refer  the  neutral  axis  OAX  to 

the  rectangular  axes  OX,  OY. 

It  may  be  assumed  that  the  total  effect  of  all  the  weights  is  the  alge- 
braic sum  of  the  effects  of  the  weights  taken  separately. 

Consider  the  effect  of  P,  at  A. 

Let  a,  be  the  angle  which  the  tangent  at  A  makes  with  OX. 

Let  ttj  be  the  angle  which  the  tangent  at  X  makes  with  OX. 

The  equation  of  moments  at  any  point  x,  y,  of  the  neutral  axis 
hetweeti  0  and  A,  is. 


-E.I.^i=R,.,.x^M,^, 


(1) 


x" 


Integrating,  .*.  -  E.l.-^  =  i?,..,-^  -  J/;.,.a;  +  c„ 

Ci  being  a  constant  of  integration. 

At  A,  -f-z=tan  a.,  and  X=pi, 
dx 

.-.  -  E.I.  tan  ai=R,.x.:^  -  M^^.p^  +  c. 

Subtracting : — 

.-.  -  E.I.  (I  -  tan  a.)  =i?.. .  {^  -&)  -  M,.,  (x  -p.) 

Integrating : — 

There  is  no  constant  of  integration  as  x  and  y  vanish  together. 
At  Ay  x=pi,  and  lety=yj, 


(2) 
(3)   • 
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3  9 

.'.-^E.l.  (y,  -  px.tan  a,)=  -  /?m|'  +  ^r-i.|'  (4) 

Equations  1,  2,  and  3  hold  for  all  poiuts  between  0  and  A. 
The  equation  of  moments  at  any  point  x,  y,  between  A  and  X  is, 

-  EJ.'^  =  Rr.vX  -  P.(X  ^p,)  -  Mr.r  (5) 

Integrating : — 

;.  -  E.1'^£^rJ^  -  P.  (I'  -P.-^)  -  M,.v^  +  «3 
Cj  being  a  constant  of  integration. 

/.  at  A,  -  i7./.  tan  a,=i?,.,.|!  +  ^-f  "  ^-i-Pi  +  Cj 
Subtracting : — 
.  EJ,  (I  -  ton  a.)  =/?M.  (j  -f)  -  y'-(^  -P^y  -  ^^  (^  -i^'K^) 

Integrating :—  -  E.I.(^y  -  x  tan  a,)=i2^.,.  (^~  -  ^.xj 
Ca  being  a  constant  of  integration. 

3  9 

At  A,  -  E.L{y,  -px.tan  a,)=  -  i?,-,!'  -  P,-~  -  M,./^  +  c, 

=  -/2^..|'-^,...|',  by4 

Hence  C4=i'.^.>,  and 
o 

/.  ^ E.I.ijy -x.tana^)=Rr.x.{j^-^-xJ  -  ^.(x-i>,)' 

- -^r-r  (|- -i>.  a^y 


At  X,  ~-=ian  ai,x—l„  and  y=0, 
ax 
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.-.  by  6,  -  E.Kjtan  a,  -  tan  a,)  ^  /?,.,.  (^  -|- j 
and  by  7,  +  E.IJr- '«"  ai=^,-i-  (^g  ~  2    V 


(7) 


(8) 


(9) 


iihi 


%^ 

i . 

-?.'■*  1 

;«;* 


I 


11 


1-; 


'I 


14^ 


W. 

?■  ■ 
{■  • 
I  ■ 
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EliminatiDg  tan  a,  between  8  and  9, 

.-.  E.l.  tan  a,=  -  ^\P,  +  ^- (2.^  -  3i,.p.  +^)  +  Jlf,.,.|      (10) 
Similarly,  from  the  span  XV, 

E.I.  tan  (^  -«,)=-  %^.«?  + .  +  ^r  +  ..-2^  (11) 

From  10  and  11, 

Take  moments  about  X, 

.'.  Rr.ylr  -  Px4r  -  Pi)  "  M,.^  =  M,  =  R,  +  ,.?,  +  ,-  ilf,  +  ,      (13) 

whence, 

(14) 

.-.by  12  and  14,ilf,.,.?,-2.JtC.(Z,  +  Z,  +  ,)+^/r  +  ,?.  +  ,=  +  ^<ll  -  p!)  (15) 

The  effect  of  each  weight  may  be  discussed  in  the  same  manner,  hence 
the  relation  between  M^.i,  M„  and  M^  ^  „  may  be  expressed  in  the  form, 

*r  *r  +  1 

Cor. -The  relation  between  iW^, ,  M„  ^,.  +  i>  for  a  uniformly  distributed 
load  may  be  at  once  deduced. 

e.  g.,  let  a  uniformly  distributed  load  of  intensity  w^  cover  a  length  2a 
(<i^)  of  the  span  OX,  and  let  z  be  the  distance  of  its  centre  from  0. 

which  reduces  to-4-^^hen  z=a=--^' 
4  2 

The  same  result  may  be  obtained  without  the  calculus,  as  follows : — 

Let  the  load  upon  OX  consist  of  n  +  1  equidistant  weights,  each 

equal  to  P. 

Let  b  be  the  distance  between  two  consecutive  weights. 

Let  c  be  the  distance  from  0  to  the  nearest  weight. 

Pp 
.'.^-j-'  {II— p^)  becomes, 

f  S  l*,c _  c»  +  ??.  (c  +  6)  -  (c  +  6)'  +  ll.{c  +  2.6)  -  (c  +  2.6)'  +  . ... 

^  ) 

+  ?.(c  +  «.6)-(c  +  n.6)'  y 
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_P    (       

— ^—  -j  Zf..  n  +  l.c  -  n  +  l.c"  +  /*.  6.  (1  +  2  +  ... .  +  n) 

-  3.c'.ft.(l  +  2  +  ...  +  n)  -  3.c.6».(P+2'+  ...  +  w»)  -  i\  (1»+  2\..  +  n^)  | 

P  f  /M          1^ — r    /J2  I     o   ,,^«•«+l       o  ^  ««.n  +  1.2n+l 
__f_  3  (/^.c.  -  c').«  +1  +  (Z^  6  -  Zx^.h). — ^ —  —  o.c.b 

~~  I'X  "  ^ 

Now  let  the  number  of  the  weights  increase  indefinitely,  and  the  dis- 
tance between  them,  h,  indefinitely  diminish. 
Also  put  «+  \.P  =  2.a.w.,  and  2a  =  n.6. 
The  above  expression  becomes, 
2  .a.v) 


I 


I  P..C  -c^+  (II  -  3.c^).a  -  C.2.  «^-^^  -  2.a'-^^  } 


When  n=cc  this  reduces  to, 
2 


^^•- 1  Z^c  -  c"  +  (II  -  3.c*).a  -  4.a^c  -  2.a»  1 


Put  z-a  =  c  and  the  last  expression  becomes, 

2a 


p-.|^.,_,3_«..,| 


{\b).-Swing-Bn(lg(s.-To  apply  the  Theorem  of  Three  Moments  to 
a  continuous  girder  supported  Sit /our  points. 


Let  Z„  h,  k  be  the  lengths  of  the  segments,  to,,  w^,  Wg,  the  correspond- 
ing intensities  of  the  uniformly  distributed  loads. 

Let  Ru  R„  i?3,  Rv  be  the  reactions  at  the  supports ;  i/„  31  i,  M^,  M^, 
the  corresponding  bending  moments. 

.  • .  M^.l^  +  2  J/,.(Z,  +  k)  +  MJ,=  -  i.(?«,.??  +  w,A^  (1) 


M,.k  +  2.M,.a,  +  h)  +  M,.k=  -  \-{u-^.l\  + 1«3-?^) 


Wi 


n 


Aho,R,.l=^  +  M,  +  M, 


72,.Z^Z,.^  — +-2-)     fXM, 


Mi)-(Mt-M^) 


(2) 
(3) 

(4) 


I'w  i 
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lCjj'^2       ^''s  ^■3\       ^: 


i';;li  I 


Ji..lr=l.  (^'  +  '^')  +  ^'.  W  -  A^a)  -  (^Va  +  J/,) 


(5) 
(6) 


Important  deductions  in  reference  to  swing-bridges  with  two  points 
of  support  at  the  pivot  pier,  may  be  made  from  these  equations. 

Let  the  ends  of  the  girders  rest  upon  the  supports,  and  assume,  as 
is  usually  the  case  in  practice,  that  w^  =  0. 

•.•  Mi=0  and  Mt=0. 
From  (1)  and  (2),   2.MiXh  +  h)  +  MJ^=  -  J.w,./?,  (7) 

and  M,.l^  +  2. Jfj-C/,  +  /3)=  -  ^.w^.^.         (8) 


'  '     '~4.(4./,.4  +  '6.11  +  ^A-h  +  'i.h.O 


From  (3),i?,.Z, 


+  M, 


w,.(6.Z?.?ii  +  6.??.?3  +  67?.^  +  8.ryl^.l,)  +  M?3.^.?, 


From  (6,)i?4.?3: 


4.a.lyk  +  3.^2  +  4./,./3.  +  4./,.4) 


(9) 
(10) 

01) 


(12) 


-M>3.(6.Zg./,  +  6.?^?,  +  Glllj  +  8PJJ.;)  +  w^.Pyl^ 

~~  4:.(4.lyl.i  +  Sli  +  4./,/3  +  4.Zs,./3) 

Thus  .  E  and  Bt  are  both  positive  for  any  distribution  whatever  of 
the  load  over  the  side  segments,  and  no  hammering  of  the  ends  can  ever 
take  place. 

i\gain,  if  t<?3=0,  M  is  nfgative,  and  JH,  positive. 
if  i»~=:0,  Mf  18  positive  and  M^  negative. 

(16).-Four  methods  may  be  followed  in  the  erection  of  a  continuous 
girder,  viz : — 

l.-It  may  be  built  on  the  ground  and  lifted  into  place- 

2— It  may  be  built  on  the  ground,  and  rolled  endwise  over  the  piers. 

3.-It  may  be  built  in  position  on  a  scaffold. 

4.-Each  span  may  be  erected  separately,  and  continuity  produced  by 

securely  jointing  consecutive  ends,  having  drawn  together  the  upper 

flanges.     A  more  effective  distribution  of  the  material  is  often  made  by 

eaving  a  little  space  between  the  flanges  and  forming  a  wedge-shaped 

joint. 
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Example.-OMX      and  | 
XNV  are  consecutive  seg- 
ments of  a  continuous  gir- 1 
der      resting      upon       an 
indefinite  number  of  equi- 
distant piers. 

The  dead  weight  of  the 
girder   is  w,   per  unit  of 
length,  and  each  alternate  (concave)  segment  is  subjected  to  a  rolling 
load  of  Wg  per  unit  of  length. 

Suppose  that  each  segment  is  erected  separately,  and  let  ilf,  be  the 
moment  of  flexure  which  must  be  introduced  at  the  points  of  support  to 
ensure  continuity. 

Consider  the  segment  OMX,  and  refer  it  to  rectangular  axes  OX^OY, 

Let  I  be  the  length  of  OX,  and  a,  the  slope  at  X. 

The  equation  of  moments  at  any  point  (x,  ?/,)  is, 

Integi  atmg,  -  E.  J'£r=      2      VT  ~  3~/  ~'^'-^+  *''  ^  ^®*°S  » 

constant  of  integration. 

^      du  .              ,              I       .       ^      Wi  +  Wi  V       -.  I 
But  -J-  IS  zero  when  x=i^,  and  .*.  0= — -—  iI/,.-  +  c 

ox  it  it  lit  i 


dsc  2 

Also,  when  x  —  L-f-z=tan  (  ""  —  a{). 

dx  ^ 


I  Ix^        x'         l'\        .,    (  l\ 


.-.  -  E.l.tan(iT  -  a,)=     ^^    -  ^-^v^ 


Similarly  the  segment  FXgives, 

TO,.  ^ 


—  E.I.tana 


Adding  (2)  and  (3),  0= 


24 


-M,.- 


(2) 


(3) 


24~ 


.F-Mul 


i 


or 


Jlf.= 


24 


and  from  (2)  or  (3),  E.I.  tana^= 


w» 


48 


(4) 
(5) 
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Again,  from  (1),  the  bending  moment  (M')  at  the  centre  of  OX 
_tg|  +Wi  P  _  2.tC|  +  ig,       tci  +  2.w^ 
-      2~*4  24     •  ^24~' 

Thu8,Jf.+i/'=?:^^i±^.».Z'  + 


(6) 


«?,  +  2.  JO, 
24       '   ■       24     "  ~       8 


P=       ..     •  ?,  which  is  the 


bending  moment  at  the  centre  of  the  girder  when  the  ends  are  free. 

The  distribution  of  the  material  is  found  to  be  most  effective  when 
the  bending  moments  at  the  piers  and  at  the  centre  of  the  segment  are 

each  made  equal  to  one-Ao// of -5-Q — -P  =    '        *7^     This   will   render 

o  lb 

the  continuity  imperfect,  and  necessitate  a  wedge-shaped  joint. 

If  A  is  the  slope  of  the  imperfectly  continuous  girder,  2.  A  is  the 

angle  of  the  wedge,  and  its  value  is  given  by  an  equation  precisely 

similar  to  (2),  viz., 

-  E.l.  tanij  -A)  =  E.l.  tan  A  =  -~-.^  -  -^^-g  =  ""^e"     ^^ 

Let  (x%  be  the  slope  of  the  segment,  when  the  ends  are  free. 

.-.  E.I.  tan  a^^-^^-f,  Ex.  (5),  §  (4). 

Also,  the  slopes  being  always  small,  the  angle  may  be  substituted  for 
their  tangents. 

\  10  .P 
.♦.  from  5,  «,  =  — — •  ^—^  for  a  perfectly  continuous  girder,  (9) 

"     7,  yl  =:  -— -  - '    .  -  .r,for  an  imperfectly  continuous  girder,  ( 1 0) 


1    «?,  +  w.. 


rs,a,  —  j^j    24 

Let  XA,XB,XC,  be  the  tangents  at  X 
to  the  continuous,  imperfectly  continuous, 
and/rec  girder,  respectively. 

.'.  fi=CXB=ai-A,  is  the  angle  through 
which  the  free  girder  must  be  moved  to 
bring  it  into  the  imperfectly  continuous 
state. 


P,  for  a  girder  with  free  ends.  (11) 


,'.   0  —  Clj      A  —  J, 


1    «',  +  MJj  _        1    tr,  +  W.2 


E.I    24 


E.l    96 


P= 


1     Wi  +  Wi]3 

'E'.i~W 


T     /  PYA—n  „_^      «'■+«'»  73  1     «?,     3_     1    2.tC,+W,/ 

Let^  =OJ[^_a,-a,_— -2^«  --^j-^^—e.I      48 


Hence,  -i—  ^. 


p      3  to,  +  Wj 


*       2'2m>,  +  «?,* 
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Note.~l{  every  span  is  uniformly  loaded  with  a  weight  w,  per  unit  of 
length,  a,  is  zero,  tfnd  equation  (2)  gives  Mi  -n    '       *-P- 

(17). -Advantages  and  disadoantaget  of  continuous  girders, — The 
advantages  claimed  for  continuous  girders  are, — facility  of  erection,  a 
saving  in  the  flange  material,  and  the  removal  of  a  portion  of  the  weight 
from  the  centre  of  a  span  towards  the  piers.  Circumstances,  how- 
ever, may  modify  these  advantages,  and  even  render  them  completely 
valueless.  The  flange  stresses  are  governed  by  the  position  of  the 
points  of  inflexion,  which,  under  a  moving  load,  will  fluctuate  through 
a  distance  dependent  upon  the  number  of  intermediate  supports, 
and  upon  the  nature  of  the  loading.  In  bridges  in  which  the  ratio  of 
the  dead  load  to  the  live  load  is  small,  the  fluctuation  is  considerable,  so 
that  for  for  a  sensible  length  of  the  main  girders  a  passing  train  will 
subject  lo'^al  members  to  stresii^es  which  are  alternately  positive  and 
negative.  This  necessitates  a  local  increase  of  material,  as  each  member 
must  be  designed  to  bear  a  much  higher  stress  than  if  it  were  strained  in 
one  way  only.  (A  common  practice  is  to  proportion  each  member  to 
bear  the  greatest  positive  stress  plus  the  greatest  negative  stress  that 
can  come  upon  it,) 

Again,  the  web  of  a  continuous  girder,  even  under  a  uniformly  dis- 
tributed dead  load,  is  theoretically  heavier  than  if  each  span  were  inde- 
pendent, and  its  weight  is  still  further  increased  when  it  has  to  resist 
the  complex  stresses  induced  by  a  moving  load. 

Hence,  in  such  bridges,  the  slight  saving,  if  there  be  any,  cannot  be 
said  to  counterbalance  the  extra  labour  of  calculation  and  workman- 
ship. 

In  girders  subjected  to  a  dead  load  only,  and  in  bridges  in  which  the 
ratio  of  the  dead  load  to  the  live  load  is  large,  the  saving  becomes  more 
marked,  and  increases  with  the  number  of  intermediate  supports,  being 
theoretically  a  maximum  when  the  number  is  infinite.  This  maximum 
economy  may  be  approximated  to  in  practice  by  making  the  end  spans 
about  la-^hs  the  intermediate  spans. 

It  is  often  found  economical  i 
to  increase  the  depth  of  the  I 
girder  over  the  piers,  as  in  I 
Fig.  27,  which  introduces  a 
local  stiffness,  and  moves  the 
points  of  inflexion  farther! 
from  the  piers.     A  point  of 


a 


! 


ivi 

& 

M.  i 


124  ADVANTAGES  AND  DISADVANTAGES  OF  CONTINUOUS  GIUDERS. 

inflexion   may   bo    made   to  travel   a   short  distance    by   raising    or 
dcprcH.Hin<;  one  of  the  supports. 

In  order  to  ensure  the  full  advantage  of  continuity  the  utmost  care  and 
skill  are  required  both  in  design  and  workmanship.  Allowance  has  to 
bo  made  for  the  excessive  expansion  and  contraction  duo  to  changes  of 
temperature,  and  the  piers  and  abutments  must  be  of  the  strongest  and 
best  description  so  that  thery  may  bo  no  settlement.  Indeed,  the  diffi- 
culties and  uncertainties  to  be  dealt  with  in  the  construction  of  con- 
tinuous girders  are  of  such  a  serious,  if  not  insurmountable  character, 
that  American  engineers  have  almost  entirely  discarded  their  use  except 
for  draw-spans. 

Much,  in  fact,  is  mere  guess-work,  and  it  is  usual  in  practice  to  be 
guided  by  experience,  which  confines  the  points  of  inflexion  within  cer- 
tain safe  limits. 

Under  these  circumstances  it  may  prove  desirable  to  fix  the  points  of 
inflexion  absoluteli/,  because  the  calculation  of  web  stresses  then  becomes 
easy  and  definite,  instead  of  complicated  and  even  indeterminate,  as  is 
the  case  when  such  points  are  movable ;  and  also  because  each 
member  is  strained  in  one  way  only,  and  therefore  requires  no  extra 
metal,  as  it  docs  when  subjected  to  stresses  alternately  positive  and 
negative. 

The^'.xin^  may  be  thus 
effected ; 

(«).-A  hinge  may  be 
introduced  at  the  selected 
point. 

The  benefit  of  doing  so  is  very  obvious  when  circumstances  require  a 
wide  centre  span  and  two  short  side  spans,  as  in  Fig.  28. 

(&).-If  the  web  is  open,  i.  e.,  lattice-work,  the  point  of  inflexion  in 
the  upper  flange  maj  be  flxed  by  cutting  the  flange  at  the  selected  point 
and  lowering  one  of  the  supports  so  as  to  produce  a  slight  opening 
between  the  severed  parts.  The  position  of  the  point  of  inflexion  in  the 
lower  flange  is  then  defined  by  the  condition,  that  the  algebraic  sum  of 
the  horizontal  components  of  the  stresses  in  the  diagonals  intersected  by 
a  line  joining  the  two  points  of  inflexion  is  zero. 
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(l).-Two  anjrlc  irons,  each  2-in.  X 
2-ip  X  ^-in.,  wi're  placiHl  upon  Hupports 
12-1't.  9-inH.  apart,  tlic  transverse  outside 
distance  between  the  bars  beinj;  Di-ins., 
and  were  prevented  f'roui  turning  inwards 
by  a  til  in  plate  as  in  the  Fig. 

The  bars  were  tested  under  uniformly 
distributed  loads,  and  each  was  found  to 
have  deflected  2,Ji-in.  when  the  load  over 
the  two  was  O-cwts. ;  find  E,  and  the  postion  of  the  neutral  axis. 

(2).-Both  bars  in  Question  (1)  failed  together  when  the  total  load 
consisted  of  lO^-cwts.  uniformly  distributed,  and  3  cwts.  at  the  centre  ; 
find  the  maximum  stress  in  the  metal. 

(3).-An  angle  iron,  3-ins.  x  3-ins.  x  iVin.,  was  placed  upon  supports 
12-ft.  9-in.  apart,  and  deflected  l^-in.  under  a  load  of  8-cwts.  uniformly 
distributed,  and  2-cwt8.  at  the  centre  ;  find  E  and  the  position  of  the 
neutral  axis. 

(4).-The  effective  length  and  central  depth  of  a  cast-iron  girder 
resting  upon  two  supports  were,  respectively,  11-ft.  7-ins.  and  lU-ins. ; 
the  bottom  flange  was  lO-ins.  wide,  and  l|^-in.  thick ;  the  top  flange 
was  2^-in8.  wide  and  ■|-in.  thick;  the  thickness  of  the  web  was  ^-in. 
The  girder  was  tested  by  being  loaded  at  points  3f-ft.  from  each  end, 
and  failed  when  the  load  at  each  point  was  IT^-tons;  what  were  the 
central  flange  stresses  at  the  moment  of  rupture  ? 

What  was  the  central  deflection  when  the  load  at  each  point  was  7i- 
tons  ?     (i;=  18,000,000-lbs.,  and  the  weight  of  the  girder  =  3,3G8-lb8T) 

(5).-A  tubuliir  girder  rests  upon  supports  36-ft.  apart.  At  6-ft.  from 
one  end  the  flanges  are  each  27-in8.  wide  and  2f -ins.  thick,  the  net  area  of 
the  tension  flange  being  60-ins.,  while  the  web  consists  of  two  ,1j-in.  plates 
86-ins.  deep,  and  18-ins.  apart.  Neglecting  the  eflFect  of  the  angle  irons 
uniting  the  web  plates  to  the  flange,  determine  the  moment  of  resistance. 

The  girder  has  to  carry  a  uniformly  distributed  dead  load  of  56  tons, 
a  uniformly  distributed  live  load  of  54-tons,  and  a  local  load  at  the 
given  section  of  100-tons,  what  are  the  corresponding  flange  stresses? 

(6). -A  pivot  rests  in  its  stqi,  and  is  subjected  to  a  pressure  /-*  in  the 
direction  of  its  axis ;  find  the  moment  of  friction  over  the  base  with 
respect  to  the  axis  : — (l).-\Vhen  the  pivot  is  cylindrical  and  hollow. 

(2). -When  the  pivot  is  cylindrical  and  solid. 

(3). -When  the  pivot  is  conical. 

(7). -Assuming  that  the  normal  wear  at  any  point  of  a  step  is  propor- 
tional to  the  friction,  and  also  to  the  amount  of  surface  that  passes  over 
the  point  in  a  unit  of  time,  shew  that  if  the  vertical  wear  of  the  step 
is  constant,  its  generating  line  is  the  Tractory,  and  find  its  equation. 
(Schiele's  anti-friction  pivot.)  If/  is  the  co-eflBcient  of  friction,  P  the 
load  upon  the  pivot,  and  r  its  external  radius,  shew  that  the  moment  of 
friction  =f.P.r. 
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(8) .-A  rigid  bar  is  supported  nearly  horizontfilly  on  three  slightly 
elastic  vertical  props ;  determine  the  pressures  ovi  the  props. 

(9). -A  girder  is  supported  at  the  ends  and  carries  a  number  of 
isolated  weights.  If  the  bending  moments  are  the  same  at  any  pair  of 
consecutive  weights,  shew  that  the  bending  moment  is  constant  for  the 
whole  interval  between  them. 

(10). -A  weight  is  placed  upon  an  ordinary  rectangular  table  which 
rests  on  the  ground ;  calculate  the  pressures  on  the  four  legs,  supposing 
the  legs  to  be  rigid  as  compared  with  the  ground. 

(11), -How  many  §-in.  rivets  are  required  at  the  given  section  in 
Question  (5)  to  unite  the  angle  irons  to  the  flanges  ? 

(12).-A  yellow  pine,  beam  i4-ins.  wide  and  15-ins.  deep,  was  placed 
upon  supports  10-ft.  9-ins.  apart,  and  deflected  '-in.  under  a  load  of 
20-tons  at  the  centre  ;  find  E. 

What  wi.re  the  intensities  of  the  normal  and  tangential  stresses  at 
2-fb.  from  a  support  upon  a  plane  inclined  at  30<*.  to  the  axis  of  the 
beam  ? 

(13)  .-A  beam  is  supported  at  the  ends  and  bends  under  its  own 
weight ;  shew  that  the  upward  force  at  the  centre  which  will  exactly 
neutralize  the  bending  action  is  equal  to  f  or  J  of  the  weight  of  the 
beam,  according  as  the  ends  are  free  or  fixed. 

Find  the  neutralising  forces  at  the  quarter  spans. 

(14).-A  beam  S-ins.  wide  and  weighing  50-lbs.  per  cubic  ft.  rests 
upon  supports  30-ft.  apart ;  find  its  depth  so  that  it  may  deflect  f-in. 
under  its  own  weight.     (^=l,200,000-lbs.) 

(1 5). -A  rectangular  girder  of  given  length  and  breadth  rests  upon 
two  supports  and  carries  a  weight  P  at  the  centre ;  find  its  depth  so 
that  the  elongation   of  the  lowest  fibres  may  be  JLth  of  the  original 

length. 

(16).-A  yellow  pine  beam,  1  ins.  wide,  15-ins.  deep,  and  weighing 
321bs.  per  cubic  ft.,  was  placed  upon  supports  10-ft.  6-ins.  apart. 
Under  uniformly  distributed  loads  of  59,734-lbs.,  and  of  127,606-lbs,,  the 
central  deflections  were,  respectively,  .18-ins.  and  .29-ins.  j  find  the  mean 
value  of  E. 

Also  determine  the  additional  weight  at  the  centre  which  will  increase 
the  deflection  by  ,o-th  of  an  inch. 

(17).-A  pitch  pine  beam,  14-ins.  wide,  15-ins.  deep,  and  weighing 
45-lbs.  per  cubic  ft.,  is  placed  upon  supports  10-ft.  9-ins.  apart,  and 
carries  a  load  of  20-tons  at  the  centre  ;  find  the  deflection  and  curva- 
ture, E  being  1,270,000-lbs. 

What  amount  of  uniformly  distributed  load  will  produce  the  same 
deflection  ? 

(18).-A  sample  cast-iron  girder  for  the  Waterloo  Com  Warehouses, 
Liverpool,  20-ft.  7^-ins.  in  length  and  21-ins.  in  depth  (total)  at  the 
centre,  was  placed  upon  supports  18-ft.  l^-ins.  apart,  and  tested  under  a 
uniformly  distributed  load.  The  top  flange  was  5-ins.  x  I  ^in.,  the  bottom 
flange  was  18-in8.  x  2-ins.,  and  the  web  waal^in.  thick.  The  girder  de- 
flect^ .15-ins.,  .2-ins.,  .25ins.,  and  .28-in8.,  under  loads  (including  weight 
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of  girder)  of  63,763-lb3.,  88,571-lb3 ,  107,468  lbs.,  and  119,746-lb3.„ 
respectively,  and  broke  during  a  sharp  frost  under  a  load  of  390,282- 
Ibs, ;  find  the  mean  coefficient  of  elasticity,  and  the  central  flange 
stresses  at  the  moment  of  rupture. 

Is  it  probable  that  the  girder  failed  by  the  crushing  of  the  top  flange 
or  by  the  tearing  of  the  bottom  flange  ? 

(19).-A  steel  rectangular  girder,  2  ins.  wid»>,  4-ins.  deep,  is  placed 
upon  supports  20-ft.  apart ;  if  j&  is  35,000,000-lbs.,  find  the  weight 
which,  if  placed  at  the  centre,  will  cause  the  beam  to  deflect  1-inch. 

(20). -A  girder  of  uniform  section  may  have  both  ends  fixed,  one 
end  fixed  and  one  free,  or  both  ends  free ;  compare  its  strength  under 
these  different  conditions,  when  it  has  to  carry,  (l).-a  uniformly 
distributed  load,  (2). -a  single  weight  at  the  centre. 

Shew  that  the  corresponding  central  deflections  are  as  1:2:5  for  the 
uniformly  distributed  load  and  as  4:7:16  for  the  single  weight. 
Find  the  maximum  deflection  in  each  case. 

(21). -Draw  the  Shearing  Force  and  Bending  Moment  diagrams  in 
each  case  of  the  preceding  example,  and  compare  the  theoretical  amounts 
of  metal  required  in  the  several  webs  and  flanges. 
— -  (22)  -A  timber  girder  of  uniform  section  carrying  a  single  weight  at 
the  centre  and  with  both  ends  fixed,   is  theoretically  twice,  practically 
IJ-times  as  strong  as  if  both  ends  were  free  :  also,  the  stresses  at  the 
ends  of  the  fixed  girder  are  theoretically  the  same  as  at  the  centre,  but 
are  jiractically  small,  and  the  fracture    invariably  takes  place  at  the 
centre  ;  explain  wherein  the  theory  is  defective. 
_„^  (23).-A  girder  of  uniform  strength,  of  length  I,  breadth  b,  and  depth 
d,  rests  upon  two  supports,  and  carries  a  uniformly  distributed  load  of 
w-lhs.  per  unit  of  length  which  produces  an  inch-stress  of  f-\hs.  at  every 
point  of  the  material.     Shew  that  the  central  deflection 

3 

.    n-2  ft  /  b  \4 

when  b  is  constant  and  d  variable.  Find  the  deflection  when  d  is  con- 
stant and  b  variable. 

Would  it  be  in  accordance  with  the  true  principles  of  construction  to 
make  the  sectional  area,  i.e.,  b.d.,  equal  to  a  constant  quantity  ? 
Why? 

(2l).-A  semi-girder  oi  uniform  strength,  of  length  /,  breadth  b,  and 
depth  d,  carries  a  weight  W  at  the  free  end  which  produces  an  inch- 
stress  of /-lbs.  at  every  point  of  the  material ;  prove  that  the  maximum 

deflection  is -•■^^  — ( -r-x,,)   when  6  is  constant  and  d  variable,  and 
3     E     \tJ.  W  ' 

that  it  is  twice  as  great  as  it  would  be  if  the  section  were  uniform 

throughout  and  equal  to  that  at  the  support. 

What  would  be  the  maximum  deflection  if  the  semi-girder  were 
subjected  to  a  uniformly  distributed  load  of  ic-lbs.  per  unit  of  length  ? 

(25). -A  uniform  load  P  Q  moves  along  a  horizontal  beam  resting 
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upon  supports  at  its  ends  A  and  B  ;  prove  that  the  bending  moment  at 
a  given  point  0  is  a  maximum  when  P  Q  occupies  such  a  position  that 

qp_qA 

OQ~OB 

Draw  curves  of  maximum  shearing  force  and  bending  moment  for  all 
points  of  the  girder. 

(26)  .-The  flange  of  a  girder  consists  of  a  pair  of  angle-irons  and  of 
a  plate  which  extends  over  the  middle  portion  of  the  girder  for  a  certain 
required  distance ;  shew  that  the  greatest  economy  of  material  is 
secured,  when  the  length  of  the  plate  is  §-rds  of  the  span,  and  the 
sectional  areas  of  the  plate  and  angle-irons  are  as  4  to  5.  (The  girder 
being  uniformly  loaded.) 

(27).~The  flange  of  a  uniformly  loaded  girder  is  to  consist  of  two 
plates,  each  of  which  extends  over  the  middle  portion  of  the  girder  for 
a  certain  required  distance,  and  of  a  pair  of  angle-irons ;  shew  that  the 
greatest  economy  of  material  is  realised  when  the  lengths  of  the  plates 
and  angle-irons  are  in  the  ratio  of  12:18:23,  and  when  the  areas  of  the 
plates  are  in  the  ratio  of  4:5. 

What  should  be  the  relative  length  of  the  plates,  if  they  are  of  equal 
sectional  area  ? 

(28).— An  elastic  beam  rests  upon  supports  at  its  ends,  and  a  weight 
placed  at  a  point  A  produces  a  certain  deflection  (d)  at  a  point  B ; 
shew  that  if  the  wpjght  is  transferred  to  B  the  same  deflection  (d)  is 
produced  at  A. 

(29).-A  uniform  elastic  beam  is  supported  in  a  horizontal  plane  by 

props  A,  B,  C,  ;  if  10  is  the  weight  of  the  beam  per  unit  of  length, 

the  curve  assumed  by  the  neutral  axis  AB  is 

W.X*     a.x*     h.x^  . 

a,  h,  c,  d,  being  constants. 

Shew  how  to  find  the  values  of  a,  b,  c,  d. 

(30). -A  single  weight  travels  over  the  span  AB  of  a  girder  of  two 

equal  spans  AB,  BC,  continuous  over  a  centre  pier  B,  shew  th  ^  the 

reaction  at  C  is  a  maximum  when  the  distance  of  the  weight  fro-    .1  ij 

AB 

-T— ,  and  find  the  corresponding  bending  moment  at  the  central  pier, 

(31). -AB,  BC  are  two  equal  spans  of  a  girder  continuous  over  a 
centre  pier  B.  Two  locomotives  are  crossing  the  girder,  the  one  on 
AB,  and  the  other  on  BC.  If  W  is  the  weight  upon  an  axle,  and  if  at 
any  given  time  p  is  the  distance  from  A  of  an  axle  of  the  locomotive  on 
AB,  and  q  the  distance  from  C  of  an  axle  of  the  locoraotive  on  BC, 
shew  that  the  bending  moment  at  the  central  pier  is  given  by 

(32).-Trace  the  curves  which  will  shew  the  maximum  shearing  force 
and  bending  moments  at  the  diflerent  sections  of  the  span  AB  in  the 
two  preceding  questions,  as  the  live  load  travels  across  the  girder. 
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(33) .-A  girder,  continuous  over  several  supports,  is  arbitrarily 
loaded ;  if  l^,  Ir  +  i,  are  two  consecutive  spins,  A^,  A^  +  i,  the  areas  of  the 
corresponding  bending  moment  curves,  and  z„Zr^  ,,the  distances  of  the 
centres  of  gravity  of  the  curves  from  the  corresponding  outer  supports, 
shew  that  the  Theorem  of  Three  Moments  may  be  expressed  in  thoform, 


~j —  6.^,.^ ,. 


+  \ 

^r  +  I 


(34) .-A  uniform  beam  is  supported  by  /our  equidistant  props,  of 

which  two  are  terminal ;  shew  that  the  two  points  of  inflexion  in  the 

middle  segment  are  in  the  same  horizontal  plane  as  the  props. 

^;S5).-Each  of  the  main  girders  of  the  Torksey  Bridge  is  continuous, 

.land  consists  of  two  equal  spans,  each  130-ft.  long.     The  girders  are 

jl  double-webbed,  the  thickness  of  each  wub  plate  is  ^-\n.  at  the  centre 

li  and  f-m.  :it  the  abutments  and  centre    pier;    the  total  depth  of  the 

girders  is  10-ft.,  and  the  depth  from  centre  to  centre  of  the  flanges  is 

4f-in8. 

Find  the  reactions  at  the  supports,  and  also  the  points  of  inflexion, 
when  200-tons  of  live  load  cover  one  span,  the  total  dead  load  upon 
each  span  being  ISO-tons  uniformly  distributed. 

The  top  flange  is  cellular ;  its  gross  sectional  area  at  the  centre  of 
each  span  is  51-sq.  ins.,  and  the  corresponding  net  sectional  area  of  the 
bottom  flange  ic  55-sq.  ins. ;  determine  the  flange  stresses  and  the 
position  of  the  neutral  axis.     (According  to  Dr.  Pole  7  =  372,500.) 

(36).-Two  tracks,  6-ft.  apart,  cross  the  Torksey  Bridge,  and  are 
supported  by  single-webbed  plate  croGs-girders  25-lt.  long  and  14-ins. 
deep.  If  the  whole  of  the  weight  upon  a  pair  of  drivers,  viz.  lO-tons, 
be  directly  transmitted  to  one  of  these  cross-girders,  draw  the  corres- 
ponding shearing  force  and  bending  moment  diagrams,  (1). -if  the  ends 
of  the  cross-girdor  are  Jixed  to  the  bottom  flanges  of  the  main  girders, 
(2). -if  they  merely  rest  on  the  said  flanges. 

Find  the  maximum  deflection  of  the  cross-girder  and  the  work  done 
in  bending  it,  in  each  case. 

(38). -A  girder  consists  of    two  spans  AB,  BC,  each  of  length    I, 

and  is  continuous  over  a  centre  pier  B.     A  uniform  load  of  length  2.a 

(<^)  and  of  intensity  ?tJ  travels  ovtir  AB ;  find  the  reactions  at  the 

supports  for  any  given  position  of  the  load,  and  shew  that  the  bondinj^ 

,  .      .  .  ,  ,      "."'.// ,      a^\- 

moment  at  the  centre  pier  is  a  maximum  and  equal  to-     -I  l  —  —  j  a , 


when  the  centre  of  the  load  is  at  a  distance 


\     3 


) 


i 


from  .^1. 


(39).-A  swing  bridge  consists  of  the  tail-end  AB,  and  of  a  span  BC, 
of  length  /-ft.,  the  pivot  being  at  B.  The  ballast  box,  of  weight  W, 
extends  over  a  length  AD  (=  2.c-ft.),  and  the  wei.:ht  of  the  bridge 
from  1)  to  J^  is  w  tons  per  lineal  ft.  If  DB  =  .x,  if  p  is  the  coht  per 
ton  of  the  bridge,  and  if  q  is  the  cost  per  ton  of  the  ballast,  shew  that 


the  total  cost  is  a  minimum  when  x 


e-^\y^ 


9 


and  that  the  cor- 
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responding  weight  of  the  ballast  is  w.x.(-  —  l\  +w.c-  W, 

(40). -Compare,  qrapJiicnlly,  the  shearing  fences  and  bending  momenta 
along  the  span  BC  of  the  bridge  in  the  preceding  question  when  the 
bridjie  is  closed,  with  their  values  when  the  bridge  is  open. 

What  provision  should  be  made  to  meet  the  change  in  the  kmd  of 
stress  ? 

(41). -A  continuous  girder  rests  upon  three  supports,  and  consists  of 
two  unequal  spans ^i?  (=  i,),  BC  (=  ^,).  A  uniform  load  of 
intensity  w  travels  over  AB,  and  at  a  given  instant  covers  a  length  AD 
(  =  r)  of  the  span.    If  if,,  R^,  are  the  reactions  at  A  and  C  respectively, 

shew  that  R^.l]  +  R^.  II  =  w.r.  (l\  -  f .r./,  +  i- j) 

Draw  a  diagram  shewing  the  shearing  force  in  front  of  the  moving 
load  as  it  crosses  the  girder. 

(42).-If  the  live  load  in  the  preceding  question  may  cover  both 
spans,  shew  that  the  shearing  force  at  any  point  Z>  is  a  maximum  when 
AD  and  BC  are  loaded,  and  BD  unloaded. 

Illustrate  this  force,  graphically,  taking  into  account  the  dead  load 
upon  the  girder. 

(43). -Each  of  the  main  girders  of  the  Vina  Del  Mar  Bridge  rests 
upon  two  end  supports,  is  continuous  over  five  intermediate  supports,  is 
fixed  at  the  centre  support,  is  3-ft.  deep  throughout,  and  is  designed  to 
carry  a  uniformly  distributed  dead  load  of  8-tons,  and  a  live  load  of 
^-ton  per  lineal  ft.  The  end  spans  are  each  51  ft.  8-ins.  and  the  inter- 
mediate spans  each  50-ft.  in  the  clear.  Find  the  reactions  at  the 
supports. 

The  girders  are  single-webbed  and  double-flani'ed  ;  the  flanges  are 
12-in8.  wide  and  equal  in  sectional  area,  the  areas  for  the  intermediate 
spans  being  13-sq.  ins.  and  17  sq.  ins.  at  the  centre  and  piers,  respec- 
tively. Find  the  corresponding  moments  of  resistance  and  flange 
stresses,  the  web  being  fin.  thick. 

(44). -A  girder  supported  at  the  ends  is  30-ft.  in  the  clear  and 
carries  two  stationary  loads,  viz.,  7-tons  concentrated  at  6-ft.,  and  12- 
tons  at  I'^-ft.  from  the  left  support;  find  the  position  and  amount  of  the 
maximum  deflection,  and  also  the  loork  of  flexure. 

The  girder  is  built  up  of  plates  and  angle-irons,  and  is  24-ins.  deep ; 
if  the  moment  of  resistance  due  to  the  web  is  neglected,  and  if  the 
intensity  of  the  longitudinal  stress  is  not  to  exceed  5-tons  per  sq.  in., 
what  should  be  the  flange  sectional  area  corresponding  to  the  maximum 
bending  moment. 

(45). -Determine  the  rcork  of  flexure  and  the  necessary  flange 
sectional  area  at  the  centre  if  the  girder  in  the  preceding  question  is 
subjected  to  a  uniformly  distributed  load  of  40-tons,  instead  of  the 
isolated  loads. 

(46).-('*).-The  bridge  over  the  Garonne  at  Langon  carries  a  double 
track,  is  about  G95-ft.  in  length,  and  consists  of  three  spans  AB,  BC, 
CD.     The  two  main  girders  are  continuous,  and  rest  upon  the  abut- 
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luble 
abut- 


ments at  A  and  D,  and  upon  the  pier  at  B,  but  are  Jixed  to  the  pier  at 
C,  so  that  they  are  free  to  slide  over  the  supports  at  A,  B  and  D,  under 
changes  of  temperature.  The  effective  length  of  each  of  the  spans 
AB,  CD,  is  208-ft.  6-ins.,  and  of  the  centre  span  BC,  243  ft.  The 
permanent  load  upon  a  main  girder  is  1277-lb3.  per  lineal  ft.,  and  the 
proof  load  is  2ti88-lbs.  per  lineal  ft.  Find  the  reactions  at  the  supports, 
(l).-when  the  proof  load  covers  the  span  AB,  (2).-  when  the  proof 
load  covers  the  span  BC,  (8).-when  the  proof  load  covers  the  spans 
AB  and  BC,  (4). -when  the  proof  load  covers  the  spans  BC  and  CB, 
(5).-when  the  proof  load  covers  the  whole  girder. 

Draw  shearing  force  and  bending  moment  diagrams  for  each  case. 
(i).-At  the  piers  the  web  is  ^-in.  thick  and  18  ft.  in  depth,  and  each 
flange  is  made  I'p  of /our  plates  ^-in.  thick  and  3-ft.  wide  ;  determine 
the  flange  stresses  for  cases  (I)  and  (2). 

(c).— The  angle-irons  connecting  the  flanges  with  the  web  at  the  pier, 
are  riveted  to  the  former  with  1^-in.  rivets,  and  to  the  latter  with 
1-inch  rivets ;  how  many  of  each  kind  are  required  in  one  line  lineal  fts 

on  both  sides  of  the  pier  a,t  B? 

(cZ).-The  elective  height  of  the  pier  at  B  is  41-ft.,  its  mean  thickness 
is  14-ft.  9-ins.,  its  width  is42-ft.  9-ins.,  and  it  weighs  12J)-lbs.  per  cubic 
ft.  If  there  is  no  surcharge  on  the  bridge,  and  if  the  coefficient  of 
friction  between  the  sliding  surfaces  at  the  top  of  the  pier  is  taken  at 

.15,  shew  that  the  overturning  moment  due  to  the  dilatation  of  the 

girders  is  about  ,'oth  of  the  moment  of  stability  of  the  pier. 

(e).-Find  \hQ  points  of  infl^on  stxxA.  also  \j\\q  maximum  deflections  in 

the/owr  cases. 

What  practical  advantage  is  derived  from  the  calculation  of  the 

deflection  ? 

(47).-The  two  columns  C  Dy  E  F,  l-h.  in 

length  and  2.a-ft.  apart,  support  a  cross  girder 

over  which  passes  a  railway  track  of  gauge 

A  B   (2.cft.).     The  heaviest  load  transmit- 
ted to  the  columns  is   PF-tons  on    each  line  I 

of  rail,  and  it  is  desired  that  under  this  load 

the  direction  of  the  resultant  thrust  upon  a  i 

column  shall  coincide  with  its  axis.    To  ensure 

this  the  frame  is  constructed  as  follows: — A 

camber  is  given  to  the  girder,  Fig.  2,  equal  in  ] 

amount  to  the  deflection  of  the  girder  A  B, 

T,-      -         ,        I      I     1  Tir  .         W.a^.c-a, 
Fig.  1,  under  the  load  W,  i.  e,,  „    „   , 
**     '  '        '  2. E.I 

I  being  the  moment  of  inertia  of  the  girder. 

The  columns  are  rigidly  fixed  to  the  girder  at 

right  angles  to   the  tangents  at  C"  and  E'. 

Finally,  the  ends  D'  and  F '  are  pulled  by  a 

horizontal  force  X  until  they  are  vertically 

beneath  the  points  C  and  E\  respectively,  so 

chat  the  columns  assume  the  dotted  curved 

forms  as  shewn  in  the  Fig.     Evidently,  when 

the  loads    W  are  transmitted    through  the 

columns,  the  required  condition  is  fulfilled. 
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If  Mg,  Ml,  are  the  moments  of  resistance  at  the  foot  and  head,  res- 
pectively, of  either  column,  and  if  /  is  the  moment  of  inertia  of  a 

column,  shew  that,  X.  1=-^ — ^ — =3.M^=^-  M,,  and  that  the  slope 

/./  +  4.i,.a  "    2      "  *^ 

Kt  A  or  B  of  the  girder  or  column  is  „  ^  r.     \  r — r 

(48) .-Discuss  the  frame  in  the  preceding  Question,  and  obtain  cor- 
responding results,  when  the  lines  of  rail  fall  within  CE. 

(49). -The  section  of  a  given  beam  is  in  the  form  of  an  i30sceles- 
triangle,  with  its  base  horizontal ;  shew  that  the  moment  of  resistance  of 
the  strongest  trapezoidal  beam  that  can  be  cut  from  it  is  very  nearly 

equal  to^-j— r/.  6.  cP,  h  being  the  width  of  the  base,  d  the  depth  of  the 

triangle,  and/ the  unit  stress  in  the  extreme  layer. 

(50). -The  floor-beams  of  a  single-track  bridge  are  14-ft.  in  the  clear, 
and  carry  rolled  iron  joists  under  the  rails.  Determine  the  most  econo- 
mical spacing  for  the  floor-beams  on  the  assumptions,  (l).-that  the 
weight  per  lineal  yd.  of  the  rolled  beam  is  to  be  proportional  to  the 
square  root  of  the  maximum  bending  moment  upon  it,  (2). -that  the 
floor-beamj  are  to  be  18-ins.  deep  with  a  f-in.  web,  and  a  flange  sectional 
area  proportional  to  the  maximum  bending  moment,  and  (3).-that 
the  live  load  is  equivalent  to  a  distributed  load  of  l^tons  per  lineal  ft. 

(51).-A  continuous  girder  consists  of  two  spans,  each  50-ft.  in  length ; 
the  effective  depth  of  the  girder  is  8-ft.  If  one  of  the  end  bearings 
settles  to  the  extent  of  1-in.,  find  the  maximum  increase  in  the  flange 
and  shearing  stress  caused  thereby,  and  shew  by  a  diagram  the  change 
in  the  distribution  of  the  stresses  throughout  the  girder.  (Assume  the 
section  of  the  girder  to  be  uniform,  and  take  ^=25,000,000  lbs.) 

(52). -A  bridge,  a-ft.  in  the  clear,  is  formed  of  two  cantilevers  which 
meet  in  the  centre  of  the  span,  and  are  connected  by  a  bolt  capable  of 
transmitting  a  vertical  pressure  from  the  one  to  the  other.  A  weight 
W  is  placed  at  a  distance  b  from  one  of  the  abutments ;  find  the  pressure 
transmitted  from  one  cantilever  to  the  other,  and  draw  the  curve  of 
bending  moments  for  the  loaded  cantilever. 

(53)  .-Weights  are  placed  at  different  points  of  a  beam  supported  at 
the  two  ends.  Assuming  that  the  deflection  of  any  point  of  the  beam  is 
the  sum  of  all  the  deflections  caused  by  the  several  weights,  determine 
the  deflection  produced  by  a  uniformly  distributed  load. 
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CHAPTER  III. 
Of  the  Transverse  Strength  op  Beams. 

(l).-Mom€nt  of  Resistance,  etc.— In  the  present  chapter  a  mechanical 
method  is  described  by  which  may  be  found  the  transverse  strength  of 
any  girder  having  a  section  symmetrical  with  respect  to  a  vertical  axis. 
The  method  requires  but  a  very  limited  knowledge  of  mathematics,  and 
depends  in  its  principle  upon  the  condition,  that  the  stress  in  any  hori- 
zontal layer  of  a  girder  varies  directly  as  the  distance  of  the  layer  from 
the  neutral  axis.  Of  course  this  condition  is  strictly  true  only  within 
the  limits  of  elasticity,  but  it  is  often  utilised  in  practice  in  finding  the 
ultimate  strength. 

In  any  horizontal  layer  take  a  line,  bisected  by  the  vertical  axis,  pro- 
portional or  equal  to  the  stress  in  that  layer.  The  locus  of  the  extremi- 
ties of  all  such  lines  encloses  an  area  A,  which  evidently  represents  the 
sectional  stress  in  magnitude  and  distribution.  The  two  parts  into  which 
the  area  is  divided  by  the  neutral  axis  are  equal,  for,  within  the  limits 
of  elasticity  it  may  be  astamed  that  the  resistance  to  compression  is 
equal  to  the  resistance  to  extension.  Also,  the  resultant  compressive  and 
tensile  stressc  must  necessarily  act  at  the  centres  of  gravity  of  the  two 
parts. 

Hence,  if  d  is  the  distance  between  the  two  centres  of  gravity,  i.  c, 
the  effective  depth  of  the  section,  and  if/  is  the  actual  stress  in  either  of 

A 
the    extreme  layers,  then  /.  ^.d  is  the  moment  of  resistance  of  the 

section,  and  A  is  the  effective,  or  safe  resistance  area. 

(2). -Example  of  Regular  Sections. — Figs.  1,  2,  and  3  are  symme- 
trical with  respect  to  a  horizontal  as  well  as  a  vertical  axis.  Consider 
any  layer  mn,  and  let  pq  be  its  projection  upon  the  horizontal 
through  A. 


t        i, 
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If/ be  the  unit  stress  at  ^,  the  stress  in  the  layer  mn  isf.miiy^j- 

(JA 

=^f'Pq-rr-A=f-TS,  SO  that    rs  is  the  equivalent  length  at  t,  and  the 
O  A. 

locus  of  all  such  points  as  r,  s,  encloses  the  effective  area.    This  area,  in 

Figs.  1  and  3,  is  bounded  by  straight  lines,  and  in  Fig.  2  by  four  equal 

parabolas,  all  being  shewn  by  thick  lines. 

Let  h  be  the  depth  and  b  the  extreme  breadth  of  sections  1  and  2. 

The  effective  area  of  section  1=^=-^,  and  of  section  2=A=  -'-. 
The  effective  depth  of  section  l  =  d=  -.A,  and  of  section  2=t?=-^ . 
Hence,  the  moment  of  resistance  of  section  1  =/•— 71 —  and  of  section  2 


6 


=/ 


'Is"" 


In  the  same  manner  the  moment  of  resistance  of  section  3  may  be 
found,  but  a  simpler  method  will  be  presently  indicated. 
Cor.     To  trace  the  parabolas  in  Fig.  2 : — 
Let  ot  =  x,  tr=zy. 

h 


y      rt      pA      mt   _0B  At 
•'•"  "^"  OA  '^0A~07i0A' 


12-'^ 


X 


h 
2 


.*.  1/=  *^.  (  —  x  —  x^j  is  the  equation  required. 

(^). -Examples  of  Irregular  Sections. — Figs.  4,  5,  and  6  are  symmetri- 
cal with  respect  to  a  vertical  axis  only,  but  the  method  is  precisely  the 
same. 
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EXAMPLE   OF   HOLLOW   CIRCULAR   SECTION. 
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Let  0  be  the  centre  of  gravity  of  the  section,  and  let  ah  be  the  most 
extreme  layer ;  let  ed  be  a  horizontal  line  at  the  same  distance  from  0 
as  ai,  but  on  the  opposite  side. 

Consider  any  layer  m/i,  and  project  it  upon  ah  or  cr/,  according  as  it 
is  situated  above  or  below  0.  Join  the  feet  of  the  projections  with  0, 
intersecting  mn  in  r  and  s.  The  equivalent  length  of  mn  is  rs  as  before, 
and  the  locus  of  the  points  ?',  s,  (shewn  by  the  thick  lines),  bounds  the 
effective  area. 

CoroUavy.-he.if„fp,  be  the  safe  tensile  and  compressive  unit  stresses, 
respectively. 

Let  di,  ^p,  be  the  distances  from  0  of  the  extreme  fibres  in  tension 
and  compression  respectively. 

The   beam   teuds   to   fail  by   tension  or  compression  according  as 

4-  <or>'h 


f. 


d„ 


(4). -Example  .  '  Hollow 
Circular  Section. — The  eflFec- 
tive  area  of  a  hollow  circular 
section  may  be  found  by  treat- 
ing the  section  as  the  diflFerence 
of  tw;o  solid  circles. 

The  stress  in  any  layer  MN 

'  OA      '' 

fixes  the  point  R  for  tlie  outer 
circle. 
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GENERAL    METHOD. 
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j.l   t 

1 

i 

7'  - 

(■  ; 


I 


L' '  RT=sy,  and  TO=x ;  let  A  be  the  diar.  of  the  outer  circle,  and  h 
that  of  the  inner. 


y_RT_PA_MT_ 
''•i~OT~OA-  0A~ 
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X' 
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h 
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2  X    /h* 
. '.y  =  -1-. Y  ~  - x",  is  the  equation  to  the  locus  of  /?,  i.e.,  ^^0. 

In  the  same  manner  may  be  obtained  the  locus  1'  R'  0  for  the  inner 

?.x    /l^^ 
circle,  and  its  equation  is  y  =  -jy'\  —  -^ 

(p). -General  Method  for  a  section  symmetrical  with  respect  to  a 
vertical  axis. 

(a) .-Determine  its  area,  by  catting  an  accurate  template  of  the  sec- 
tion out  of  cardboard  or  thin  metal,  and  carefully  balancing  it  against  a 
rectangle  of  the  same  material ;  the  area  of  the  rectarye  is  evidently  the 
same  as  that  of  the  section. 

The  area  may  also  be  obtained  with  a  planimeter. 

(6) .-Determine  the  centre  of  gravity,  i.e.,  the  neutral  point,  of  the 
template  either  by  balancing  it  upon  a  needle  point,  or  by  the  method 
of  suspension,  and  transfer  it  to  a  drawing  of  the  section, 

(c).-Trace  the  bounding  lines  of  the  effective  area  as  follows: — 

Divide  up  the  section  by  a  num- 
ber of  equidistant  lines,  as  in  Fig.  8, 
and  project  these  lines,  according  as 
they  are  below  or  above  the  neutral 
point  0,  upon  the  most  extreme 
layer  AB  and  upon  the  horizontal 
line  CD  at  the  same  distance  from 
O&iAB. 

The  points  of  intersection  of  the 

lines  with  the  radial  lines  from  0 

to  the  extremities  of  the  projections, 

define  the  effective  area. 

(rf),-Cut  out  accurate  templates  of  the  parts  of  the  effective  area 
above  and  below  0.  The  templates  must  exactly  balance,  and  the  area 
and  centre  of  gravity  of  each  may  be  found  as  in  a  and  6. 
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(e).-Tran8fer  the  centres  of  gravity  to  the  drawing ;  the  distance 
between  them  is  the  eflFective  depth. 

(Q) -Practical  Conc/uaion* -Experiments    indicate  that  the  actual 

deflection  and  strength   (both  elastic  and  ultimate)  of  iron  and  steel 

girders  under  transverse  loads,  exceed  the  results  of  theory  by  an  amount 

which  varies  from  zero  per  cent,  for  thin  webbed  steel  plate  girders,  to 

60  and  70  per  cent.,  respectively,  for  solid  rectangular  bars  of  wrought- 

iron  and  steel.     The  excess  for  other  sectional  forms  is  intermediate 

between  these  extreme  limits,  and  for  any  given  section  may  be  assumed 

fiO         70 
to  be  the  product  of—-  or  j^by  the  ratio  of  the  area  of  the  section  to 

the  area  of  the  rectangle  formed  by  the  width  of  the  lower  face  and  the 
depth  of  the  girder. 

Denote  the  last  ratio  by  r.       - 

Let  a  be  the  effective  Jlange  area. 

Let  d  be  the  effective  depth. 

Let/,  be  the  theoretic  unit-stress  in  a  girder  under  a  load  of  IT-tons 
at  the  centre  of  a;-inch  bearings. 

Let/,  be  the  actual  direct  strength  of  the  material  of  the  girder. 

.    f        .      W.X 

'   f,.  a.d  ——— 


.ai, /,=/,.  (l  +|£) 


p  being  60  or  70  according  as  the  girder  is  of  wrought-iron  or  steel. 

W.X 


.ience,/.(l  4-^;).a.c7=— ^ 


an  equation  which  gives  the  strength  of  a  girder  within  a  comparatively 
small  percentage  of  its  actual  value,  provided  the  rules  in  the  preceding 
article  are  carefully  applied,  and  that  failure  does  not  occur  from  local 
weakness. 

A  girder,  loaded  transversally,  may  fail  from  lateral  flexure  long 
before  its  ultimate  strength  is  reached,  either  because  the  upper  flange 
is  narrow  and  unsupported  by  a  thick  web,  or  because  the  web  is  thin 
and  elastic  altliough  the  width  of  the  flange  may  be  ample.  No  general 
theory  makes  allowance  for  failure  from  such  causes,  and  they  must  be 
guarded  against  hy pro cticnl  considerations.  In  practice,  the  flastic 
strength  of  a  beam  free  from  local  weakness  averages  from  50  to  55  per 
cent,  of  its  ultimate  strength. 
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KXAMPLES. 

(l).-Sljcw  that  tlio  ratio  of  the  strcnf^th  of  a  square  bonm  with  its 
side  vertical  to  the  strenj^th  of  the  suiie  beam  witij  a  diagonal  vertical 

is  V-. 

Explain  why  such  a  result  ini-'ht  be  anticipated. 

(2).-Comparc  the  --trength  of  a  T-seetion   when  the  flan<;e   i.s  upper- 
most with  the  strenuth  of  the  same  section  when  the  web  \h  uppermost. 
(3). -Determine  the  resistance  area  of  a  regular  cruciform  section. 
(4).-Shew  that  the  effective  area  and  effective  depth  of  a  circular 

section  of  diameter  h  are  -   and  ^.^•'^Jh  respectively. 

(5).-Find  the  eff^'ctive  area  and  effective  depth  of  a  hollow  circular 
section. 

(G).-The  flantresof  an  I-section  are  each  3^-ins.  wide  and  1-in.  thick, 
the  web  is  4-ins.  deep  and  1-in.  thick,  the  safe  tensile  and  conipressivo 
working  stress  is  5-tons  per  sq.  in. ;  determine  the  moment  of  n^sistance. 

(7).-The  top  flange  of  a  cast  iron  girder  is  5ins.  wide  and  2-in8. 
thick,  the  bottom  flange  is  IH-ins.  wide  and  2-ins  thick,  and  the  web  is 
23-in8.  deep  and  2-ins.  thick  ;  determine  the  greatest  tensile  stress  in  the 
section  corresponding  to  a  compressive  stress  in  the  extreme  layer  of 
1^-tons  per  sq.  in. 

(8). -Each  of  the  flanges  of  a  wrought-iron  girder  con'  's  nf  Jti>e  8-in, 
by  ^-in.  plates,  riveted  to  a  24-in.  by  ^-in.  web,  by  two  by  3-ins.  by 

^-in.  angles  ;  the  ultimate  tenacity  and  the  elastic  streng..  , .  the  iron  are 
21 -tons  and  10^-tons  per  sq.  in.,  respectively;  find  the  weight  which  the 
girder  will  support  witliout  appreciable  set  at  the  centre  of  20-ft.  bear- 
ings, the  moment  of  resistance  being  521-inch-tons,  or  the  mean  of  the 
moments  of  resistance  in  tension  and  compression. 

(9).-Eight  5j-ins.  by  ^-in.  plates  and  two  2^-ins.  by  '2i  ins.  by  i-in. 
angles  were  substituted  for  the  bottom  flange  in  the  preceding  (juestion, 
when  the  girder  failed  by  distortion  under  a  load  of  102-tons  at  the 
centre  of  2(1  ft.  bearings.  The  compressive  and  tensile  moments  of  resis- 
tance were  G3()  and  45()-inch-tons,  respectively  ;  what  were  the  corres- 
ponding inch-stresses? 

Explain  the  cause  of  the  failure. 

(10). -The  top  flange  of  a  cast-iron  girder  was  3-ins.  wide  by  f-in. 

9 
thick,  the  bottom  flange  was  9-ins.  wide  by  ,^  ins.  thick,   the  web  was 

11  ins.  deep  by  fin.  thick  ;  the  groates-t  working  stress  in  compression 
was  4-tons  per  sq.  in.,  what  was  the  corresponding  greatest  tensile 
stress  ? 

(ll).-The  girder  in  the  preceding  question  was  placed  upon  supports 
11-ft.  H-ins,  apart,  and  failed  under  a  load  of  42-tons  at  the  centre; 
determine  the  equivalent  direct  tensile  strength  of  the  iron. 

(1 2). -A  channel  beam,  3-ins.  by  If-in.  by  f-in.,  is  made  of  wro'v^*- 
iron  having  an  elastic  limit  of  lO-tons  per  sq.  in.,  and  an  ultimate  teua- 
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city  of  20  tons  per  Bq.  in.  ;  determine  the  weight  which  the  beam  will 
HupiMtrt  witlidiit  appreciable  si't  at  the  centre  of  IJO-ineh  bearin<;.s,  the 
web  beinj;  ujipermost. 

(K»).-A  steel  channel  beam  consists  of  a  (}}-in.  by  j^-in.  wfb  ami  two 
2,^-in8.  by  2;^-ins.  by  -L.  in.  aiii^les  ;  the  beam  is  to  brar,  without  appre- 
ciable Bet,  a  weijiht  of  10,500  lbs.  at  the  centre  of  IJU-ineh  bearin<;s,  a.:d 
it  is  specitii'd  that  the  ultimate  tenacity  of  the  metal  in  to  be  2t)  ton.sper 
sq.  in. ;  what  is  its  elastic  strenjith  ? 

(14).-The  anirles  in  tlie  precedinj;  (juestion  are  placed  back  to  back 
at  the  centre  of  the  plate   so  as  to  form  u  T-seetion  ;  determine  the 
weij^'ht  which  the;  beam  will  bear  at  the  centre  of  .'{(i-ineh  bearinj:;s,  with- 
out appreciable  set,  (l).-Wiien  the  plate  is  uppermost. 
(2). -When  the  an<i;le8  are       " 

(15). -Determine  the  effective  area  and  effective  depth  of  a  Sandbcrg 
standard  GO-lb.  flanged  stoel  rail,  4^-inB.  deep  by  4ins.  wide. 

The  ultimate  tenacity  of  the  Bteel  is  to  be  40-tons  per  sq.  in.  and  the 
elastic  limit  5U  per  cent. ;  find  the  greatest  transverse  strength  of  the 
rail  at  42-inch  bearings. 

If  the  minimum  tenacity  of  the  steel  is  M2-ton8  per  sq.  in.,  find  the 
correspond iug  elastic  limit  and  transverse  strength. 

(16).-The  sectional  nea,  effective  area,  and  effective  depth  of  a  steel 
double-headed  rail  are  ;V84-sq.  ins.,  8'31-sq.  ins.,  and  2"!M-in8.,  respect- 
ively ;  the  steel  has  an  ultimate  tensile  sti  -ngth  of  4H-tons  per  sq,  in,  and 
an  elastic  limit  of  54  per  cent. ;  what  weight  will  the  rail  bear  at  the 
centre  of  60-inch  bearings,  without  permanent  set  ? 

(17).-The  sectional  area,  effective  area,  and  effective  depth  of  a  steel 
double-headed  rail  are  8'05-sq.  ins.,  4'S-sq.  ins.,  and  4"()5-s(i.  ins,,  res- 
pectively, and  the  rail  carries  an  ultimate  load  of  ;j5-tons  at  the  centre 
of  60-inch  bearings  ;  determine  the  equivalent  direct  tensile  strength  of 
the  steel. 

(18).-The  effective  tension  and  compression  areas  of  an  iron  rail  are 
2*6-sq.  ins.  and  28-sq.  ins.,  respectively ;  the  effective  depth  is  8-6-ins. ; 
the  ultimate  tenacity  of  the  iron  is  25-ton8  per  sq.  in. ;  find  the  corres- 
ponding compressive  unit  stress,  and  also  the  ultimate  transverse  strength 
of  the  rail  at  48-inch  bearings. 

(Ratio  of  sectional  area  to  enclosing  rectangle  =  •32.) 

(19).-The  flanged  rails  of  the  Canadian  Pacific  Ry.  have  a  .sectional 
area  of  5"7-sq.  ins.,  an  effective  area  of  4-sq.  ins.,  and  an  effective  depth 
of  3-ins. ;  what  weight  will  one  of  these  rails  support,  without  permanent 
set,  at  the  centre  of  54-inch  bearings,  (l).-if  it  ismadeof  steel  having  an 
ultimate  tenacity  of  35-tons  per  sq.  in.,  and  an  elastic  limit  of  45  per 
cent,  (2). -if  it  is  made  of  wrought  iron  having  an  ultimate  tenacity  of 
25-tons  per  fic^.  in.  and  an  elastic  limit  of  50  per  cent. 

(20).-The  sectional  area,  effective  area,  and  effective  depth  of  a 
flanged  steel  rail  are  7'1-sq.  ins.,  4-5-sq.  ins.  and  3'6-ins,,  respectively ; 
the  rail  just  bears  a  weight  of  17-tons  at  the  centre  of  60-iDch  bearings 
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T^ithout  permanent  set ;  find  the  ultimate  tensile  strength  of  the  steel,  its 
elastic  limit  being  54  per  cent. 

(21). -The  maximum  and  minimum  tensile  strength  of  a  steel 
flanged  rail  are  37-ton8  and  33-tons  per  sq.  in.,  respectively,  and  the  cor- 
responding elastic  limits  are  53  per  cent,  and  60  per  cent. ;  determine 
the  maximum  and  minimum  transverse  strength  of  the  rail  at  42-inch 
bearings. 

(Moment  of  resistance  of  section  =  8|- inch -tons,  ratio  of  sectional 
area  to  enclosing  rectangle  =  '31.) 

(22). -If  the  sectional  area  of  the  table  of  a  Barlow  rail  is  equal  to  the 
product  of  '273  by  the  joint  area  of  the  quadrantal  wings,  shew  that  the 
sectional  area  of  the  rail  is  4.r.<  nearly,  and  also  that  the  moment  of 
resistance  iB~./.t.i^,  nearly. 

(t  =  thickness  of  quadrantal  wings,  and  r  =  their  radius  measured 
to  the  middle  of  the  thickness.) 
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CHAPTER  IV. 
Pillars. 

(l).-Cla88iJication.— The  manner  in  which  a  material  fails  under 
pressure  depends  not  merely  upon  its  nature  but  also  upon  its  dimensions 
and  form.  A  short  pillar,  e.g.,  a  cubical  block,  will  bear  a  weight  that 
will  almost  crush  it  into  powder,  while  a  thin  plank  or  a  metal  coin  sub- 
jected to  enormous  compression  will  be  only  condensed  thereby.  In 
designing  struts  or  posts  for  bridges  and  other  structures,  it  must  be 
borne  in  mind  that  such  members  have  to  resist  buckling  and  hending 
in  addition  to  a  direct  pressure,  and  that  the  tendency  \xi  buckle  or 
bend  increases  with  the  ratio  of  the  length  of  a  pillar  to  its  least  trans- 
verse dimension. 

Hodgkinson,  guided  by  the  results  of  his  experiments,  divided  all 
pillars  with  truly  flat  and  firmly  bedded  ends  into  three  classes,  viz. : — 

(^A.). -Short  Pillars,  of  which  the  ratio  of  the  length  to  the  diameter  is 
less  than  4  or  5  ;  these  fail  under  a  direct  pressure. 

(^). -Medium  Pillars,  of  which  the  ratio  of  the  length  to  the  diameter 
exceeds  5,  and  is  less  than  30  if  of  cast-iron  or 
timber,  and  less  than  60  if  of  wrought-iron ;  these 
fail  partly  by  crushing  and  partly  by  flexure. 

(C).-Long  Pillars,  of  which  the  ratio  of  the  length  to  the  diameter 
exceeds  30  if  of  cast-iron  or  timber,  and  60  if  of 
wrought-iron  ;  these  fail  wliolly  by  flexure. 

(2). -Further  deductions  from  Hodgkinson'' s  experiments. — A  pillar 
with  both  ends  rough  from  the  foundry  so  that  a  load  can  be  applied  only 
at  a  few  isolated  points,  and  a  pillar  with  a  rounded  end  so  that  the  load 
can  be  applied  only  along  the  axis,  are  each  one-third  of  the  strength  of 
a  pillar  of  class  B,  and  from  one-third  to  two-thirds  of  the  strength  of  a 
pillar  of  class  C,  the  pillars  being  of  the  same  dimensions. 

The  strength  of  a  pillar  with  one  end  flat  and  the  other  round  is  an 
arithmetical  mean  between  the  strengths  of  two  pillars  of  the  same  dimen- 
sions, the  one  having  both  ends  flat  and  the  other  both  ends  round. 

Discs  at  the  ends  of  pillars  only  slightly  increase  their  strength,  but 
facilitate  the  formation  of  coonectious. 
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An  enlargement  of  the  middle  section  of  a  pillar  sometimes  increases  its 
strength  in  a  small  degree,  as  in  the  case  of  f^olid  cast-iron  pillars  with 
rounded  ends  which  are  made  stronger  by  about  one-seventh  ;  hollow  cast- 
iron  pillars,  however,  are  not  affected.  The  strength  of  a  disc-ended 
pillar  is  increased  by  sibont  one  eighth  or  one-ninth,  when  the  middle  dia- 
meter is  lengthened  by  50  per  cent.,  but  for  slight  enlargements  the 
increase  is  imperceptible. 

The  strength  of  hollow  cast-iron  pillars  is  not  affected  by  a  slight 
variation  in  the  thickness  of  the  metal,  as  a  thin  shell  is  much  harder 
than  a  thick  one.  The  excess  above  or  deficiency  below  the  average 
thickneiss  should  not  exceed  25  per  cent. 

(S).-Form. — According  to  Hodgkinson,  the  relative  strengths  of  long 
cast-iron  pillars  of  equal  weight  and  length  may  be  tabulated  as  follows : — 

(ffi)  .-Pillars  with /?a<  ends. 

The  strength  of  a  solid   round   pillar  being  100 

"  "       "      square       "  is       93 

"  "       "      triangular "  is     110 

(6) .-Pillars  with  round  ends,  i.e.,  ends  for  hinging  or  pin  connections. 

The  strength  of  a  hollow  cylindrical  pillar  being  100 

"         '<  an  H-shaped  "         "     74-6 

*'         "  a  +-shaped  "         "     44.2 

The  strengths  of  a  long  solid  round  pillar  with  flat  ends,  and  a  long 
hollow  cylindrical  pillar  with  round  ends,  are  approximately  in  the  ratio 
of  2.3  to  1. 

The  stiffest  kind  of  wrought-iron  strut  is  a  built  tube,  the  section  con- 
sisting of  a  cell  or  of  cells,  which  may  be  circular,  rectangular,  triangu- 
lar, or  of  any  convenient  form. 

In  experimenting  upon  hollow  tubes,  Hodgkinson  found  that,  other 
conditions  remaining  constant,  the  circular  was  the  strongest,  and  was 

followed  in  order  of  strength  by  the  square  in  /our  compartments  r"r| , 

the  rectangle  in  two  compartments  |     f"~' ,  the  rectangle  \         \  and  the 
Sk^uare. 

The  addition  of  a  diaphragm  across  the  middle  of  the  rectant'le  doubled 
its  resistance  to  crippling. 

(A).-Mode8  of  failure. — The  manner  in  which  the  crushing  of  short 
pillars  takes  place  depends  upon  the  material,  and  the  failing  may  be  by 
splitting,  bulging,  or  buckling. 
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(a). -Splitting  ''nto  fragments  is  characteristic  of 
such  crystalline,  fibrous,  or  granular  substances  as 
glass,  timber,  stone,  brick  and  cast-iron. 

A  hard  vitreous  material,  e.g.,  glass  or  vitrified 
brick,  splits  into  a  number  of  prisms,  (Fig.  1.) 

A  fibrous  material,  e.g.,  timber,  and  granular  materials,  e.g.,  cast- 
iron  and  many  kinds  of  stone  and 
brick,  shear  or  slide  along  planes 
oblique  to  the  direction  of  the  thrust, 
and  form  one  or  more  wedges  or 
pyramids,  (Figs.  2,  3,  4.) 

Sometimes  a  granular  or  a  crystalline  substance  will  suddenly  give 
way  and  be  reduced  to  powder. 

{b). -Bulging,  i.e.,  a  lateral  spreading  out,  is  characteristic  of  fibrous 
materials,  e.g.,  wrought-iron,  copper,  lead  and  timber. 

All  substances,  however,  even  the  most  crystalline,  will  bulge  slightly 
before  they  fail,  if  they  possess  some  degree  of  toughness. 

{c).— Buckling  is  characteristic  of  fibrous  materials,  and  the  resist- 
ance of  a  pillar  to  it  is  always  less  than  its  resistance  to  direct  crushing, 
and  is  independent  of  length. 

Thin  malleable  plates  usually  fail  by  the  bending,  puckering, 
wrinkling,  or  crumpling  up  of  the  fibres,  and  the  same  phenomer*'  may 
be  observed  in  the  case  of  timber  and  of  long  bars. 

Long  plate  tubes,  when  compressed  longitudinally,  first  bend  and 
eventually  fail  by  the  buckling  of  a  short  length  on  the  concave  side. 

The  ultimate  resistance  to  buckling  of  a  well  made  and  well  shaped 
tube,  is  about  27,000-lb3.  per  sq.  in.  section  of  metal,  which  may  be 
increased  to  33,000  or  36,000-lbs.  per  sq.  in.,  by  dividing  the  tube  into 
two  or  more  compartments. 

A  rectangular  wrought  iron  or  steel  tube  oflPors  the  greatest  resistance 
to  buckling,  when  the  mass  of  the  material  is  concentrated  at  the  angles, 
while  the  sides  consist  of  thin  plates  or  lattice-work,  sufficiently  strong 
to  prevent  the  bending  of  the  angles. 

Timber  offers  twice  the  resistance  to  crushing  when  dry  than  when 
wet,  as  the  presence  of  moisture  diminishes  the  lateral  adhesion  of  the 
fibres. 
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{fi). -Uniform,  Stress. — Let  a  short  pillar  be 
subjected  to  a  pressure  of  H^'-lbs.  uniformly  distri- 
buted over  its  end,  and  acting  in  the  direction  of 
its  axis. 

Let  S  be  the  transverse  sectional  area  of  the 
pillar. 

W 

Let  jp  =  __»  be  the  intensity  of  stress  per  unit 

o 

of  area  of  any  transverse  section  AB. 

Let  A'B'  be  any  other  section  of  area  S',  inclined  to  the  axis  at  an 

angle  6.  The  intensity  of  stress  per  unit  of  area  of  A'  B'=--  =—.  sin  <f 

o        iS 
=p.sme,    which  may  be   resolved  into  a  component  p.sin^O  normal  to 
A'  B',  and  a  component^  sine,  cose,  i.e.,  p  sin2ti^  parallel  to  A'  B'      The 

2 
last  intensity  is  evidently  a  maximum  when  tf=4b",  so  that    the   plane 
along  which  the  resistance     )  shearing  is  least,  and  therefore  alono- 
which  the  fracture  of  a  homogeneous  material  would  tend  to  take  place' 
makes  an  angle  of  45"  with  the  axis.  ' 

None  of  the  materials  of  construction  are  truly  homogeneous,  and  in 
the  case  of  cast-iron,  the  irregularity  of  the  texture  andlhe  hardness  of 
the  skin  cause  the  angle  between  the  plane  of  shear  and  the  direction 
of  the  thrust  to  vary  from  32°  to  42°. 

Hodgkinson's  experiments  upon  blocks  of  different  materials  led  him  to 
infer  that  the  true  crmhing  strength  of  a  material  io  obtained  when  the 
ratio  of  length  to  diameter  is  at  least  IJ;  for  a  less  ratio  the  resistance 
to  compression  is  unduly  increased  by  the  friction  at  the  surfaces  between 
which  the  block  is  cru.shed. 

(6).  -  Uniformly  varying 
Stress. — The  load  upon  a  pil- 
lar is  rarely,  if  ever,  uniform- 
ly distributed,  but  it  is  prac- 
tically sufficient  to  assume 
that  the  pressure  in  any  trans- 
verse section  varies  uniformly. 

Any  variable  external  force 
applied  normally  to  a  plane 
surface  A  A  of  area  S  may  be 
graphically  represeut/d  by  a 
cylinder  AABB,  the  end  BB 
being  the  locus  of  the  extre- 
mities of  ordinates  erected 
upon  A  A,  each  ordinate 
being  proportional  to  the  in- 
tensity of  pressure  at  the 
point  on  which  it  is  erected. 
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Let  P  be  the  total  force  upon  AA,  and  let  the  line  of  its  resultant 
intersect  AAm  C ;  C  is  the  centre  of  pressure  of  AA,  and  the  ordinate 
CC  necessarily  passes  through  the  centre  of  gravity  of  the  cylinder. 

Again,  the  resultant  internal  stress  developed  in  AA  is  JP,  and  may 
of  course  be  graphically  represented  by  the  same  cylinder  A  ABB. 

Assume  that  the  pressure  upon  AA 
varies  uniformly ;  the  surface  BB  is  then 
a  plane  inclined  at  a  certain  angle  to  AA. 

Take  0,  the  centre  of  figure  of  AA,  as 
the  origin,  and  A  A  as  the  plane  of  x  y. 

Let  Oy,  the  axis  of  y,  be  parallel  to  that 
line  EE  of  the  plane  BB  which  is  parallel 
to  the  plane  AA. 

Through  EE  draw  a  plane  DD  parallel 
to  A  A  and  form  the  cylinder  A  ADD. 

The  two  cylinders  AABB  and  AADD, 
are  evidently  equal  in  volume,  and  OF, 
the  average  ordinate,  represents  the  mean 
pressure  over  AA ;  let  it  be  denoted  hyp^. 

At  any  point  R  of  the  plane  AA,  erect 
the  ordinate  RQP,  intersecting  the  planes 
DD,  BB,  in  Q  and  P,  respectively. 

Let  X,  y  be  the  co-ordinates  of  R. 

The  pressure  at  R=p=PR=  PQ  +  QR=PQ  u  OF=a.x  +p^, 

a  being  a  constant  dependin<»  upon  the  variation. 

Note. — The  sign  of  x  is  negative  for  points  on  the  left  of  0,  and  tho 
pressure  at  a  point  corresponding  to  ^  is  ja,,  -  a.x. 

Let  x„,  y,,  be  the  co-ordinates  of  the  centre  of  pressure  C. 

Let  A»Si  be  an  elementary  area  at  any  point  R. 

.'.  p.^S  is  the  pressure  upon  aS,  and  2  (p,  ^.S)  is  the  total  pressure 
upon  the  surface  AA,  2  being  the  symbol  of  summation. 

Hence,  x..  2  (p.  a  S)  =  l(p.x.AS),  and  y,.  2  (p.  a  iS)  =  i(p.y.  a5). 

'Bu.tp=p„  +  a.x. 

.'.  X,.  i(po  f  a.x./^Sj  =ifp„.x  +  a.x\AS  \ 

and  y,. 2  (^/),  -l-  a.x.AS)  =  2  (^„.y  +  a.x.y.  aS) 

Now  0  is  the  centre  of  figure  of  A  A,  and  therefore  2  (x^S)  and 
2  df'^S)  are  each  zero. 

10 


/ 
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HODGKINSON'S  FORMULiE. 


V. 


Also,  S  (a/S)  =  <Sf,  S  (x*,aS)  is  the  moment  of  inertia  (1)  of  A  A  with 
respect  to  Oy,  and  s  (x.y.  aS)  is  the  product  of  inertia  (^K)  about 
the  axis  Oz. 

.-.  x„.  p„.  S=  a.l  =»o.  P  (1) 

Andy,.p,.S.=a.K=y^.P  (2) 

Cor.  1-In  any  symmetrical 
section  y^  is  zero,  and  x<,  is  the 
deviation  of  the  centre  of  pres- 
sure C  from  the  centre  of 
figure  0. 

Let  Xi  be  tiie  distance  from 
0  of  the  extreme  points  A  of 
the  section. 

The  greatest  stress  in  AA  is 
jao  +  a.Xx=pi,  suppose. 

Buta=^-|:^by(l). 

'  •  Po-r J  —Pi 

or,^°=        ^ 

It  is  generally  advisable,  especially  in  masonry  structures,  to  limit  x^ 
by  the  condition  that  the  stress  shall  be  nowhere  negative,  i.e.,  a  tension. 
Now  the  minimum  stress  is  pa  —  a.x„  so  that  to  fulfil  this  condition, 
p„:>  or=a.Xi.     Bvit pi=a.Xi  +  p„     .'.     ^,<  or  =  2.jJo. 


Hence,  by  (3), 


Po 

2po 


<or  — • 


1  + 


a5„.xi 


.s 


.'.  and 


— f <  or=l,  I.e.,  «„<  or  =— -= 


Cor.  2.-The  unifoi-mly  varying  stress  is  equivalent  to  a  single  force 
P  along  the  axis,  and  a  couple  of  moment  P.  C0= P-^xl  +  yj  =a  .-JP  +  K} 
Cor.  3.-The  liae  CO  is  said  to  be  conjugate  to  Oy. 

If  the  angle  C  0  x=e,  .  •.  cot.  0  =- =  -=.. 

(7).-Hodgkin8on's  formula  for  the  ultimate  strength  of  long  and 
medium  pillars. — ^When  a  long  pillar  is  subjected  to  &  crushing  force 
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it  first  yields  sideways,  and  eventually  breaks  in  a  manner  apparently 
similar  to  the  fracture  of  a  beam  under  a  transverse  load.  This  simi 
larity,  however,  is  modified  Ly  the  fact  that  an  initial  longitudinal  com- 
pression is  induced  in  the  pillar  by  the  super  imposed  load. 

Ilodgkinson  deduced,  experim'entalli/,  that  the  strength  of  lontf  solid 
round  iron  and  square  timber  pillars,  with  fiat  and  firmly  bedded  ends, 
is  given  by  an  expression  of  the  form, 


W=A. 


I" 


TT  being  the  breaking  weight  in  tons  of  22'40-lbs. 
d       "       "     diameter  or  side  of  the  pillar  in  inches. 
I       *'       "     length  of  the  pillar  in  feet. 
n  and  m  the  numerical  indices. 

A  being  a  constant  varying  with  the  material  and  with  the  sectional 
form  of  the  pillar. 

For  iron  pillars.  n=3.6  and  w=1.7. 

timber  pillars,  n=4  and  wi=2. 

cast  iron,  il=44.16. 

wrought-iron,  ^1= 133.75. 

dry  Dantzic  oak,  -4=10.95. 

dry  red  deal,  ^=7.81. 
"     dry  French  oak,  .4=6.9. 

The  strength  of  long  hollow  round  cast-iron  pillars  was  found  to  be 
given  by, 


it 


<i 


(( 


Tr=  44.34.- 


l'- 


1-7 


d  being  the  external  and  rf,  the  internal  diameter,  both  in  inches. 

Thus,  the  strength  of  a  hollow  cast-iron  pillar  is  approximately  equal 
to  ti  e  difference  between  the  strengths  of  two  solid  cast-iron  pillars, 
whoi  e  diameters  are  equal  to  the  external  and  internal  diameteri  of  the 
hollo  V  pillar. 

The  Btiength  of  medium  pillars  may  be  obtained  by  the  formula, 

W+lf.S 
W  being  the  breaking  weight  in  tons  of  2240-lbs. 
fp    «  «  «  «  «  as  derived  from  the 

formula  for  long  pillars, 
/being  the  ultimate  crushing  strength  in  tons  per  sq.  in. 
S  being  the  sectional  area  of  the  pillar  in  sq.  ins. 
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Again,  if  the  ends  of  a  cast-iron  pillar  are  rounded,  the  above  formulas 
may  be  still  employed  to  determine  its  strength,  A  bei'ig  14.9  for  a  soKd, 
and  13  for  a  hollow  pillar. 

(9i). -Gordon^ 8  formula  for  the  ultimo te 
strength  of  a  pillar. — The  method  discussed  in 
the  preceding  articles  being  practically  very  incon- 
venient, is  not  generally  used,  and  the  present 
article  will  treat  of  Professor  Gordon's  formula, 
which  has  a  better  theoretical  basis,  and  is 
easier  of  application. 

The  effect  of  a  weight  W  upon  a  pillar  of 
length  I  and  sectional  area  S,  may  be  divided 
into  two  parts : — 

(a).-A  direct  thrust,  which  produces  a  uni- 

W 
form  compression  of  intensity  — a,=/>, 

(6).-A  bending  moment,  which  causes  the  pillar  t«  yield  in  the  direc- 
tion of  its  least  dimension  (/i). 

Let  y  be  the  greatest  deviation  of  the  pillar  from  the  vertical. 

The  bending  moment  M  at  the  point  of  maximum  stress  may  be 
represented  by  W.y. 

Let  Pa  be  the  stress  in  the  extreme  layers  due  to  this  bending  moment. 

Now^=^/^.»2.6.^», 
c 

c  being  the  distance  of  the  layer  under  consideration  from  the  neutral 
axis,  f^  a  constant  depending  upon  the  sectional  form,  and  b  the  dimen- 
sion perpendicular  to  the  plane  of  flexure. 

.-.  fi.pt.b. h*=  W.y,  and ;>, oc  -jlf • 
Buty(Xp(§(12),chap.II.) 


Pt 


cc 


W.l}       W.l*         P        ^  p 


a  being  some  constant  to  be  determined  by  experiment. 
Hence,  the  total  stress  in  the  most  strained  fibre  is, 

W  f 


1  + 


a. 


which  is  Gordon's  formula. 
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Cor.-lf  the  weight  upon  the  pillar  causes  the  stress  in  \ny  transverse 
Bection  to  vary  unlfurmly,  the  direct  thrust  in  the  extreme  layers  is 
h  „ 

^.(1+       ^      j  instead  of-,  (Cor.   1,  §  (())),   x^  being  the  greatest 

deviation  of  the  line  of  resultant  thrust  from  the  axis  of  the  pillar. 
Let   k  be  the  radius  of  gyra tint  of  the  cross-section,     :.SM  —  I, 

and  the  expression  for  the  direct  thrust  may  be  written— .(1  +  —jtA  . 

Hence.  Gordon's  formula  becomes, 
W / 

{9).-Value8  of  a  and  /.—The  following  Table,  giving  the  values  of 
the  constants  a  and/  in  Gordon's  formula,  has  been  prepared  by  takmg 
an  average  of  the  best  known  results,  and  is  applicable  to  round  and 
square  pillars  with  both  ends  flat , — 


For  Cast- Iron  so]\i\  rectangular  pillars 

«  "  •«        round  "      

"  "        hollow  rectangular  " 

«'  "  «      round  "     

For  Wroughi-Iron  solid  rectangular  pillars 

«  <<  «•'        round  '*      

«  ««  thick  hollow  round "      

For  Mild-Steel  solid  rectangular  pillars  ................ 

#  «'  "        round  "      

««  *•         hollow  round  *'      

For  Strong-Steel  e^lid  .  ectangular  "      

<«  "  '«        round  "      

«•  ««        hollow  round  "      ■ 

For  Pine-Timber  solid  rectangular  "      

If  «  «*        round        *'      


/in  lbs 


80,000 
80,000 
80,000 
80,000 
36,000 
36,000 

36,000 
67,200 

67,200 

67,200 

114,000 

114,000 

114,000 

6,000 

6,000 


I 


450 
_}_ 

400 
_1_ 

500 
1 

600" 
1 


3000 
1_ 

2250 
1 


5500 
l_ 

200U 
1 


1400 
1 


2500 
1_ 

1400 
1 


900 
1 


1500 
1 


250 
1 


2b{) 


M 


iter      


150  APPLICATION  OF  GORDON'S  FORMULA. 

If  Gordon's  formula  is  applied  to  pillars  rounded  at  both  endt,  4.a 

takes  the  place  of  a,  and  if  to  pillars  fixed  at  one  end  and  rounded  at 

9 
the  other,  —.a  takes  the  place  of  a,  (§  (1).) 

(10) .-Graphical  comparison  of  the  crushing  unit  strength  of  solid 
round  cast-iron,  wrought-iron,  and  mild-steel  pillars, 

f 
The  crushing  unit  stress  is  given  by,  p= — 


1  ^' 

14-a.^. 


I 


Take  the  different  values  of  -j-  as  alscissoe,  and 

n 

the  corresponding  values  of  p,  as  ordinates  ;   the 
resulting  curves  are  shewn  in  Fig.  11. 

Hence,  the  strength  of  a  mild-steel  pillar 
always  exceeds  that  of  a  wrought-iron  pillar 
but  is  less  than  that  of  a  cast-iron  pillar   when 

I  ... 

— T  <  10.7;  a  wrought-iron  pillar  is 

stronger  or  weaker  than  a  cast-iron 
pillar  according  as  7    >  or  <  28.5. 


(1 L ). -Application  of  Gordon's  jorm,ula  to  pillars  of  other  sec- 
tional forms. 

In  any  section  whatever,  the  least  transverse  dimension  for  calcula- 
tion (i.e.,  h)  is  to  be  measured  in  the  plane  of  greatest  flexure. 

Thus,  it  may  be  taken  as  the  least  diameter  of  the  rectangle  circum- 
scribing tee  I  rn  )  ,  channel  { I'-^'l  ) ,  and  cruciform  (\[\  ) 
sections,  and  as  the  perpendicular  from  the  angle  to  the  opposite  side  o' 
a  triangle  circumscribing  angle    (  y'».-    )   sections. 


#. 


n^ 
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at 


h'd 


issae,  and 
tes ;   the 

1  pillar 
n  pillar 
ir  when 

pillar  is 

cast-iron 
<  28.5. 


From  a  series  of  experiments  upon  wrought-iron  pillars  of  these  s«0' 
tions,  /  was  found  to  be  42,500-lbs.  and  a,  -— — . 

3 

In  cast-iron  struts  of  a  cruciform  section  f=80,000-lbs.  and  a=  ^-— r. 

These  results  are  only  approximately  true,  and  apply  to  pillars  fixed 
at  both  ends.  i   ^  ^  (-.  ^^  .^t>/^ .-^  /«^^. 

(12.)-i2em<ir««Vn  *Gorddn's  /ormti/a.**- The  factor  a  in  Gordon's  for- 
mula is  by  no  means  conttant,  and  not  only  varies  with  the  nature  of 
the  material,  with  the  length  of  the  pillar,  with  the  condition  of  its  ends, 
&c.,  but  also  with  the  sectional  form  of  the  pillar.  The  variation  due 
to  this  latter  cause  may  be  eliminated,  and  the  formula  rendered  some- 
what more  exact*  by  introducing  the  least  radius  of  gyration  instead  of 
the  leabt  transverse  dimension. 

If  k  is  the  least  radius  of  gyration, 


•  •  /c  — 


mais 


m.h.h^ _  m 
n.b.h       n '     ' 


m  and  n  being  constants  which  depend  upon  the  sectional  form.     Thus, 
Gordon's  formula  for  pillars  with  flat  ends  may  be  written, 
W  f 


5"=^'= 


1       ^' 

l+a,p 


S^^TT  u- «.  Vj  t«-*y4 


.,t^.^ 


in  which  a,  is  independent  of  the  sectional  form,  a|l  variation  of  the   • 

latter  being  included  in  A-*.  '^    '  '  "■■"-'  •"^-^--'"    /-^^  '^/   ^^cL 

Cor.-G(»rdon's  formula  for  the  strength  of  solid  rectangular  wrought-  ''" 

iron  struts  is, 

W  36,000  ,        .  .    . 

p  ^  ^  i  H 


ii«j(.U>»^-w  k*  i 


/,... 


"  1  - 


y=i.,=- 


1  +  :TK7nr'  n 


But/r=-. 


3000    h" 


I 


' 


w 


1+. 


36,000  j<  '  3Lc...   -^   -_  ^v^ 


p. 


36,000  k' 

which  may  be  taken  as  the  formula  for  the  strength  of  wrought-iron 

struts,  k'  being  the  square  of  the  radius  of  gyration. 

h* 
Ex.  l.-In  a  solid  cylindrical  pillar  of  diameter  h,  k*  =  Ya 

36,000 
•••  i>i  = 


16 


1  + 


1     P 
2250A' 
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VALUES   OF  1^  FOR   DIFFERENT   SECTIONS. 


Ex.  2.-In  a  hollow  cylinder  of  diameter  A,  k*  =  -jr'  nearly. 

36,000 


•••  P\^- 


1  + 


4500/t» 


(\^).-Valve$  of  k^  for  different  necttom. — 

(a).-SoUd  rectangle :-k^^^=^'  h  being  the  least  dimension. 

,»s      rr  »  ,        ,1      J       MKh'-h'.h'*     ,   ^   .    .        ^ 

(b).-Ilouow  rectangle  :-k'  =  ^,=  r-^  -^-r — ttt/}  o»  »>  being  the  great- 
est and  least  outride  dimensions,  b\  h\  the  greatest  and  least  inside 
dimensions,  respectively. 

Let  t  be  the  thickness  of  the  metal,  .*.  i'=6  -  2./,  and  h'  =  h-  2.t, 
^     „      1  b.h'-(b-2t).ih-2.ty      h'3.b  +  h  .        ,       , 

and  •-^'=U'-b.h-(b-2tUh-2t)  ^UTTT'  '^PP'-^^'^^'^tely,  when  t 

is  small  compared  with  h,  i.e.,  for  a  thin  hollow  rectangle. 

h* 
For  a  square  cell,  k'=-r- 

1      h' 
(c).-Solid  triangle  .■-A;'=— =-   »  h  being  the  height. 

.JN     zr77       ,  •       7  72      ^       1  b.fi'-b'.h"  ....       ^    ^ 

(d).-Hollow  triangle  :  -  k^=  "5=  TQ  bh~b'  ?''    '        ^'"^  ® 

and  height  of  the  outside  triangle,  and  b',  W  the  base  and  height  of  the 

6     h 
inside  triangle,  respectively.   Also,  j-,=j,' 


h'  r-  -b'*_h'    (b'  +  b'*\ 
•*  18  6»-6'»"18V     b'    ) 


Hence,  for  a  thin  triangular  cell,  k*—~' 

y 

(e). -Solid  cylinder  .-Ai'rr:  „=y  •  A  being  the  diameter. 

(f).-Hollovo  cylinder :  -k^=-g=:lrx  (h'  +  h'%  h  and  h'  being  the 
external  and  internal  diameters,  respectively. 

Hence,  for  a  thin  cylindrical  cell,  k'^z=^,  approximately. 

o 

JKe.-Gordon's  formula  for  hollow  cylindrical  cast-iron  pillars  is, 

^^p^_jL / 

8      '■ ,       I    P~  .       1     P 


^500  A* 


1  + 


4UU0  yfc' 
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The  relation  ;>,= — ^  ^^^  ^  assumed   to  hold    for   hollou, 

^■*"4000T» 
square  etruts  and  also  for  struts  of  a  cruciform  section. 

i^x.l.-For  a  hollow  square  having  its  diagonal  equal  to  the  internal 

diameter  of  the  hollow  cylinder,  i.e  ,  h\  A;»=  \  V2/  =^~ 

6"        '^ 

andja,=  — — •' 


■^iooo*F» 


Ex.  2.-If  the  side  of  the  square  is  equal  to  the  ca.<cma?  diameter,  i.e.,  h, 


.'.  k*z=    '  and   »,= 
o 


/ 


(g). -Cruciform  Section,  the  arms  being 
equal. 

l2"  "^  l2  ~  f2  '  ^=^-^-^  -  ^' 
1  h.h' +  h.b' -  b*      h* 
•'•  *  -12"    2.b.k-h'       =-24'  "'^'^^ 

Hence,  the  formula  for  a  cast  iron  pil- 
lar of  cruciform  section  may  be  written 
>^    „_         /         -         / 

l2 


1  —  i! 

■^  2000  A* 


S 


=Pi  = 


1+—-      1      1-^ 
4000  "A;*        ■*"500A» 


(h).- Angle-iron  of  unequal  ribs  /—the  greater  being  b  and  the  lew  A. 

Hence,  if  b=h,  i.e.,  if  the  ribs  are  equal,  k*=:  -^. 

(i). -Channel-iron,  the  dimensions  being  as  in  Fig.  13. 

/=  ^•<'+2-^'-^      2.bh.t.\(h  +  ty, 
12        "^    4.(2.A.^  +  i.0 

„    (  2.A.<       2.ft.A  <«         ) 
=^  •  1  -12-^472:aZT6T)  I '  °'"'^y- 
Also,  ^=6.<  +  2.A.( 


J 


.  k'-h*  i  ^-^-^ 

••'^'-''•ll2.(2.A.<  + 


<  +  6-0 


2  b.h.t' 


4.{2.h.t-{-b.ty 
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AMERICAN  IRON   COLUMNS. 


f^;: 


Let  the  area  of  the  two  flanges=^=2.A./,  and  let  the  area  of  the 
web=i)  =  b.t,  .:      I^=K:  [  j^^^  +    4.(tfit)-  } 

{k).-H-iron,  breadth  of  flanges  being  b,  length  of  wej  h,  and  thick- 
ness of  metal  t. 

r    „  h'.t       hfi     ^  h\t 


S~2.b.t  +  h.t 


12 


2.h.t 


VZA  +  B' 


2b.t  +  h.t 

A,  being  the  area  of  the  flanges,  and  B  the  area  of  the  web. 
{l),-Circular  Segment. — Of  radius  r  and  length  r.0, 

A       •     »^    ) 

^  -"^    I  2  ^  2.0       ^J^  ) 
Hence,  for  a  semicircle,  since  e=n, 

k*=r*.  I  -  -  1\  =  —  ,  nearly. 
12        M       10  ' 

(rn)  .—Barlow  Rail,  proportioned  as  in  Ex.  22,  chap.  III. 

k*=z  — .  nearly. 

(n).~Two  Barlow  Rails,  riveted  base  to  base,  A;'=.393.r',  nearly. 

(14). -American  Iron  Columns. — In  1880  Mr.  G.  Bouscaren  read  a 
paper  before  the  American  Society  of  Civil  Engineers  containing  the 
results  of  a  series  of  experiments  made  for  the  Cincinnati  Southern  R.R., 
upon  Keystone,  Square,  Phoenix,  and  American  Brid,_     Co.'s  columns. 


n  a  X 


KEYSTONE  SAUARC  PHOENIX  AM.  BRIDGE  CO. 

These  experiments  shew,  as  those  of  Hodgkinson  and  others  have  also 
shewn,  that  the  strength  of  iron  and  steel  columns  is  not  only  dependent 
on  the  ratio  c/  length  to  diameter,  and  on  the  form  of  the  cross-section, 
but  also  on  the  proportions  of  part'^ ,  details  of  design  and  workmanship, 
and  on  the  quality  of  the  material  of  which  the  columns  are  constructed. 

Further,  they  seem  to  lead  to  the  conclusions,  that  Gordon's  formula 
is  more  correct  as  modified  by  Rankine,  and  that  in  the  case  of  columns 
hinged  at  both  ends,  Rankine's  formula,  with  a,  assumed  at  double  the 
value  it  has  when  the  formula  is  applied  to  columns  with  flat  ends,  is 
practically  correct. 


V 


AMERICAN  IRON   COLUMNS. 


155 


The  accompanying  Table  gives  the  values  of  the  constants  (a^,  and  /) 
as  deduced  from  Bouscaren's  experiments  by  Prof.  W.  H.  Burr : — 


For  Keystone  Columns  with  flat  ends — swelled. 


« 


/     open 
"     — straight  I        or 


tc 


(swelled  \ 
straight/ 


\     closed 
-open .... 
"         pin  ends — swelled 

For  Square  Columns  with  flat  ends 

•<  "  ••     pin  ends 

For  Phoenix  Columns     .tli  flat  ends 

**  "  rou  ud  ends  

♦'  "  pin  ends 

For  American  Bridge  Co.'s  Columns  with  flat  ends 

**  **  round  ends 

**  "  pin  ends 


) 


u 


II 


/in  lbs 


36,000 
39,600 

38,300 
38,300 


39,000 
39,000 
42,000 
42,000 
42,000 
36,000 
36,000 
36,000 


1 


18,300 
1 


18,300 
1 


18,300 
1 


12,000 
__I 

35,000 
1 


17.000 

1 


50,000 
1 


12,500 
1 


22,700 
1 


46,000 
1 


11,50" 
1 

21,500 


In  1881  Messrs.  Clarke,  Reeves  &  Co.  presented  to  the  American 
Society  of  Civil  Knj^ineers  a  paper  containing  the  results  of  experiments 
upon  20  Phoenix  columns,  which  appeared  to  shew  that  neitht-r  Gor- 
don's nor  Rankinc's  formula  expressed  the  true  strength  of  a  column  of 
the  Phoenix  type.  In  the  discussion  that  followed  the  reading  of  this 
paper,  however,  it  was  demonstrated  that,  within  tlie  range  of  the  experi- 
m'jnt><,  the  str»;ngth  of  intermediate  lengths  and  sections  of  Phoenix 
columns  can  hv  obtained  either  from  Rankine's  formula  by  slightly 
changing  thf;  constant^,  or  from  very  simple  new  formul89. 

Mr  W.  G.  Bouwiaren  showed  that  by  making  a,  =- 


100,000 


and 


W 


/=  38,000,    the  calculated   values  of  -^  agree   very   nearly  with  the 

actual  experimental  results. 
Mr.  D.  J.  Whittemore  gave  the  following  (only  applicable  for  lengthg 
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VERY   LONG  THIN  PILLARS. 


varying  from  5  to  45  diameters)  as  expressing  the  probable  ultimate 
strength  of  these  columns : — 

525,000 


W-\hs=  (12G0-Zr).30  + 


H' 


^  being  the  ratio  of  length  to  diameter. 

Mr.  C.  E.  Emery  stated  that  the  ultimate  strength  in  each  case  is 
approximately  represented  by  the  formula, 

„.,,        355,063  +  30,950.^ 

^■^^'= F?6T75 

ff  being  the  ratio  of  length  to  diameter. 

Taking  the  different  values  of  H  as  abscissae,  and  of  W  as  ordinates, 
this  is  the  equation  of  an  hyperbola.  It  agrees  very  accurately  with 
the  experimental  results  from  20  diameters  upwards;  at  15  diameters 
the  calculated  values  of  W  are  greater  than  those  given  by  the  experi- 
ments ;  for  a  less  number  of  diameters  the  experimental  results  are  the 
higher,  but  the  variations  are  slight,  and  are  provided  for  in  the  factor 
of  safety. 

The  following  very  simple  formula;,  due  to  Prof  W.  II.  Burr,  give 
results  agreeing  closely  with  those  obtained  in  the  experiments  :- 

For  values  of—  <  30,  the  ultimate  strength  in  lbs.  per  sq.  in. 


=  64,700 -4,G00.\/ 5; 


I 


For  values  of -^between  30  and  140,  the  ultimate  strength  in  lbs.  per 


sq.  ID. 


I 


=39,640  -  46.  ^ 


(k  is  the  radius  of  gyration). 

Note.-lr\  designing  struts,  Mr.  C.  Shaier  Smith  employs  the  formula, 

•    ,,.                 •^       /.       H\        37,800 
(the  working  stress  m  lbs.  per  sq.  m.)  x  I  4  +  — ^  1  = .jj- 

*  '        X  + 

1900 

.ff  being  the  ratio  of  length  to  diameter. 

Thus,  the  factor  of  safety,  4  +  — -,increa8cs  with  J7,  and   partially 

provides  for  the  corresponding  decrease  in  the  strength  to  resist  deflec- 
tion by  side  blows. 

{\h).-Very  long  thin  Pillars.-A  long  thin  pillar  of  length  I,  and  of 
uniform  sectional  area  S,  is  bent  under  a  weight  W,  and  is  on  the  point 
of  failing  from  flexure. 
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Let  h  be  the  least  transverse  dimension  in  the 
plane  of  flexure. 

Let  b  be  the  dimension  in  a  plane  perpendicular 
to  the  plane  of  flexure. 

If  the  pillar  is  hollow,  let  h',  b',  be  correspond- 
dinf»  internal  dimensions. 

The  most  strained  part  of  the  pijlar  is  the 
centro,  and  d  may  be  taken  as  the  approximate 
deviation  from  the  vertical  of  any  point  in  the 
central  section. 

E 

.-.  If.t£=bending  moment  atcentre=— i, 


1     .  I* 

15  being  the  curvature  of  the  pillar.     But  rf=5-jy 

and  /  (X  b.h^,  or  bM  ~  I'.h'*  according  as  the  pillar  is  solid  or  hollow. 

b.  h^ 
.'.  WccE.-^,   for   a    long  thin   solid  pillar. 
c 

and  WccE.!^^^^—,      "       "     hollow     " 

Cor.  \.-W  cc  E,  so  that  the  strength  of  a  pillar  is  directly  pro- 
portional to  its  elasticity. 
Cor.  2.-Ub=h  and  h'=h', 


.-.WccE.^yOrE.- 


-,  according  as  the  pillar  is  solid  or  hollow. 


Hence,  for  similar  pillars,  W  varies  directly  as  the  square  of  a  linear 
dimension,  so  that  the  strengths  of  similar  pillars  are  proportional  to 
their  sectitn    1  areas. 

Cor.  3.-/,  the  unit  stress  in  the  outside  layer,  oc-^,( Chap.  II.,  §(12)  ) 

2/ 
.'.feed,  A\ao-r-J=M,  and  ..Mccf,  i.e.,  ccd. 

But  W=-j,  so  that  H'"is  approximately  constant,  and  independent 

of  the  flexure. 

Cor.  4.-Let  E  and  F,  be  the  resultant  compressive  and  tensile 
■tresses  at  the  centre. 

:.F-F=W, 
an  equation  which  will  indicate  whether  a  pillar  will  tend  to  fail  bj 
crushing  or  tearing. 
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JVb/e.-The  agreement  of  the  preceding  results  with  practice  depends 
upon,  (l).-the  accuracy  of  the  equation  of  moments,  (2).-the  accu- 
racy of  the  equation  of  deflection,  (3). -the  accuracy  of  the  law  of 
elasticity. 

(\6).-Weyrauch^8  theory  of  the  resistance  to  buckling. 

In  order  to  make  allowance  for  buckling,  Weyrauch  proposes  the  two 
following  methods  :- 

Method  /.-Let  F^  be  the  necessary  sectional  area,  and  6,  the  admis- 
sible unit  stress  for  a  strut  subjected  to  loads  varying  from  a  maximum 
compression  ^,  to  a  minimum  compression  B^. 

Let  F  be  the  necessary  sectional  area  and  h'  the  admissible  unit 
stress,  for  a  strut  subjected  to  loads  which  vary  between  a  given  maxi- 
mum tension  and  a  given  maximum  compression,  B'  being  the  numeri- 
cally absolute  maximum  load,  and  B"  the  maximum  load  of  the  opposite 
kind. 

According  to  §  (13),  Chap.  I.,  if  there  is  no  tendency  to  buckling, 


F-^  — 

'"'■.•■( 

and  F  =  ^,= 

0 


5. 


1  +»ii 
B' 


•A/ 


.'.(l-n4') 


If  there  is  a  tendency  to  buckling,  let  I  be  the  length  of  the  strut,  F 
its  required  se<7t:ional  area,  and  T  the  mean  unit  stress  at  the  moment  of 
buckling. 

.'.  According  to  the  theory  of  long  struts, 

3 


I*       •  p 


i  being  a  co-efficient  depending  upon  the  method  adopted  for  securing 
the  endt),  E  the  co-efficient  uf  elasticity,  and  I  the  least  moment  of  inertia 
of  the  section. 

Also  let  t  be  the  statical  compressive  strength  of  the  material  of  the 
strut,  and  take  t  —  fi.T 

_  i  _tF.l*_  F.P  . 

where  «'= —  » 

t 

If  the  strut  under  a  pressure  B  were  not  liable  to  buckling,  its  required 
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H  Tt 

sectional  area  would  be  — ,  and  the  unit  stress  for  an  area  F  would  be  - 

t  p' 

If  the  strut  under  the  pressure  B  be  liable  to  buckling,  its  required 

sectional  area  will  be-^;  let  x  be  the  unit  stress,  at  the  moment  of 

buckling,  for  the  area  F. 

Assuming  that  the  unit  stress  in  the  two  cases  are  in  the  same  ratio 
as  the  required  sectional  areas ; 

B     B    B 


'■•^■■p         rp'J 


B  t 


B 


•••  ^-Jy-f—"-  p 


(6) 


The  force  which,  when  uniformly  distributed  over  the  area  F,  will 
produce  this  stress,  is  F.x=:i^.B. 

Hence,  allowance  may  be  made  for  buckling,  by  substituting  for  the 
compressive  forces  in  equations  (1)  and  (2),  their  values  multiplied  by 
ft.     Thus,  (1)  becomes, 

f^.Bi  /i.Bi  fi.Bi 


F=- 


b, 


and  equation  (2)  becomes, 


=/^-F,       (7) 


i^=i^= 


■r — =  577— r  ,  if  B  IS  a  compression 


Tit 

and  F=^= 


B' 


j,^  h-m'  ^ 


B'  ) 


if  B"  is  a  compression. 


(8) 


(9) 


If /i  <  1,  equations  (1)  and  (2)  give  larger  sectional  areas  than 
equations  (7),  (8)  and  (9),  so  that  the  latter  are  to  be  applied  only 
when  ^  >  1. 

Method  1  [.-General  formulae  applicable  to  all  values  of  fi  may  be 
obtained  by  following  the  same  line  of  reasoning  as  that  adopted  in  the 
proof  of  Gordon's  formula.     It  is  there  assumed  that  the  total  unit 

(I*   V 
1+a.  -j^j  ,pi  being  the  stress  due 

p 
to  direct  compression,  and  j7,.a.-rj  that  due  to  the  bending  action. 

So,  instead  of  employing  equations  (1)  and  (2)  when  /x  <  I,  and 
equations  (7),  (8),  and  (9),  when  t*  >  I,  formulas  including  all  cases 
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m*^   .e  obtained  by  substituting  for  the  compressive  forces  in  equations 
(1)  and  (2)  their  values  multiplied  by  1  +^. 
Thus,  equation  (1),  becomes, 

-(1+-..^;)  (10) 

and  equation  (2)  becomes, 

(1+//).J5' 

,  if  B'  is  a  compression.  (1 1 ) 


F— — z ,-1      >  n,i\  if  B"  is  a  compression. 


(12) 


Equations  (7),  (8),  (9),  respectively,  give  larger  values  of  Fthan  the 
corresponding  equations  (10),  (11),  and  (12). 

Remarks -For  wrought-iron  bars  it  may  be  assumed,  as  in  §  11,  12, 
Chap.  I.  that  u,=t)'=700''  per  cent*,  and  m,=m'=^. 

The  value  of  a  is  given  by  Formula  (5),  but  is  unreliable,  and  varies 
in  practice  from  10,000  to  36,000  for  struts  with^^xed  ends. 

When  the  ends  are  fixed,  d=4.T',  according  to  theory, 

t 
.-.if  ^-^2,000,000'^  per  cent*,  and  <= 3,300'' per  cent*.,  .'.^=23,926, 

or  in  round  numbers,  23,9U0  ;  24,000  is  the  value  usually  adopted  by 

Weyrauch. 

JE'xtempZc'.-The    load  upon  a  wrought-iron  column  360-centimetres 

long  varies  between  a  compression  of  50,000^  and  a  compression  of  25,- 

000^;  calculate  the  sectional  area  of  the  column,  assuming  it  to  be^r«< 

solid  and  second  hollow,  allowance  being  made  for  buckling. 

^    ^     -i    T^  50,000 

i^ir«< .-By  Eq.  1,  F,= 


400         . 


700fl+1.25i!!5?.)       7 
\       2  60,000/ 

r  being  the  radius  of  the  section. 

.         ^^'^=X'-*J=7=50 

_    _,     ,         360x360     11     ,  ,„ 

••^y^^-^'''=-24;ooo"ro=^-^^^ 

.*.  /4>1,  and  by  Eq.  7  the  required  sectional  area  is  jP,  x  1.188 

400 
=  -y-x  1.188=67.9  cent.*. 
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Second  :-Fi=z-~=ir.(r]-rl),  r,  being  the    external  and    r,  the, 

internal  radius  of  the  section.    Let  r,=9.  cent",  and  r,=7.92  cent"., 

.-.T.  (r»-»j)=57.43-cent*. 

Also  /=rr.^—!-—2i I  and  .'.-== = 

4       *  "••/   rf  +  rT  143.7264 


T,    „       .        360x360 
.'.By  Eq.  4,  r=    „.  „.,    x 


:=.15 


# 


24,000       143.7264 

Hence,  in  the  latter  case,  since  /*  <  1,  there  is  no  tendency  to  buct 

ling. 

If  the  area  is  determined  by  Equation  (10),  its  value  becomes  1.15  x 

400      ^^  „ 

— TT  =65.7.  cent*. 


11 
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Hollow  cast-iron  pillars  with  flat  ends  and  base  plates. 


Thickness. 

Safe  load  in  tont*  of  2240  lbs.  per  sq.  in.               | 

Lengthr:20  to  24  diars. 

Length=24  to  30  diars. 

j-in.and  upwards 

l-in. 

i-in. 

i-in. 

2 

u 

11 

I 

Table  shewing  relative  strengths  of  long  pillars  of  different  materials. 
The  strength  of  a  pillar  of  unhardened  cast-steel  being  100. 

"         "         "        best  Staffordshire  wrought-iron  is  69.3. 


« 


l( 

<( 

(t 

t< 

Low  moor  cast-iron 

39.7. 

l( 

(( 

(( 

(( 

Dantzic  oak 

4.3 

(( 

« 

« 

« 

Red  Deal 

8.1 

Brereton's  table  of  the  ultimate  loads  borne  by  fir  or  pine  pillars  of 
large  scantling,  the  ends  being  adjusted  without  any  special  precautions. 


Ratio    of    length     to     lea^t 
breadth 

10 
120 

15 

118 

20 
115 

25 
100 

30 
90 

35 

84 

40 
80 

45 

50 

Breaking  weigh*  in  tons  per 
sq.  ft.  of  section 

77 

76 

EXAMPLES. 


i. 


lis. 


of 


18. 


(l).-A  short  pillar  is  subjected  to  a  thrust  of  intensity  p  in  the  direc- 
tion of  its  axis ;  if />„,  />'„,  and  p„  />'„  respectively,  are  the  normal  and 
tangential  intensities  of  the  stress  upon  any  two  plane  rectangular 
sections  of  the  pillar,  shew  tha.t  p„+p\=p,  hnd  p^—p\. 

(2). -A  solid  cast-iron  pillar  9-ft.  in  height  and  l-ins.  in  diameter  sup* 
ports  a  load  of  55,000-lb8. ;  find  the  normal  and  shearing  intensity  of 
stress  in  a  plane  section  inclined  at  30"  to  the  axis.  < 

If  the  ends  of  the  pillar  are  flat  and  firmly  bedded,  determine  itl 
breaking  weight. 

(3). -The  pressure  upon  the  end  of  a  pillar  varies  uniformly ;  if  the 
stress  in  any  tranverse  section  is  to  be  nowhere  negative,  shew  that  the 
deviation  of  the  centre  of  pressure  from  the  axis  of  a  round  or  square 

pillar  must  not  exceed-rr  or  — ,  respectively,  d  being  the  diameter  of 

o         o 

the  round  and  a  the  side  of  the  square  pillar 

(4).-A  cylindrical  pillar  6-ins.  in  diameter  supports  a  load  of  400-lbs., 
of  which  the  centre  of  gravity  is  f -in.  from  the  axis ;  determine  the 
greatest  and  least  intensities  of  stress  upon  any  transverse  section  of  thtt 
pillar. 

s^  (5). -Compare  the  breaking  weights  of  round  cast-iron,  wrought-iron, 
and  mild-stcul  pillars,  with  flat  and  firmly  bedded  ends,  each  being  9-fb. 
in  length  and  6-ins.  in  diameter. 

(6).-A  hollow  cast-iron  pillar,  with  an  external  diameter  of  9-ins.,  is 
to  be  substituted  for  the  solid  pillar  in  the  preceding  question ;  deter- 
mine the  thickness  of  the  metal. 

(7).-Determine  the  breaking  weight  of  a  solid  round  pillar,  with 
both  ends  firmly  secured,  lO-fl.  in  length  and  2-ins.  in  diameter,  (l).-if 
of  cast-iron,  (2).-if  of  wrought-iron,  (3).-if  of  steel  (mild). 
X^  ('i).-A  hollow  cast-iron  pillar  12ft,  in  height  has  to  support  a  steady 
load  of  33,000-lbs. ;  its  internal  diameter  is5|-ins.,  find  the  thickness  (m 
ihe  metal,  the  factor  of  safety  being  6. 

(9). -A  solid  wrought-iron  pillar  is  to  be  substituted  for  the  pillar  in 
the  preceding  question;  find  its  diameier. 

(10). -What  is  the  breaking  weigh-  of  a  hollow  cast-iron  pillar,  9  ft. 
in  length  and  6-ins.  square,  the  metal  being  1-in.  thick? 
l/ (11). -Compare    the   breaking    weight  of  a    solid   square   pillar  of. 
wrought-iron,  20-ft.  long  and  6-ins.  square,  with  that  of  a  solid  rectan- 
gular pillar  of  the  same  material,  the  section  being  9  ins.  by  4-in3. 

( 12).-Compare  the  breaking  weights,  as  derived  from  Hndgkiasoa.'i 
and  Gordon's  formulae,  of  a  solid  round  cest-iron  pillar,  20-ft.  in  length 
and  10-ins.  in  diameter,  (I). -both  ends  being  securely  fixed, 
(2). -both  ends  being  imperfectly  fixed. 

What  load  will  the  pillar  bear,  if  subject  to  vibration  P 

(13).-Uetermine,  by  Hodgkinson's  formula,  the  diameter  of  a  polid 
round  wrought-iron  pillar  equal  in  length  and  strength  to  that  in  the 
preceding  question. 


U 


164 


EXAMPLES. 


f.rCJ^Sr- 


ffi> 


X  / 


( 1 4). -A  solid  or  hollow  pillar,  of  cast-iron,  wroui^ht-iron,  or  mild-steel, 
is  to  be  designed  to  carry  a  stvady  load  of  3(),00(»-lbs. ;  determine  the 
necessary  diametor  in  each  case. 

(The  pillar  is  to  be  1211,  high,  and  the  metal  of  the  hollow  pillar  is  to 
be  ^-in.  thick.) 

(15).-l>etermine  the  load  in  the  preceding  (luestion  that  will  produce 
a  stress  of  l),<HM)-lbs.  per  sq.  in.  section  of  metal. 

(U)).-A  pillar  of  diameter  D  supports  a  given  load  ;  if  iV  pillars,  each 
oftdiameter  d,  are  substituted  fur  this  single  pillar,  shew  that  d  must  lie 

between — -  and— -r 

(17)  -A  solid  round  pillar  of  mild  steel,  IG-ft.  high,  supports  a  &teaJy 
load  of  2(1,000  lbs.  ;  what  is  its  diameter? 

Find  the  diametor  of  each  of  4  pillars  of  the  same  material  which 
may  be  8ul)8titutcd  for  the  single  pillar. 

•jC  (18).-What  is  the  breaking  weight  of  a  cast-iron  stanchion,  of  a 
regular  cruciform  section,  and  15-ft.  in  height,  the  arms  being  24-in8. 
by  lin.  ? 

(19).-Each  of  the  pillars  supporting  the  lowest  floor  of  a  refinery  is 
6J  ft.  high,  is  of  a  regular  cruciform  section,  and  carries  a  load  of  240,- 
OOD-lbs.  ;  the  total  length  of  an  arni  is  2G-ins.,  determine  its  thickness, 
the  factor  of  safety  being  10. 

(20).— A  compression  member  ot  a  structure  consists  of  two  flat  J-in. 
bars,  separated  by  an  interval  ot  ^in.  At  what  intervals  should  the  bars 
be  riveted  together  (with  an  ^  in.  distance  piece)  in  order  that  the 
member  may  be  of  the  same  strength  as  a  single  rib  of  the  same  sec- 
tional area  and  depth  ? 

(The  ends  are  riveted  in  position,  and  the  length  between  bearings 
is  0  ft.) 

(21). -Compare  the  breaking  weights  of  a  pine  timber  pillar  12-ins. 
square  and  20  ft.  high,  as  given  by  Gordon's  formula,  and  also  by 
Rondclei's  and  Brereton's  rules.     (See  Tables  at  end  of  chajtter.) 

(22). -Determine  the  breaking  weight  of  an  oak  pillar  9  ft.  high, 
ll-ins.  wide,  and  5  ins.  thick. 

—  ^23).-What  weight  will  be  safely  borne  by  a  pillar  of  white  deal, 
subject  to  vibration,  10  ft.  high  and  6-ins.  square  ? 

(24).-Determine  the  breaking  weight  of  a  memel  pillar  IG-ft.  high 
and  13  ins.  square,  and  compare  the  result  with  that  given  by  Rondelet's 
and  Brereton's  rules. 

(25).-Will  a  long  pillar,  if  nearly  straight,  to  begin  with,  deflect  gra- 
dually as  the  load  is  increa.sed,  or  will  it  give  way  all  at  once  ? 

(26).-Two  pillars  are  similar  in  all  respects,  except  that  one  is 
straight  and  the  other  slightly  bent ;  compare  the  behaviour  of  the 
pillars  as  they  are  gradually  loaded  until  they  break. 
.  (27).-The  diameter  of  a  long  pillar  being  unity,  shew  that  its  lateral 
deflection  per  unit  of  length  is  ^-th  of  the  amount  of  extension  or  com- 
pression in  the  outside  layers  per  linear  unit. 
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(28) .-A  lon<^  pillar  of  length  /  i«<  deflected  under  a  vertieal  load  at 
its  end;  \f  p.l  is  the  diminution  in  the  lenj^tli  of  the  pillar.  hIu'w  that 
the  neutral  axis  is  displaced  through  a  dihtunce  j).p  I'rom  the  centre  of 

the  pillar,  -  being  the  curvature  and  p  some  constant. 

(29).-A  pier  consists  of  iV-rows  of  posts,  equidistant  from  each  other ; 

d  is  th"'  distance  from  centre  to  centre  of  the  outside  rows;    W  is  the 

gross  \   rtical  load  of  he  pier ,   //  is  the  greatest  horizontal  thrust,  and 

acts  upon  the  pier  at  a  height  y  above  the  ba>e  ;  assuming  the  principlAof 

a  uniformly  varying  stress,  the  portion  of  the  load  borne  by  the  n  th  R)W 

W  2h-  1 

of  posts  measured  from  the  centre  line  \ti-.,.+  u.d.-iT — ;;  find   the  value 

of  the  coefficient  a  in  terms  of  d,  If,  y,  and  ^V,  and  determine  the  best 
value  for  d. 

(3(»).-/*  is  the  vertical  load  of  a  hollow  cylindrical  j  liar;  JI '\n  a 
horizontal  thrust  which  acts  upon  the  pillar  at  a  height  //  above  the 
section  at  which  the  stress  is  to  be  caleulaUid  ;  d  is  the  mean  bt  tween 
the  external  and  internal  diameters  of  the  pillar;  A  is  the  sectional  area 
of  the  metal ;  shew  that  the  greatest  int<jnsity  of  stress  at  the  given 

,     1    /4.//.y       „  \      ,  ,  .      I   .         , 

,rly— •  I        j'    ± -i     ]  ,  the  upper  or  lower  sign  being  taken 

according  as  the  stress  i  a  compression  or  tension. 

Explain  the  effect  of  making  t/=     p ' 

(31).-Provc  that  the  flexural  rigidity  of  a  straight  bean),  of  sectional 
area  A,  under  a  thrust  P  per  unit  of  area,  is  E.AJc'i  1  ~  v, ) , 
and  that  the  beam  will  bond  if  its  length,  when    unstrained,   exceeds 


section  IS  nearl 


'V{-.o-;:)[ 


A.k^  being  the  moment  of  inertia  of  the  section,  and  E  the  coefficient  of 
elasticity  of  the  material. 

(32).-Determinc  the  sectional  area  of  a  double-tee  strut  which  is  to 
carry  a  load  varying  between  a  maximum  tension  of  80,<i0(|.lbs,  and  a 
maximum  compression  of  60,000-lbs.  The  strut  is  to  be  H  ft.  long  and 
to  consist  of  a  12-ins.  by  f-in.  web  and  four  e(|U:il-sided  §-in.  angle-irons. 

(;>;{).-VVhat  should  be  the  area  of  the  strut  in  the  preceding  (jiiestion 
if  it  IS  made  12-ft.  in  length  ? 

(34). -The  web  members  of  a  Warren  girder  are  bars  of  rectangular 
section  and  10-ft.  in  length.  One  of  the  bars  has  to  carry  loads  vary- 
ing between  a  steady  maximum  tension  of  20.2-tons  and  a  maximum 
tension  of  40.4-tons.  and  another  to  carry  loads  varying  between  a  max- 
imua  compres.sion  of  8.7-tons  and  a  maximum  tension  of  14.4  tons; 
find  the  sectional  area  in  each  case,  allowance  being  made  for  buckling 
in  the  latter. 
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(35).-The  diagram    represents   one-half  of  an   isosceles  bowstring 
g!rdor  SO-ft,  long  and  10-il.  deep  at  the  centre  ;  the  curved  flange  has  a 


radius  of  85-ft. ;  the  pormancnt  load  is  ^  ton,  and  the  passing  load  1-ton 
per  running  foot.  The  values  of  the  extreme  variations  of  stress  to 
which  any  merjiber  is  liable  are  marked  on  the  diagram,  the  tensions 
heiug pogitive  and  the  compreasioos  uegativc.  Determine  the  acctional 
areas  of  the  several  members. 


■■ 
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CHAPTER  C. 


DEFLECTION    OP   8TIIUT8. 


;on 

to 
ms 
lal 


(l).-A  pressure  bar,  or 
strut,  tends  to  bend  later- 
ally. 

The  following  four  cases 
arino:- 

CuBt  /.-A  strut  with 
both  ends  free,  or  hinged, 
but  guided  in  the  direction 
of  the  thrust,  (Fig.  1). 

Cate  JI.-A  strut  with 
one  end  fixed,  the  other  being  free,  or  hinged,  but  guided  in  the  direc- 
tion of  the  thrust,  (Fig.  2) . 

Case  7//.-A  strut  with  one  end  fixed,  the  other  free,  (Fig.  3). 

Otae  JV.-A  strut  with  both  ends  fixed,  (Fig.  4). 


(2).-Struts  with  both  enth  round.-The  strut 
OA,  of  length  /,  is  deflected  under  a  pressure 
P,  and  its  axis  assumes  the  curved  form  0}fA. 

Take  0  as  the  origin,  the  vertical  through  0 
as  the  axis  of  z,  and  the  horizontal  through  0 
as  the  axis  of  y. 

Consider  a  section  at  any  point  M,  (x,y). 

If  there  is  equilibrium,  the  equation  of 
moments  at  M  is, 


l^ 


°''flte'=-''-y'  where  a'=^. 


1) 
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- 


Multiply  each  side  of  the  equation  by  ~,  and  integrate, 

6  being  a  ccnstant  of  integration. 
dy 


Hence, 


V6«-^' 


=a.dx, 


f  .         .  -*  y 

and  integrating,  sin  ~.  =  ax  +  e, 

c  being  a  constant  of  integration. 
.'.  y  =  h.sin{ax  +  c). 
But  when  x  =  0,  y  is  also  0,  and  .'.6=0  or  c  =  0. 
If  bz=0,y  is  always  0  and  lateral  flexure  is  impossible. 

If  c=0,  y =6.  sin  a.x.  (2) 

Assuming  that  the  difference  of  length  between  OMA  and  ONA  is 
insensible,  y  is  0  when  x=l,  and  .'.0—b.  sinal,  or,  a.l,=n.v, 


.-.yf-^j-i^n. 


and  P=n\E.l-j^ . 


(3) 


Now  the  least  value  of  P  evidently  corresponds  to  n=l,  and  the 
minimum  force  that  will  bend  the  strut  laterally  is, 


P=EI. 

(7or.-If  the  strut  is  made  to  pass  through  N 
points  dividing  the  vertical  OA  into  N+ 1  equal 
divisions, 

.".  y  =  0  when  x==  -rr — —,  and  by  equation  (2), 


(4) 


A^+1 


a.l 


IT 


J^q:i'-ri.n,     or    P=n\EJ~'{N+\)\ 

As  before,  the  least  value  of  P  corresponds  to  w=l, 
and  .-.    P^E.ly-.iN'+iy, 

is  the  least  force  that  will  bend  the  strut  laterally. 
Hence,  the  strength  of  tho  strut  is  increased  in 

the  ratio  of  4,  9,  16, by  causing  it  to  pass  through  points  which 

divide  its  length  into  2,  3,  4, equal  parts,  respectively. 


I 
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0 
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(oj.-Struts  with  one  end  fixed  and  the  other  round,  but  guided  in  the 
direction  of  thrv8t.-A  strut  of  tliis  class  may  be  regarded  as  liavin|j; 
about  twice  the  strength  of  the  strut  in  Case  I.,  (§  (1),  chap.  IV),  and 
the  least  pressure  that  will  bend  it  laterally  is, 


P=2.E.I. 


I 


r«' 


{\).-Struts  with  one  end  fixed  and 
the  other  round,- A  rij,'id  arm  Ali  is  con- 
nected with  the  free  end  .1  of  a  strut, 
and  a  vertical  force  7*  applied  at  B, 
bends  the  strut  laterally  until  its  axis 
assumes  the  curved  form  OMA. 

Take  the  same  origin  and  axes,  as 
before. 

Let  AB=q,  AC—p,  and  let  /  be  the 
length  of  the  8trut=0C,  nearly. 

If  there  is  equilibrium,  the  equation 
of  moments  at  any  point  M,  {x,  y),  is, 


d^ll 


'dx 


(1) 


or,jr.a=«*( P  +  q-y),  where,  a»=  -^^ 
Multiply  each  side  of  the  equation  by  2-^,  and  iiitegrate, 

h  being 


But 


dx 


h  being  a  constant  of  integration. 
=  0,  whcn/y=0,  and  ,'.  h  =  0, 


Hence,     C^)  =«^(2.^  +  j.^"/) 


(2) 


<f,V 


or, 


V2.(  />  +  q),V-y 

T  •  -^  P  +  Q  -  U 

Integrating,  ens- 


^—a.dx 


P  +  'I 
c  being  a  constant  of  integration. 

p^9  -.y_.. 

p  +  q 


ssax  +  c, 


or. 


^cos{ax  +  c) 


(3) 


■ 
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Buty=0,  when  x  =  0,  and  .*.  c=0, 

«  +  q—u 
and      ~^-^  =t'o»(aa;"). 
/>  +  !/  ^ 

Also,  y=Py  when  x=/, 

.  y     - 


/>  +  ? 


co«(a.Z) 


(4) 
(5) 


If  J  is  very  small,  or  0,  — ^ —  may  be  neglected, 
Hence,  O-rcoaa.Z,  or,  al=n,—^^  n  being  a  whole  odd  number. 

.        .'.  P^n^\EJ~  (6) 

The  least  value  of  P  evidently  corresponds  to  ?j  =  1, 
and  the  least  pressure  that  will  bend  the  strut  laterally  is, 

P=\^E.L^  (7) 

Cor.  l.-The  deflection  ^,  by  equation   (5)  is, 

1  —  cos  III 
cos  (tf 
Cor.  2. -The  total  compression  at  any  point  of  a  transverse  section 
distant  ^/^  from  the  axis  is, 

P     3/^, 

Cor.  3.-Lct  the  force  applied  at  B  be  oblique,  and  let  its  vertical 
and  horizontal  co-ordinates  be  7' and  //,  respectively. 

The  equation  of  moments  at  the  point  (x,^)   now  becomes, 

E.I.-2,^l'.(p  +  q-!/)  +  n.(,l-x) 


i 


particular  soluti 

on  of  this  is. 

0-P. 

(p  +  q-y^)+N. 

(l-x) 

Lcty= 

=y'  +  u,  and 

E.l 

=a* 

— -S- 

=  — 

P.u 

or,    -T-s  = 
dx~ 

:  — O 

\u 

the  solution  of  which,  as  before,  is 

uz=:b.  sin  (ax  +  c)=y  —  y' 

or,  y=p  +  q  +  j,.(l~x)  +  b.  sin  (ax  +  c), 

b  and  c  being  constants  of  integration. 
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4) 
5) 


5) 


') 


I 


n 


When  x=0,  y  and    .'    are  each  0  ;    also,  when  x=l,  y=q. 


U 


.•.0--=p  +  5'+   '.jl  +  b.sinc. 

n     ^^        , 

v=y^  +  a.o.  cos  c. 

and,  q=p  +  q  +  h.  sin    (nl  +  r). 
Three  equations  giviuj,'  b,  c,  and  p,  and  therefore  fully  doterniininf?//. 


(6).-Strut  With  both  ends  Jixe<l.-Bot\\ 
ends  of  the  strut  being  fixed,  let  f^  be  the 
moment  of  fixture  at  .1. 

The  equation  of  moment;!  at  any  point  My 
(x,  y),  of  the  axis  is, 

dhi 

where  tt*=vv-?.  and  b=.~fr 
E.I  F' 


Multiply  each  side  of  the  equation  by  2.  -— ,  and  integrate, 


.•.(|)'=«'.(2Jy-/)  +  <i, 


d  being  a  constant  of  integration. 

But   J^  =  0  when  y  =  0,  .  • .  rf  =  0 
tic  *'       ' 

and   (;^i)'=«'(2''i/-/) 
di/ 


or. 


V  2./>.y-y» 


=^a.dx. 


b~t/ 


ax  4-c, 


Integrating,    .'.  cos 

If 

C  being  a  constant  of  integration, 
or  -V     =  cos{nx  +  c). 

Buty  =  0,  when  .t;=0.  and  also  when  x=i 

. • .  \—cosc,  and  1  =  cos  {nl  +  c) 
.•.  c  =  0,  and  a./=2.7i.7r,  n  being  a  whole  number. 

Hencc,i'=n».4.  i;.7.-^* 
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APPLICATIONS. 


The  least  value  of  f  corrcspoiuls  to  n  =  l,  and  the  minimum  pressure 
that  will  bend  the  strut  laterally  is, 

P 

(fS).- Applications.-  —  is  the  square  of  the  radius  of  gyration,  =  A;', 

suppose. 

Thus,  the  equations,  giving  the  leaxt  value  of  P  in  the  four  cases, 
may  be  written. 


Z_  _  r*  1.1 

■*    —  O     V  l.i 

A ^-'"^     /' 

P  T» 

P  77^ 

^=4  E,,-^ 


(a) 

(^) 
(0 
0') 


These  formula}  are  very  easy  of  application,  but  Hodgkinson's  experi- 
ments shew  that  the  value  of  /',  as  derived  from  them,  is  rather  too 
large,  which  may  be  explained  by  the  fact  that  in  the  analysis  the  elas- 
ticity of  the  strut  is  asj^umed  to  be  perfect. 

The  safe  pressure  ujion  a  strut  is  m.P,  m  being  i  for  wrought- 
iron,  \  for  cast-iron,  and  from  \  to  V;  for  timber. 

The  formulae  are  to  be  used  only  when  the  ratio  of-^or  - — ,  (//  be- 

ing  the  shortest  side  of  a  rectangular  section,  and  r  the  radius  of  a 
circular  section),  exceeds  the  values  given  in  the  follo,ving  table  :- 


Material. 

Value  of  -J . 
a 

Value  of  — 
'Ir 

Wroiiglit-iron 

2H 

Hi 

H8" 
'             ItJ 
ID 
14 

5J 

8 

56 

T.\ 

Tl 

24 
10 

Hi 

H3 

14 

16 

12 

5 

6 
48 
20 
23 

Cast-iron 

Timber 

VVroiiglit-iron 

Cant-iron 

Timber 

Wroujrlit-iron 

Cast-iron 

liiiilier 

Wroiiirht-iror! 

Cast-i  roil 

Timber 

Formula. 


E(piation  (u) 
(c) 


(( 


Ul) 
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In  practice,  preference  is  given  to  the  empirical  formulae  discussed  in 
Chap,  IV,  but  in  reality,  thov  ur?  of  the  same  form  us  those  deduced 
above. 

d^  ,.» 

For  k*=  —  in  a  rectangular  section,  and=— ■  in  a  circular  section 
\ii  4  ' 

P  .  .  d*  r' 

80  that  —  in  equations  (a)  to  {d),cc  -ij  or  oc  — , 


and  .'.  P  oc  „-  or  oc  -^• 

(7). -Practical  Remarks. -Many  engineers  object  to  the  use  of  flat 
bars  as  compression  members,  and  substitute  for  them  bars  of  T,  L, 
Barlow-rail,  and  other  sections. 

These  are  doubtless  very  efficient,  but  the  objection  to  flat  bars  seems 
to  have  been  over-estimated. 

Consider  the  case  of  a  flat  bar  hi,nged,  or  rounded,  at  botli  ends. 

The   bar   will  not   bend   laterally   under   pressure   so   long  as  the 

unit-stress   <;    EJc^.  -jj.     Let  the   unit-stress  .-=  8000-lbs.   per  sq.  in., 
.-.  if  E=  25,000,000  lbs,, 

8000  <  25,000,000,^-  t-,orj  <  50,7 

Hence,  the  length  of  a  flat  bar  in  compression  seems  to  be  com- 
paratively limited.  If,  however,  both  cuds  are  securely  Jixcd,  the 
strength  is  quadrupled,  and  the  admissible  length  of  bar  is  doubled, 
while  it  may  be  still  further  increased  by  fixing  the  bar  at  intermediate 
points  as  indicated  in  the  corollary  of  ^  (2).  . 

(8) ,— Determination  of  the  constant  b  in  case  I, 

Let  ds  be  the  length  of  an  element  of  the 
bent  strut  at  M,  (x,  y). 

Let  ^  be  the  inclination  of  the  tangent  at  JA 

to  the  vertical. 

dx- 
The  pressure  upon  ds  =  P.  cos  0.  —  P.  -^ 

.".    the  amount  by  which  o?  s  is  compressed 
A  being  the  sectional  area  of  the  element. 
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Hence,  the  total  diminution  in  the  length  of  thi  -trut 

/*P  P 

0 

Again  the  t<>tal  length  of  the  bent  8trut=/  j  1  +  y-f)    \   dx 

I 


o 
an  elliptic  integral  admitting  of  no  finite  solution.     Approximately, 
however,  this  expression  becomes, 

y    ( 1  +  ^.a'.coH\nx)  .dx=  j    11+  '-^- 1  +  cos. lax  \  dx. 
0  o 

Let  L  be  the  primitive  length  of  the  strut, 

.       P.l      .    a\h\     ,     ,P.l„ 


—  ^•^(¥)-l 


(9)-Remarks.-More  correct   solutions  of  the  four   cases   may   be 
obtained  by  writing 

dx'  .  t    n  d  u  .      .  .        - 

— ■ — rr      instead  of  —  ,  m  the  equation  of  moments. 

The  first  integral  of  the  left  hand  side  of  the  equation  of  moments  in 
each  case  then  becomes  ]  1  +  I  7   I    f    >  *"<^  ^^^  lesulting  equation 

takes  the  form  of  an  elliptic  integral. 

It  must  be  remembered,  however,  that  the  theoretical  deductions 
depend  upon  assumptions  which  are  only  approximately  true. 


JL. 


T 


CHAPTER  V. 
Torsion. 

(1). — Torsion  is  the  force  with  which  a  thread,  wire,  or  prismatic  bar 
tends  to  recover  its  original  state  after  having  been  twisted,  and  is  produced 
when  the  external  forces  which  act  upon  the  bar  are  reducible  to  two 
equal  and  opposite  couples  (the  ends  of  the  bar  being  free),  or  to  a 
single  couple  (one  end  of  the  bar  being  fixed),  in  planes  perpendicular 
to  the  axis  of  the  bar. 

The  effect  upon  the  bar  is 
to  make  any  transverse  sec- 
tion turn  through  an  angle 
in  its  own  plane,  and  to  cause 
originally  straight  fibres,  as 
DE,  to  assume  helicoidal 
forms,  as  F(i  or  DC.  This 
induces  longitudinal  stresses 
in  the  fibres,  and  transverse 
sections  becotae  warped.  It 
is  found  sufficiently  accurate, 
however,  in  the  case  of 
cylindrical  and  regular  pcily- 
gonal  prisms,  to  assume  that 
a  tranvorse  section  which  is 
plane  before  twisting,  re- 
mains plane  while  being 
twisted. 

In  order  that  the  bar  may  not  be  hent^  its  axis  must  coincide  with 
the  axis  of  the  twisting  couple. 

(2).-CoK/om6's  Z«tcs.-The  angle  turned  through  by  one  transverse 
section  relatively  to  another  at  a  unit  distance  from  it  is  called  the 
Angle  of  Torsion,  and  Coulomb  deduced  from  experiments  upon  wires, 
that  this  angle  is  directly  proportional  to  the  moment  of  the  twisting 
couple,  and  iiivertely  proportional  to  the  fourth  power  of  the  diameter. 
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I 


Thus,  if  a  force  /',  at  the  end  of  a  lever  of  radius  7),  twists  a  cylin- 
drical bar  of  length  L  and  radius  /?,  and  if  y  is  the  circular  measure 
of  the  angle  of  torsion, 

.".  0  cc  P.p.  and  also  oc  -rr., 

P.p 
80  that  e=  C.  -~,  C  being  a  constant  depending  only  upon  the  nature 

of  the  material. 

Let  T  be  the  total  angle  of  torsion,  i.e.,  the  angle  turned  through  by 
one  end  of  the  bar  rclativtly  to  the  other, 

(3).-  Tornional  strength  0/  shafts. -Consider  a  por-l 
tion  of  the  shaft  bounded  by  the  planus  CE  and  MN. 
It  is  kept  in  equilibrium  by  the  cuuple  (/',-/•*),  and 
by  the  elastic  resistance  at  the  section  MX.     Hence,  I 
this  elastic  resistance  must  bo  uuulvaleut  to  a  oouplej 
equal  and  opposite  to  (F,-l*). 

Let  Fig.  3  be  the  transverse  section  at  MX,  and  let  abh'n'  be  any 
elementary  area  (  =  A^i)  of  the  surface  bounded  by  the  radii  0.\,  Olf^ 
and  by  the  concentric  arcs  aa',  hh'. 

Let  X,  be  the  distance  of  Jk^l,  from  0. 

It  is  assumed,  and  is  approximately  true,  tluit  the  resistance  of  any 
clement  abb'a'  to  torsion,  is  directly  proportional  to  tlie  ani"lo  of  tor«lon 
(<^),  to  its  distance  from  the  axis  (x,),  and  to  its  area  ('^^Ii),  and  also 
that  it  acts  at  right-angles  to  the  radial  line  of  the  elemeutt  i.e.) 
OAorOB. 

Thus,  the  resistance  of  abb'a'  to  torsion =ni.^,x,,  A^4,, 

m  being  a  constant  to  be  determined  by  experiment. 

The  corresponding  moment  of  resistance  about  the  axis  =  m.fl.xf  a A|, 

Similarly,  if  x„  x,,  x^, are  the  distances  from  the  axis  of  any 

other    elements.  Ail,,  ^A^,  aA,  ,  respectively,  the  corresponding 

moments  of  resistince  are  ;».«..rJ.AA„  m.W.xJ.Awla, 

Hence,  the  total  moment  of  resistance  of  the  section, 

=  m.d,  (x|.AA,-|-x^Ail,  +  xJ.A.4,+ ) 

=  m.6.1{x''.AA)  =.m.e.l, 
1  being  the  moment  of  inertia  with  respect  to. thfi-ftxia^ 

But  this  moment  of  resistance  (i¥)  is  equal  and  opposite  to  the 
moment  of  the  couple  {^P,-P). 

.'.  M=^m.^.I=P,^. 


& 


$ 
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Cor.  l.-Let/be  the  stress  at  the  point  farthest  from  the  axis 
*or  a  suhd  round  shaft,  of  diameter  D, 

32"' *°<* /=»»•»•  2' 

For  a  hollow  round  shaft,  D  being  the  external  and  A  the  intornal 
diameter. 


__      ;r    .J)*  -n* 


,,M=p.p~  JLf 


D 


=.196/.^^. 


If  the  thickness  (  T)  of  the  hollow  shaft  is  small  compared  with  D 

•••  ^-i^l=I>,-{I)-2.Tr=^.I>\T,  approximately. 
&nd  3f=z/'.p— \.n7. /J*.  T, 
foj  a  solid  square  shaft,  //  being  the  side  of 

the  square,  /=  ~,  and/- stress  at  V 
=rr,,f,,OV=nW.  J, 

and  0=  — j=  — ^^ 


h 


thesoresultsitisassumedthatm.^.,  ^^or^\     is  constant  at 

at  diflFerent  points  of  the  cross-section,  which,  however,  is  only  true  for 
circular  sections.  According  to  St.  Venant,  the  more  correct  cxprea- 
siou  for  the  momnnfc  of  resistance  of  a  square  shaft  is  P. pz=' 281. /.IP 

Our.  2.-The  torsional  stress  per  unit  of  area  at  a  distance  x  from  the 
axis  is  m.e.sti 

Heuoe,  if  «=:!  and  a;=l,  m  is  the  force  that  will  twist  a  unit  of  area 
at  a  unit  of  distance  from  the  axis  through  an  angle  unity. 

Vor,  lienor  tt  solid  cylinder,  P.p=  JH^^^' 


-—  R  being  the  radius. 


I» 


■t^\Jt^i  «<* 
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Comparing  this  with  the  formula  in  §  (2),  it  appears  that  C= 


m.n 


Cor.  4.-In  any  transverse  section  of  a  solid  cylindrical  shaft,  the 

D    16  P.p     ^ 
maximum  unit  stress  is  m.fl«n-=~'-f^  =/. 

This  relation  is  true  so  long  as  the  stress  does  nnt  exceed  the  limit  of 
elasticity,  and  agrees  with  the  practical  rule,  that  the  diameter  of  a 
cylindrical  shaft  subjected  to  torsional  forces,  is  proportional  to  the  cube 
root  of  the  twisting  couple. 

The  rule  is  usually  expressed  in  the  form,  P.p=K.L^^ 

so  that  K=T  ^. 
lb 

Note.-If  P  be  the  torsional  breaking  weight,  K\b  called  the  coefficient 
of  torsional  rupture. 

Cor.  5.-Let  W  be  the  work  transmitted  to  the  shaft  in  ft.  lbs.  per 

minute,  and  let  iVbe  the  number  of  revolutions  of  the  shaft  per  minute. 

.-.  W=P.2n.p.N=z2.n.N.P.p='Z  n.N.Kiy 

W 
.'.  ^  =  2.n.K.  ly' 

N 

Cor.  6.-The  Resilience  of  a  cylindrical  axle  is  the  product  of  one- 
half  of  the  greatest  moment  of  torsion  into  the  correspondiog  angle  of 
torsion. 

Cor.  7.-It  often  happens  in  practice,  that  a  shaft  (or  beam)  is  sub- 
jected to  a  bending  as  well  as  to  a  torsional  action.  In  such  a  case  the 
strength  and  dimensions  of  the  shaft  may  be  determined  by  calculating 
the  moment  of  resistance  for  any  section  from  the  approximate  ibrmula, 

Ml,  being  the  bending  moment,  and  Mt  the  torsional  moment  at  the 
given  section. 

Cor.  8.-Cauchy  found  analytically  that  in  an  isotropic  body  m  is  the 
Iths  the  coefficient  of  direct  elasticity. 

Experiments  indicate  that  m  is  about  gths  or  ^rd  of  the  coefficient  of 
direct  elasticity. 

It  is  advisable  that  0  should  not  exceed  —  per  lineal  ft. 

Example. — A  wrought-iron  shaft  in  a  rolling  mill  makes  95  revolu- 
tions per  minute  and  transmits  12027! P., which  is  supplied  from  a  water- 
fall by  means  of  a  turbine ;  determine  the  diameter  of  the  shaft,  (1)  if 
the  maximum  stress  in  the  metal  does  not  exceed  9000-lbs  per  sq.  in.,  (2) 
if  the  angle  of  torsion  is  not  to  exceed  ^  per  lineal  ft.  ,f 


M:^ 


h'^l'p«mp^»*'V^'"^"^C : 


T 


4 


.i 
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As  a  mnttcr  of  fiiot,  the  diamc'tiT  of  Iho  shaft  ,'<.  qa  ■ 
ins.  ...<!  4-i„s,  i„  .he  intermediate  |..,„„  ,     what  ar    H  ""  ^' 

a..mmn,  i„eh..tre.8c.»  i„  the  uictal  ?         '  "  «»"-l«.uamg 

^  U^  the  twi.ti„g  couple  be  reprc«„ted  b,  a  foree  /-«,  .he  e„j  „f  .„ 

.-.  P.2;r.p.!)6  =  120  X  33,n00-ft.  lb» 
•*  2.,.95       -       i9--ft--lb8 ^,,,— -inch  lbs. 


i^iW^  lii!!i!!!^ill?-p„  /-./>'  9(10..  X  22 


209     ' 
anddiar.  of  shaft  =  3.56-inH. 

«        ,  126,000  X  12  r,,  a     m 

Second,. — : '-^      n  .      ffi.ft.TT.Lr 


lGx7 


LP 


~  18013  ""  "12 '  '^•''^  »»  =  8,500,000.1bs. 


~^'^—  X  12  =-  ?:^l!5i!!!?  1^  J      1      1     22 

^^  32      7  TsoTTUT'-^ 


tt;  •   7"  ^^==^-'^-^"^'  and  diar.  of  «haft=5.18-inB. 

2/urd,  the  maximuua  stmssc.  ,.    the  real  nhaft  at  the  boaiin.^s  and  in 

he  mtormed.ate  len,4h,s,  are  respectively  given  by,  ^       ^  '° 

1- 0,000  8trPS«'^*>      /  \    •••  1.>/^  t\.  n. 

X     \'> *'" ""  "-"^    /-jal  ,   I2b,0(l0  RtYPaaOO     /       \, 

19        '---lF-7  {'^j/"^-n^xi2.-«*i^«.r;./4V. 

from  the  former,  the  maximum  stress  =  7G82-lbs.  per  so  in 
"     "    latter,     -         '^  .     =6J30-Jbs.  ^     "*     " 


^. 
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TABLES. 


*  Table  of  the  values  in  lbs.  of  the  coefficient  m. 


Cast-iron  2,850,000 

8,500,000 

WroHglit-iron to 

10,000,000 

S*,c'el 8,500,000 

Forjied  Sieel 14,2^0,000 

Brass,  wire-drawn    5,;-i;»0,000 

Bronze 1,510,000 

Cotper 6,200,000 

Ash 410,000 


Cedar,  Red      890,000 

Chestnut :^55,000 

Hickory 910,000 

Locust'. 1,225,000 

Mahogany 660,000 

Oak 670,000 

Pine,  Spruce 211,000 

"      Yellow 495,000 

"      White 220,000 

Walnut,  Black....  582,000 


T 


«?» 


/  , 


*  Table  of  the  safe  working  values  in  lbs.  of/  and  A;,  in  the  formulas 


MATERIAL. 


16 


Cast-iron  . . . . 
Wrongiit-iron 
Puddled  Steei 

Cast-8teel. ... 

Ash 

Cedar,  Red. .. 
Chestnut 


/ 

K 

5000 

982 

9000 

1768 

8500 

1670 

12,000  ) 

2:^57  ) 
to      \ 
3535  ; 

to 

18,000  J 

417 

41 

3in 

30.5 

376 

37 

MATERIAL. 


Hickory 

Locust 

Uak 

Mahogany,  Spanish 

Black  Spruce  

Heart-wood 

Sap-wood 

Pine,  White 

Walnut,  Black 


/ 


820 
825 
540 
667 
275 
336 
402 

524 


K 


80.5 

81 

53 
65.5 

27 

33 
39.5 
23.1 
51.6 
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f  Table  of  the  values  in  lbs.  of  the  coefficient  of  torsional  rupture. 


Ca^t-iron 

...     5.400 

Elm 

274 

Wrought-iron 

. . .     9.H00 

Larch  •«>•  •••• 

...  190  to  .333 

Steel,  Bessemer 

15,000 

Oak 

451 

Steel,  Crucible,  hammered .... 
Ash 

....   17,000 
274 

Red  Pine 

Spruce  Fir. . . . 

. . .     98  to  157 

lis 

•  The  values  for  the  different  timbers  are  those  obtained  by  Prof.  Thurston 
with  bis  recording  apparatus, 
t  Theory  of  Strains.— SroMBT. 
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EXAMPLES. 

V  (l).-A  steel  shaft  4-ins.  in  diar.  is  subjected  to  a  twisting  couple 
which  produces  ?,  circumferential  stress  of  15,000-lbs. ;  what  ig  the 
stress  (shear)  at  a  point  1-in.  from  the  centre  of  the  shaft  ? 
Determine  the  twisting  couple. 

V  (2) -A  round  cast-iron  shaft,  15-ft.  in  length,  is  acted  upon  by  a 
weight  of  2,(J00-lbs.  applied  at  the  circumference  of  r,  wheel  on  the 
shaft ;  the  diar.  of  the  wheel  is  2-ft.,  find  the  diar.  of  the  shaft  so  that 
the  total  angle  of  torsion  may  not  exceed  2". 

(3)  .-A  wrought-iron  shaft  is  subjected  to  a  twisting  couple  of  12,000- 
ft.-lbs.  ;  the  length  of  the  shaft  between  the  sections  at  which  the  power 
is  received  and  given  off  is  30-ft. ;  the  total  admissible  twist  is  4° ;  find 
the  diar.  of  the  shaft. 
"^Z  (4). -A  crane  chain  exerts  a  pull  of  6000-lbs.  tangentially  to  the  drum 
upon  which  it  is  wrapped ;  find  the  diar.  of  a  wrought-iron  axle  which 
■will  transmit  the  resulting  couple,  the  effective  radius  of  the  drum  being 
7|-ins. 

Y  (5)-A  turbine  makes  114  revolutions  per  minute  and  transmits  92 
H.P.  through  the  medium  of  a  shaft  8-ft.-6-ins.  in  length  ;  what  must 
be  the  diar.  of  the  shaft  so  that  the  total  angle  of  torsion  may  not 

exceed  -^— . 

o 

Determine  the  side  of  a  square  pine  shaft  that  might  be  substituted 
for  the  iron  shaft. 

(6). -A  steel  shaft  20-ft.  in  length  and  3-ins.  in  diar.  makes  200 
revolutions  per  minute  and  transmits  bO-H.P. ;  through  what  angle  is 
the  shaft  twisted  ? 

A  wrought-iron  shaft  of  the  same  length  is  to  do  the  same  work  at  the 
same  speed  ;  find  its  diar.  so  that  the  stress  at  the  circumference  may 
not  exceed  j-ths  of  that  at  the  circumference  of  the  steel  shaft. 

(7J.-A  vertical  cast-iron  axle  in  the  Saltaire  works  makes  92  revo- 
lutions per  minute  and  transmits  300  H.P. ;  its  diar.  is  lO-ins.,  find  the 
the  angle  of  torsion. 

(8). -In  a  spining-mill,  a  cast-iron  shaft  8J-ins.  in  diar.  makes  27 

1  " 
revolutions  per   minute ;    the  angle  of  torsion  is  not  to  exceed  -r^-  per 

lineal  ft. ;  find  the  work  transmitted. 

(9). -A  square  wooden  shaft  8-ft.  in  length  is  acted  upon  by  a  force 
of  200-lbs.  applied  at  the  circumference  of  an  8-ft.  wheel  on  the  shaft ; 
find  the  length  of  the  side  of  the  shaft  so  that  the  total  torsion  may  not 
exceed  2*^. 

What  should  be  the  diar.  of  a  round  shaft  of  equal  strength  and  of 
the  same  material  ? 

(lO).-The  crank  of  a  horizontal  engine  is  3-ft.  6-ins.  and  the  con- 
necting rod  9-ft.  long.  At  half-stroke  the  pressure  in  the  connecting 
rod  is  500-lb3. ;  what  is  the  corresponding  twisting  moment  in  the  crank- 
shaft? 
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(11). -If  the  horizontal  pressure  upon  the  piston  end  of  the  connecting 
rod  in  the  preceding  question  is  constant,  find  the  maximum  twisting 
mouiont  in  the  crank-shaft. 

(12). -The  wroujjht-iron  screw-shaft  of  a  steamship  is  driven  by  a 
pair  of  cranks  set  at  right  andes  and  21.7  ins  in  length;  the  horizontal 
pull  upon  each  crank  pin  is  17G,400-lbs.,  and  the  effective  length  of  the 
shaft  is  866-ins. ;  find  the  diar.  of  the  shaft  so  that,  (l).-the  circumfer- 
ential stress  may  not  exceed  9i)00-lbs.   per  sq.  in.  (2). -the  angle  of 

1  " 
torsion  may  not  exceed  — —  per  lineal  it. 

The  actual  diar.  of  the  shaft  is  1-4.9-ins.,  what  is  the  actual  torsion? 

(13).— What  is  the  torsion  in  the  preceding  question,  when  one  of  the 
cranks  passes  a  doad  point  ? 

(I'lj.-An  iron  shaft  800-ft.  in  length  makes  200  revolutions  per 
minute  and  transmits  10  II.F.  ;  determine  its  diar  so  that  the  greatest 
stress  in  the  material  may  be  the  same  as  the  stress  at  the  circumfer- 
ence of  an  iron  shaft  1-in.  in  diar.  and  transmitting  500  ft.  lbs. 

( 15).— Determine  the  coefficient  of  torsional  rupture  for  the  shaft  in 
Question  (12),  10  being  the  factor  of  safety. 

(10)  -A  wrought-iron  shaft  in  a  rolling  mill  is  220-ft.  in  length,  makes 
95  revolutions  per  minute  and  transmits  12(1  H.P.  to  the  rolls;  the  main 
body  of  the  shaft  is  4-ins  in  diar.,  and  it  revolves  in  gudgeons  3f-ins.  iu 
diar. ;  find  the  greatest  shear  stress  in  the  shaft  j^roper  and  in  the 
portion  of  the  shaft  at  the  gudgeons. 

(17)  -F^wer  is  taken  from  a  shaft  by  means  of  a  pulley  24-ins.  iu 
diar.,  which  is  keyed  on  to  the  shaft  at  a  point  dividing  the  distance 
between  two  consecutive  supports  into  segments  of  2o  and  8((-ins  ;  the 
tangential  force  at  the  circumference  of  the  pulley  is  .^)500-lbs. ;  if  the 
shaft  is  of  cast-iron,  determine  its  diar.,  taking  into  account  the  bending 
action  to  which  it  is  subjected. 

(18).-If  a  round  bar  of  any  material  is  subjected  to  a  twisting  couple, 
shew  that  its  maximum  resilience  is  f-rds.  of  the  maximum  resilience 
of  the  material. 

(19) -Determine  the  diameter  of  a  wrought-iron  shaft  for  a  screw 
steamer;  the  indicated  H.P  =liH)0,  the  number  of  revolutions  per 
minutv!=150,  and  the  length  of  shaft  from  thrust  bearing  to  screw 
=  75-ft. 

(20). -In  a  spinning  mill,  a  cast-iron  shaft,  84-ft.  long,  makes  50 
revolutions  per  minute  and  transmits  270  II.F.,  find  its  diameter,  (1).- 
if  the  stress  in  the  metal  is  not  to  exceed  5,000-lb3.  per  sq.  in.,  (2). -if 

1  0 
the  angle  of  torsion  per  lineal  foot  is  not  to  exceed  -jtj-  - 

Also,  in  the  first  case  find  the  total  torsion. 
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CHAPTER  VI. 

STRENGTH   OF  HOLLOW   CYLINDERS   AND   SPHERES. 

(l).-Thin  hollow  cylinders ;  holl- 
ers ;  pipes.— 

Let  r  be  the  radius  of  the  cylinder. 

Let  t  be  the  thickness  of  the  metal. 

Let  p  be  the  fluid  pressure  upon 
each  unit  of  surface. 

Let /be  the  tensile  or  compressive 
unit  stress  according,  asp  is  an  inter- 
nal or  external  pressure. 

Fig.  1  represents  a  cross-section  of  the  cylinder  of  thickness  unity. 

A  section  made  by  any  diametral  plane,  as  AB,  must  develop  a  total 
resistance  of  2.t.f,  and  this  must  be  equal  and  opposite  to  the  resultant 
of  the  fluid  pressure  upon  each  half,  i.e.,  to  p.2r. 

Hence,  2.t./r=2.p.r,  or  t.f—p.r.  (1) 

The  total  pressure  upon  each  of  the/a<  ends  of  the  cylinder =7r.r^.jj. 

2 

.*.  the  ?07ifli«Mc?maZ  tension  in  a  thin  hollow  cylinder =-4—^ — =-— .  12^ 

^  2--^.r.t       2.t    ^  ' 

and  is  or.e-half  of  the  circumferential  stress  /. 

Cor.  l.-Let  the  cylinder  be  subjected  to  an  external  pressure  p'  as 
■well  as  to  an  internal  pressure  p. 

:..f.t=p.r-p'.r\  (3) 

r'  being  the  radius  of  the  outside  surface  of  the  cylinder. 

/  is  a  tension  or  pressure  according  as  p.r.  \.p'.r'. 

Generally,  r-r'  \%  very  smallj-and  the  relation  (3)  may  be  written, 
f.t=r.  (p-p') 

(2).-Thick  hollow  cylinder. — Equations  1  to  4  are  only  approximate 
and  depend  upon  the  assumption  that  the  thickness  t  is  small  as  com- 
pared with  the  radius  r,  and  that  the  stress  in  the  metal  is  uniformly 
distributed  over  the  thickness.  Also,  it  is  the  inner,  or  maximum  cir- 
cumferential stress  tho.t  is  limited  by  the  strength  of  the  metal,  while 
equations  1  and  3  give  the  mean  circumferential  stress  only.  Suppose 
the  annulus  forming  the  section  of  a  cylinder  to  be  composed  of  an  inde- 
finite number  of  concentric  rings.  Let  dx  be  the  thickness  of  one  of  the 
rings  which  exerts  a  tension  of  intensity  dq,  and  let  x  be  its  distance 
from  the  axis. 
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.*.  p.r  —  'p'.r'=^  difference  between  the  total  pressures  from  with- 

/r' 
dq 
r 
If  it  be   assumed  that  the  thickness  (=/  —  r)  remains  unchanged 
under  the  pressure,  then  the  circumferential  extension  of  each  of  the 
concentric  rings  must  be  equal  to  the  same  constant  quantity  '^. 

E  being  the  coeflScient  of  elasticity. 

E.X,  n'''dx     E.l 


and 


,   ,      E.l.  p"dx     E.l  ^      r' 
:.  p.r-p.r=-r—^§      —■=!---— 'Ion  — 


Let/  be  the  bursting,  proof,  or  working  tensile  unit-stress,  .•./=iJ.^ — 

/ 


/  / 


p.r-p 

r'  f.r 

or — =e 
r 

r'     ^     p.r-p'.r'      1    / p.r-p'. r  \  *  •      ^  i 

.•.—=1  +'^-— r- —  +  —•  \—r-—  I  '  approximately. 
r  f.r  Z    \    f.r      I       '^'^ 

i?p  is  small  as  compared  with  /, 

and  ...  l  =  J:'-l=^^'fu^^^')  (8) 

r       r  f.r       \  'i.f.r     ) 

In  most  cases  which  occur  in  practice  p'  is  so  small  as  compared  with 

p  that  it  may  be  disregarded. 

Hence,  making^'  zero  in  equation  (8), 

Cor .-Kankine,  in  his  App.  Mechs.,  obtains  by  another  method^ 


t-\l  -I±P—\lfJ:£, 

r~^f-p  +  2.p'-^  f-p 
ifp'  be  neglected. 

--=(-;-)H-i)*=(-if-^f)(-iM5^) 

=  l-l-^  +  5-^>  approximately, 
ifp  is  small  as  compared  with/. 

7"'  f  P      /  \    P  \ 

.*. 1  =  —  =^[1+  s'-T  I  '  an  equation  identical  with  (9). 
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(3). -Spherical  Shells.-het  the  data  be  the  same  as  before. 

The  section  made  by  any  diametral  plane  must  develop  a  total  resistance 
of  2.n.r.t/, 

:.  2K.r.t.f=7r.r'.p,  or  2.t.f=p.r.  (5) 

Hence,  a  spherical  shell  is  twice  as  strong  as  cylindrical  shell  of  the 
same  diameter  and  thickness  of  metal,  so  that  the  strongest  parts  of  egg- 
ended  boilers  are  the  ends. 

Cor.(l).-Let  the  shell  be  subjected  to  an  external  pressure  p'  as  well 
to  an  internal  pressure  p. 

-  ■t./ss.  T^.r^.p  -  T^r'^.p' 


•  2t. 


(6) 


> 


<■«»  if '' 


/  is  a  tension  or  p»"essure  according  as  r^.p'^r'^p^ 
Generally  r'-r  is  very  small,  and  the  relation  (6)  may  be  written, 

f,t^.^(p-^') 

Cor.  (2).-For  a  thick  hollow  sphere,  Rankine  obtains, 

.2.r"-2.r'  .      ^  . 

■P=/V3  ,  9   S  approximately. 

(4). -Practical  Remarlcs. — A  common  rule  requires  that  the  working 
pressure  in  fresh-water  boilers  should  not  exceed  ^th  of  the  bursting 
pressure,  and  in  the  case  of  marine  boilers  that  it  should  not  exceed  ith. 

An  English  Board  of  Trade  rule  is  that  the  tensile  working  stress  ia 
the  boiler  plate  is  not  to  exceed  6,000-lbs.  per  sq.  in.  of  gross  section, 
and  French  law  fixes  this  limit  at  4250-lbs.  per  sq.  in. 

The  thickness  to  be  given  to  the  wrought-irou  plates  of  a  cylindri- 
cal boiler  is, 
according  to  French  law,  <  =  .0036,».r  +  .1-in. 

according  to  Prussian  law,  t-=(  e'  -  1  )  r  +  .1-in  =  .003.w.r  +  .1-in, 

app.y,  r  being  the  radius  in  inches,  and  n  the  excess  of  the  internal 
above  the  external  pressure  in  atmospheres. 

The  thickness  given  to  cast-iron  cylindrical  boiler  tubes  is, 

according  to  French  law,  5  times  the  thickness  of  equivalent  wrought- 
iron  tubes, 

according  to  Prussian  law,  <=  I  e*         -11  .r  +  ^-in.=,01.w.r-l- J-in., 
app.y. 
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Steam  boilers   before  being  used  shoald  be    subjected  to  a  hydrostatic 
t  est  varying  from  1^  to  3-times  the  pressure  at  which  they  are  to  be 
worked. 

The  following  formula,  deduced  by  Fairbairn  from  ".n  extensive  series 
of  experiments,  gives  the  collapsing  pressure  of  a  wrought-iron  cylin- 
drical tube,  or  flue ;  the  collapsing  pressure  in  lbs.  per  sq.  in.  of  surface 


/2.19 


t,  7',  being  the  thickness  and  radius  in   inches 


=  «  =  403,150.^— 
l.r 

and  I  the  length  in  ft. 

In  practice,  however,  t^  may  be  generally  used  instead  of  t'^-^^. 

The  experiments  also  shewed  that  the  strength  of  an  elliptical  tube  is 

almost  the  same  as  that  of  a  circular  tube  of  which  the  radius  is  the 

radius  of  curvature  at  the  ends  of  the  minor  axis.     Hence,  if  a  and  b 

are  the  major  and  minor  axes  of  the  ellipse,  the  above  formula  becomes, 

b     f-^^ 
p  =  403,150.  — ,.  —- 

The  thickness  of  tubes  subjected  to  external  pressure  is, 
according  to  French  law,  twice  the  thickness  of  tubeg  subjected  to 
interior  pressure,  but  under  otherwise  similar  conditions  ; 

according  to  Prussian  law  the  thickness  of  ^heating  pipes  is, 
t  =  M^nd.^n  +.05-in.,  if  of  sheet-iron, 
and  t=  M  c?Vn  + -OT-in.,  if  of  brass. 
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EXAMPLES. 

(l).-"What  should  be  the  thickness  of  the  plates  of  a  cylindrical  boiler, 
6-ft.  in  diar.,  and  worked  to  a  pressure  of  50-lbs.  per  sq.  in.,  in  order 
that  the  working  tensile  stress  may  not  exceed  1.67-tous  per  s(|.  in.  of 
gross  section  ? 

(2). -A  cylindrical  boiler  with  hemispherical  ends  is  4-ft  in  diar.,  and 
22-ft.  in  length ;  determine  the  thickness  of  the  plates  for  a  steam  pres- 
sure of  4  atmospheres. 

(.S).-What  is  the  collapsing  pressure  of  a  flue  10-ft.  long,  36-ins  in 
diar,,  and  composed  of  ^  in  plates  ? 

(4). -Determine  the  thickness  of  a  2-in.  locomotive  fire  tube  to  sup- 
port an  external  pressure  of  5-atmosphercs. 

(5).-A  thin,  hollow,  spherical,  elastic  envelope,  whose  internal  radius 
is  R.  was  subjected  to  a  fluid  pressure,  which  caused  it  to  expand  gra- 
dually until  its  radius  becama    ^i ;  determine  the  work  done. 

(6).-The  plates  of  a  cylindrical  boiler,  5  ft.  in  diameter  are  ^-in  thick  • 
find  to  what  pressure  the  boiler  may  be  worked  so  that  the  tensile  stress 
in  the  plates  may  not  exceed  1^-tons  per  sq.  in.  of  gross  section. 

(7).-Shew  that  the  assumption  of  a  uniform  distribution  of  stress  in 
the  thickness  of  a  cylindrical  or  spherical  boiler  is  only  admissible  whea 
the  thickness  is  very  small. 

(8). -Assuming  that  the  annul  us  forming  the  section  of  a  cylindrical 
boiler  is  composed  of  a  number  of  infinitely  thin  rings,  shew  that  the 

A 

pressure  at  the  circumference  of  a  ring  of  radius  r  is  -,     ^^    per  unit  of 

B       A 

surface,  and  thatthe  circumferential  stress  is  —  + -— -  .  A  and  5 

r      wi.r'"  +  '    '       "  "  -" 

denoting  arbitrary  constants,  and  m  the  coefiicient  of  lateral  contraction. 

Find  the,values  of  A  and  B,  p^  and  ja,,  being  respectively,  the  internal 
and  external  pressures. 

(9). -Shew  that  in  the  case  of  a  spher'cal  boiler,  the  pressure  and  cir- 

A  B         2.A 

cumferential  stress  are  respectively    ^-i  + »«  and     ^      ~        ~      ^rr 


(m~  l).r 


Find  A  and  B. 


THE   END. 


